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In this paper we describe some measurements of the neutron-proton scattering cross section 
at neutron energies of approximately 40 and 90 Mev. Both the total scattering cross section 
and the differential cross section as a function of the angle of scattering were measured. 





I. INTRODUCTION 


NE of the important experiments that 
became feasible as soon as the 184-inch 
cyclotron started to operate was an investigation 
of the 1-p scattering at a neutron energy around 
90 Mev. As is well known, n-p scattering at high 
energy may yield interesting clues to the nuclear 
forces and data on it constitute important ex- 
perimental material against which any future 
theory must be checked. The investigation 
acquires particular important if the De Broglie 
wave-length of the neutron in the center of 
gravity system (c.g. system) is comparable with 
the range of nuclear forces. The De Broglie wave- 
length is given by 


X=h/p=9.0X10-*/E! cm. 


(EZ in Mev in laboratory system; p=reduced 
mass Xrelative n-p velocity) and in the region 
of E=100 Mev has a value favorable for inves- 
tigating -p scattering. Neutrons of this energy 
are produced when the deuterons of the cyclotron 
are stripped in collision with nuclei of the target. 
A beam of neutrons of small, angular aperture 
and of fairly narrow energy distribution results.'? 
_ *Ashort preliminary report of this work has been given 
in Phys..Rev. 73, 1114 (1948). 

1A. C. Helmholz, E. M. McMillan, and D. Sewell, Phys. 
Rev. 72, 1003 a 

* R. Serber, Phys. Rev. 72, 1008 (1947). 


This energy distribution has a maximum at about 
90 Mev (X=0.95 X 10-8 cm). 

In the investigation to be described we have 
studied (a) the angular dependence of the scat- 
tering cross section, (b) the total cross section’ 
at neutron energies of 90 Mev and 40 Mev. The 
angular measurements were extended over scat- 
tering angles in the c.g. system from 36 to 180 
degrees. 

To avoid unnecessary repetitions we shall now 
define the angles used in this paper (see Fig. 1). 
We shall call the angle of scattering of the neutron 
in the c.g. system 0; the angle of scattering of the 
neutron in the laboratory system 9; the angle 
between the direction of motion of the incoming 
neutron and the recoil proton in the c.g. system 
and in the laboratory system, ¢ and ®, respec- 
tively. 


Between these angles we have the following relations: 


tg@ = (1%) tg(0/2), (1) 
tgb=(1—6")4 cotg(6/2), (2) 
dcosb_1_1 (1—6* cos*? @) 
dcos# 41—£? cos® : 
E,= Me(26*/1—6), (4) 
E,=2Me/(1—f-+tg*®), (5) 


where E, and E, are the kinetic energies of neutron and 





3 See also Cook, McMillan, Peterson, and Sewell, Phys. 
Rev. 72, 1264 (1947). 
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proton in the laboratory system, M is the rest mass of 
proton or neutron (considered equal), and £ is the ratio of 
the velocity of the neutron in the c.g. system to the velocity 
of light. In our experiments (Z,=88 Mev)8 is equal to 
0.2124 and the relativity effects start to be visible. 


The principle of our experiment is to measure 
the number of protons scattered from a hy- 
- drogenous target into a fixed solid angle 
d2=dyd cos® at angle ®; this number is propor- 
tional to the differential cross section o(®) and 
from this we find the differential cross section 
o(6) =0()(d cos@/d cos@) in the c.g. system. The 
direct measurement of o(®) is not on an absolute 
scale, but we can normalize it and pass to an 
absolute scale by requiring that 


f o()dQ2 = total scattering cross section =o;. (6) 


This last quantity is obtained by measuring the 
attenuation of the neutron beam in passing 
through suitable absorbers. In practice, poly- 
ethylene or paraffin was used and the effect of 
carbon was measured (using graphite) and sub- 
tracted. 

The main results of the investigation are con- 
tained in Tables II, III, and IV, and in Fig. 10. 


II. ANGULAR DISTRIBUTION EXPERIMENTS 
A. General Description 


For angles ® between 0° and 60° we have 
used apparatus A and B, the general arrange- 
ment of which is shown in Fig. 2. For angles 
@>55° we have used a different apparatus to 
be described later. The neutron beam coming 
from the cyclotron was produced by stripping 
180-Mev deuterons on beryllium. It was moni- 
tored either by protons scattered from an auxil- 


CENTER OF MASS SYSTEM 

Fic. 1. Definitions 
of angles referred to in 
the text. 
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iary polyethylene target or by a bismuth fission 
chamber.‘ 

The scattered protons were detected by a 
telescope of three proportional counters pointing 
at the scatterer. The counter telescope was made 
insensitive to protons generated by primary 
neutrons of energy less than 66 Mev, by inter- 
posing between the last two counters an alu- 
minum absorber (absorber A of Fig. 2) of a 
thickness such that it would stop all protons of 
an energy <66 cos*® Mev. 

We measured the relative number of protons 
scattered by a polyethylene target per impinging 
neutron by registering the ratio R, between 
coincidence counts obtained in the telescope and 
the counts of the monitor. Subsequently the 
polyethylene target was replaced by a graphite 
target having the same stopping power for 
protons as the polyethylene target, and the ratio 
R:z similar to R; was measured. Finally without 
any target we obtained the ratio R. 

The effect, H, resulting from the hydrogen is 
obtained by 


H=(R,—R:;) —0.713(R2—Rs) 
= R,—0.713R,—0.287Rs, 


where the coefficient 0.713 is the ratio between 
the number of atoms per cm? of carbon in the 
polyethylene target and the graphite target 
having the same stopping power for protons. 
H/t (¢ is the effective thickness of the target) is 
proportional to the cross section for n-p scat- 
tering. The statistical standard deviation of H, 
6H, is given by 


[(8R1)2+ (0.7136R2)?+ (0.2876)? ]#= 6H, (8) 


where 6R; is the standard deviation of Rj, etc. 
To fit the data obtained in different runs we 
proceeded as follows: Runs Nos. 1, 2, 12 (see 
Table II) have eight values of in common. For 
these values the geometrical mean of the H/t 
values was calculated and a curve drawn. The 
other runs have one or more points in common 
with runs i, 2, 12. These points were used to _ 
normalize the run in such a way that for the 
values of common to the run in question and 
to the curve obtained from runs 1, 2, 12, the 
value of H/t would be the same, or, in case of 
more points in common, make a best fit. In doing 


4C. Wiegand, Rev. Sci. Inst. 19, 790 (1948). 
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Fic. 2. General arrangement of apparatus A and B. 


this we added to the statistical error of the 
measurement of H/t a fitting error equal to 
(H/t) X6p, where 6p is the error in the normaliza- 
tion factor p. This can be estimated from the 
variation of p for various values of ® or from the 
statistical errors of the single measurements. The 
statistical error of the single measurements and 
(H/t)ép add by the usual rule: 


{(6(H/t) P+[(H/t)6p)? J}? (9) 


Having thus obtained H/t as a function of 9, 
we have at once on a relative scale the -p scat- 
tering cross section as a function of . To show 
the results obtained we report in Table II the 
values of H/t obtained in all runs and treatéd as 
described above to bring them all to the same 
scale. The errors listed are the standard devia- 
tions calculated from statistics on the single 
measurements. No account has been taken of 
the effect of dp. 

We now give details of the instruments and of 
the single phases of the experiment. 


B. Neutron Beam 


The neutron beam was produced by stripping 
180-Mev deuterons on a 1.27-cm thickness of 


beryllium. Its average energy is about 90 Mev.’ 


The beam was collimated by a hole in the 10-foot 
thick concrete walls of the cyclotron shield and 
emerged through an aperture of a diameter that 
has been varied in the different experiments from 
7.5 cm to 1 cm. This aperture consisted of holes 
in two 50-cm long copper plugs, one at each side 
of the concrete shield. The beam was accurately 
centered either by obtaining a photographic 


image on an x-ray film in front of which we had 
put some paraffin or by looking with a cathe- 
tometer at the beryllium probe in the cyclotron. 

The energy distribution of the neutrons to be 
expected in the primary beam is given by 
Serber’s theory.® It is desirable, however, to have 
a direct experimental confirmation of the dis- 
tribution because although the excellent agree- 
ment with the angular distribution of neutrons as 
measured! is good proof of the soundness of the 
picture, we want to know also if there are many 
neutrons of lower energy arising from other 
effects. We have, for this reason, taken a curve 
of coincidence counting rate as a function of the 
thickness of the absorber A, keeping ® constant 
at 15°. From this curve it is possible to calculate 
by differentiation the energy distribution of the 
protons passing through absorber A, and by 
taking into account the dependence of the np 
scattering cross section on energy and angle it 
is possible to reconstruct the energy distribution 
of the neutrons in the primary beam. 

The same distribution has also been inves- 
tigated by lowering the voltage in the counter 
behind absorber A in the telescope in such a way 
that it was sensitive only to protons near the end 
of their range. The results of both experiments 
are shown in Fig. 3 together with Serber’s 
theoretical curve. Agreement with Serber’s 
diagram is good for the high energy region, but 
we have some indications of an appreciable 
number of neutrons of lower energy. This subject 
has not been further investigated because all our 
detectors were operated in such a way as to be 


5R. Serber, Phys. Rev. 72, 1008 (1947). 
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NEUTRON ENERGY IN MEV 


Fic. 3. Energy distribution of the primary neutrons in 
the beam obtained by stripping 190-Mev deuterons on 
1.27-cm thick beryllium. The solid curve is from Serber’s 
theory. The shaded rectangles are the results obtained by 
desensitizing the counter behind absorber A and varying 
the thickness of absorber A. The vertical lines are the 
results obtained by variation of absorber A and differen- 
tiation of the curve of absorber thickness versus number of 
coincidences. 


insensitive to protons generated by primary 
neutrons of energy lower than 66 Mev. The 
cloud-chamber group® has obtained very good 
histograms of the energy of the neutrons in the 
primary beam showing agreement with Serber’s 
theory. 

At 45 Mev we do not have direct data on the 


energy distribution of the neutrons in the 
primary beam and we have assumed. that 
Serber’s theory gives the correct distribution. 


C. Detecting Telescope 


The scattered protons were detected with a 
telescope of three proportional counters pointing 
at the scatterer. The counters were brass cylinders 
5 cm in diameter, about 13 cm long, with a 5-mil 
wire on the axis, filled at atmospheric pressure 
with a mixture of argon and carbon dioxide in 
the ratio 25 to 1 by volume. The front windows 
were 45 mg cm~? copper or 7 mg cm~? aluminum. 

As we have already said, the telescope was 
made insensitive to protons generated by primary 
neutrons having an energy smaller than 66 Mev 
by interposing between the last two counters an 
aluminum absorber (absorber A of Fig. 2) of a 
thickness such that it would stop all protons of 
an energy smaller than 66 Mev cos*®. More pre- 
cisely, the absorber A placed in the coincidence 
telescope was chosen so that the minimum 
energy a neutron must have in order to give a 


*K. Bruckner, W. Hartsough, E. Hayward, and W. 
Powell; to be submitted to Phys. Rev. 


detectable scattered proton was 66 Mev, if the 
proton was generated in an infinitesimal layer 
at half the depth of the scatterer. The energy loss 
of the protons in the scatterer makes this condi- 
tion only approximate for other layers of a thick 
scatterer, and since the thickness of the scatterer 
in terms of energy loss becomes greater as ® 
increases, the error increases with &. However, 
even in the case of the widest angles measured, a 
neutron must have (66+7) Mev in order to give 
a detectable proton from the side of the scatterer 
farther from the detector, and (66—7) Mev if it 
originates from the side nearer to the detector. 
The neutron energy distribution as measured by 
us, when multiplied by o(£)~(A/£), shows that 
the correction necessitated by the effect of the 
thickness of the scatterer is negligible (2 per- 
cent) because the number of protons originating 
at the far side of the scatterer and lost by absorp- 
tion is almost exactly compensated by the excess 
of low energy protons originating at the near 
side of the scatterer. 

At the neutron energies used in this experi- 
ment, the absorbers A are so thick (several 
grams/cm*) that some protons which would 
otherwise pass through are removed either by 
Rutherford scattering or nuclear absorption. For 
apparatus A, where the absorber was placed 
immediately in front of the last counter, Ruther- 
ford scattering was negligible, and only the 
nuclear absorption produced any effect. | 

In apparatus C (see Section F and Fig. 7) it 
was necessary to place the absorber in front of 
all three counters. In the experimental arrange- 
ment, about one-half of the protons scattered by 
more than 3° would not be counted by the coin- 
cidence counter telescope. The fraction of 
protons lost due to this scattering is proportional 
to Noa, where N is the number of atoms per cm? 
in the absorber, of atomic number Z, and ag is 
the cross section of the absorber for Rutherford 
scattering through an angle greater than a. gg is 
proportional to Z/a*E,? and since at each angle 
®, N is varied approximately proportionately to 
E,?, the fraction of protons lost is nearly. inde- 
pendent of @. To check this point and to find 
out what fraction was lost, we counted the 
number of protons going through various ab- 
sorbers with the same stopping power but with 
differing Z. For this purpose C, Al, Cu, and Pb 
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were used. By plotting counting rate versus 
NZ?/E,’, and extrapolating to Z=0, we found 
that at b= 10°, 45°, and 65° the fraction lost was 
about constant and equal to 4 percent for 
carbon, which was the absorber actually used 
with apparatus C. At the largest angle used, 
there was no carbon absorber in front of the 
counters, the principal part of the absorber being 
the gas in the counters themselves. Any Ruther- 
ford scattering which occurred would have taken 


place in the counters, and essentially no protons | 


would have been lost due to this effect. There- 
fore, a correction of —4 percent has been applied 
to the value of o(@) at 71.6° in order to be con- 
sistent with the rest of the data. 

An estimate of nuclear scattering and absorp- 
tion, originating from nuclear interaction, by the 
absorber A shows that it will not exceed about 
4 percent in the worst conditions. Moreover, the 
difference between the magnitude of these effects 
at various angles is about half the absolute value. 
For this reason this effect has been neglected. 

The amplifiers were conventional ones with 
times of rise varying from 0.2 microsecond in 
some of the sets to 0.5 microsecond in others. The 
scaling circuits were also quite conventional and 
allowed the recording of individual counts in 
each of the counter tubes. The coincidence 
circuits were of two types: In one model delay 
lines were used to obtain the gate-open times; 

‘in the other model multivibrators were used to 
form the gates. Gate times varied from about 0.5 
to 12 microseconds and will be discussed in 
Section E. 


D. Geometry and Scatterer 


The approximate angular resolution of our ap- 
paratus was given by the diameter d of the 
counter furthest from the scatterer divided by 
its distance D from the scatterer, i.e., 2/50 
radians. Since the scatterer itself was extended, 
the resolution was perhaps 3°. If one wishes to 
take into account the error in o(@) introduced by 
the imperfect resolution, it is easily shown that 
the finite resolving power introduces a negligible 
correction unless the curve has very sharp 
irregularities. Only near =0° may this cor- 
rection be of any significance; at that point we 
estimate that it will raise the true cross section 
above the observed one by at least 10-” cm? 
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(7 percent) for the 90-Mev case and not appre- 
ciably affect it in the 40-Mev case. 

The scattering targets were always very thin 
to neutrons; their thickness was determined by 
consideration of the energy lost in the scattering 
target by scattered protons. The target was 
always kept perpendicular to the direction of the 
telescope. The neutrons thus traversed an 
effective target thickness ¢ equal to s/cos®, where 
s is the true target thickness. At constant beam, 
the number of neutrons crossing the target per 
unit time multiplied by the effective target 
thickness was independent of ® if the beam 
always filled the whole scatterer, because on 
varying ® the change of effective area was 
exactly compensated by the change of effective 
thickness. On the other hand, if the beam was 
smaller than the target area, the number of 
neutrons crossing the target per unit time mul- 
tiplied by the effective target thickness was pro- 
portional to s/cosé. Both modes of operation 
were used. The detecting telescope could always 
see the whole scattering target. 


E. Tests on the Apparatus and Typical 
Performance 


It was necessary to ascertain that we counted 
all the protons of energy larger than 66 Mev 
cos*® coming from the target and nothing else. 
For this purpose we first studied the counter 
response versus voltage. With the telescope set at 
10°, in order to be dealing with protons of prac- 
tically maximum energy and hence minimum 
specific ionization, the coincidence counting rate 
versus the collection voltage of the counters was 
measured. Plateaus extending over about 300 
volts were quite readily obtainable as shown in 
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Fic. 4. Typical voltage plateau of counters. 
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TABLE I. Typical data. 
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2200 volts 10 2 200 40200 43000 42400 
2080 10 2 200 27800 28600 28800 
1960 10 2 200 14400 12800 13100 
2120 10 2 600 46400 46600 47600 
2120 10 2 200 15600 17300 16600 
2120 10 2 200 14600 13800 15900 
2120 45 2 600 45200 42600 41600 
2120 45 2 200 17900 16900 16100 
2120 45 2 110 10500 9720 9720 








995 1559 


1007 1523 0.662 +0.03 3857 CHz 150 
685 1118 0.613+0.03 3857 CH: 150 
1560 2309 0.676+0.02 3857 CH: 150 
232 768 0.302 +0.02 3857 C182 
114 795 0.143+0.01, 3857 blank 
499 2106 0.237+0.01 900 CHz 150 
126 1017 0.124+0.01 900 C 182 
20 636 0.031+0.01 900 blank 











0.638 +0.03 





3857 





CH: 150 





















not suitable as a beam monitor. 







Notes.—R* is the reading of a “radiation” meter near the yoke of the cyclotron magnet. It is just a check on the operation of the cyclotron and 


The first three readings were taken to check the counter voltage vs. coincidence/monitor plateau. 
The results of the above two runs give: Hioe =0.420+0.03, Hse =0.139 40.014. 


Fig. 4. When the counters were adjusted to - 


detect protons of 100-Mev energy, we found that 
the counters were also sensitive to the recoil 
electrons produced when a source of radium was 
brought near the counter. This was to be ex- 
pected on the basis of the ionization produced by 
high energy protons and the ionization made by 
electrons. The sensitivity to these electrons 
provided a means of rough preliminary adjust- 
ment of the counters. Although the voltage 
plateau would indicate that all of the protons 
were being counted, more certainty can .be ob- 
tained from the following experiment: With the 
counters in operation at a fixed angle, e.g., 10°, 
the triple coincidence counting ratio R; was 
obtained. Then the middle counter was discon- 
nected (this procedure leaves the geometry 
unchanged) and a double coincidence count was 
obtained with the first and third counters in 
coincidence. If the number of protons recorded 
from the scatterer is the same as with the triple 
coincidence set-up, we feel justified in assuming 
that the efficiency is practically 100 percent, 
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Fic. 5. Coincidence counts versus thickness of scatterer. 





because if it were not, the use of only two 
counters would increase the number of coin- 
cidences obtained. A similar experiment was also 
done using four counters in coincidence and only 
the suppression of the counter farthest from the 
target, which obviously changes the geometry, 
had any effect on R;. The reason for using triple 
coincidence rather than double coincidence is that 
a better radio of R; to R; is obtained, and that 
accidental coincidences are practically zero. 

Another test is to determine the accidental 
coincidences. This was done by again setting the 
telescope at 10°, and obtaining the triple coin- 
cidence ratio R,. Then the middle counter was 
removed physically from the telescope and placed 
just adjacent to its regular position. In this posi- 
tion the coincidence counts were reduced by a 
factor of about 1000, showing that the accidental 
coincidences were negligible. This is what one 
should expect if the apparatus were working 
properly. It is easy to overload the counters 
because of the fact that the neutrons are emitted 
by the cyclotron in short bursts. The last test 
described shows conclusively that this is not the 
case because spurious coincidences, which are 
unaffected if we put the counters out of line with 
the target, were not present. This point was 
further confirmed by showing that H/t¢ was inde- 
pendent of the target thickness ¢ and of the beam 
intensity in the region of operation, as shown in 
Fig. 5. 

Experiments on the counting of protons with 
various gate times of the coincidence circuits 
showed that approximately the same counting 
efficiency, was obtained with gate widths from 
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TABLE II. 90-Mev o(®) in 10-*’ cm? per steradian. All runs have been fitted to the average of runs 1, 2, and 12. 








Runoumber 1 2 3 4 5 6 
Symbol in Fig. O s A x oO V 
Date 2448 2-948 2-19-48 3-18-48 5-21-48 6-17-48 
Apparatus A A A A A A 
(degrees) 


7 8 9 10 11 12 


oo A a Vv Oo ° 
7-29-48 3-23-48 
A Cc Cc Cc C B 


4-10-48 4-21-48 5-10-48 6-248 





= 68.644.9 61.3+3.6 


56.4-£5.6 
55.5+4.0 
58.2+4.0 


41.8+1.6 


53.6+1.2 
49.643.8 50.8+5.6 50.9+1.6 
42.8+3.1 50.0+4.2 
36.74+2.1 38.3+2.7 
32.2+2.2 29.5+2.9 
22.5241.3 25.4+2.5 
22.1+1.5 20.7+2.2 
17.5+1.1 17.0+2.0 
14.8+1.1 13.0+1.9 
12.9+1.4 12.4-+1.2 
10.5+0.9 8.4+1.3 
9.0+0.8 8.10.6 

» 6.341.1 


29.51.5 


17.741.0 
12.0+0.6 
8.60.7 


11.8+0.9 12.5+1.0 


43.541.2 47.641.2 45.0+2.0 


46.4+1.8 
44.9+1.1 


eosssssss 
Cw bo to 
Sees 


13.80. 

12.241.1 11.241.1 10.740.7 12.2+1.1 12.0+0.4 
9.0+1.2 9.70.9 
10.0+0.9 


9.041.1 
8.30.9 10.5+0.7 
9.340.9 8.7+1.0 10.5+0.8 


11.1+0.9 
8.30.9 
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about 2 to 10 microseconds. Appropriate settings 
for the gate times amounted to 2 to 3 micro- 
seconds, as shown in Fig. 6. 

An actual run started by a check of the gain 
of the amplifying systems effected by placing a 
radium source in a standard position with respect 
to the counter tubes and observing with an oscil- 
lograph the maximum height of the pulses pro- 
duced by recoil electrons from the walls of the 
counters. This was done with a collection voltage 
on the counter tubes which was found to be on 
the plateau of the coincidence counting rate 
versus voltage curve of the previous run. The 
observed pulses were synchronized one on top of 
the other so that the pulse shape was shown. 
Pulses from the three proportional counter tubes 
were checked to make sure that the rise and decay 
times, respectively, were approximately equal in 
the three counters. These were rather qualitative 
checks but were capable of showing immediately 
any large changes in the characteristics of the 
counting system. A standard size pulse was 
applied in turn to the inputs of each of the scaling 
circuits to check that the minimum pulse height 
to trip the discriminators had not changed. The 
coincidence circuit gate length was checked on a 
calibrated sweep. 

The measurements for different ® in a single 
run were alternated so as to minimize possible 
trends in systematic errors, e.g., the following 
order was used in a run: 6=10°, 45°, 30°, 20°, 


50°, 15°, 40°, 25°, 35°, 5°, 55° (February 4, 1948). 
(See Table I.) 

We report in Table I the original data of the 
beginning of a typical run. They were taken with 
the following set-up: 


Diameter of neutron beam exit hole was 2.22 cm. 
Distance from exit hole to scatterer was approximately 
350 cm. j 

Distance from scatterer to first counter was 85 cm. 

Distance from scatterer to monitor was 140 cm. 

Triple coincidence was used. 

The scatterers measured 11 by 11 cm and were made of 
polyethylene and graphite. 

The thickness of the scatterers and absorbers is indicated 
in Table I. 


A word must be added on the measurements 
in the direction of the primary beam (#=0°): 
The value of the cross section at ®=0° was 
obtained with apparatus A using the same pro- 
cedure as that used in measuring at 0° but 
with some added precautions due to the fact that 
the primary neutron beam passed directly 
through the counters. The beam was stopped 
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Fic. 6. Influence of the length of the gate open time on the 
coincidence counting rate. 
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down to an aperture 1.25 cm in diameter at the F. The Apparatus for ®>60° 

concrete shield and the intensity was reduced The apparatus schematically drawn in Fig. 2 
to about 3 percent of the usual operating in- was used for angles between 0 and 60°. At larger 
tensity. The loss in intensity was partially com- angles the thickness of the scatterer itself, the 
pensated by using a thicker scattering target. air, windows, etc., make this type of apparatus 
The results obtained at 0° are given in Table II. inadequate. A new apparatus shown in Figs. 7 








Fic. 7. Drawing of apparatus C. 


A—to pump H—carbon absorber 
B—neutron beam ; I—diaphragm 
C—vacuum scattering chamber J—mica window , 
D—carbon scatterer K—counter telescope (four counters) 
E—scatterer support L—0.002-in. steel window 
F—polyethylene scatterer M—scatterer locator 

uminum window 
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Fic. 7a. Detail of Fig. 7 counter telescope K. 
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TABLE III. 40-Mev o(®) in 10-*’ cm? per steradian. All runs have been fitted to the average of runs 2, 3, and 5. 











Run number 2 3 
Symbol in Fig. 10 
Date 


Apparatus 


4 
i) 


8-S-48 


A 


5 


12) 
8-S-48 


8 


C 
8-4-48 


6 7 

A x 
4-30-48 6-26-48 

Cc Cc 





76.142.8 


44.2+1.1 


ROBIN AD 

SESSAILSS 
—WN OOS Dimi 
He He He He He He ie ib 
soit a Hae Se se gece pe 
CHANDeQNb 


3 
34.642.6 


69.8 1.6 
52.2+1.1 
49 


35.442.3 39.4+1.6 


36.541.9 32.5+1.2 
22.7 44.5 
28.5 +1.8 
27.0+1.9 24.8+1.0 


38.9 +1.6 


33.0+1.6 
29.9+1.5 
25.2 +1.2 
19.6+1.6 


Cocco eRL 








and 7a was built and was used to measure the 
scattering cross section for 35°<®<71.6°. At 


larger angles all the difficulties introduced by 


matter in the path of the scattered beam and by 
the thickness of the scatterer become critical, 
and the rapidly increasing difficulty of the experi- 
ment made it impractical to exceed the angle of 
71.6° with our present apparatus. 

The apparatus shown in Fig. 7 relieved some 
of the difficulties mentioned above by providing 
for the evacuation of a space surrounding the 
scatterer and extending almost to the counter 
tube. Two benefits were obtained from this. 
First, the direct replacement of a 33-cm air 
column (equivalent to about 50 mg cm~ Al) by 
an 11-mg cm? Al window and, second, the 
removal of the air from the beam path, which 
greatly decreased the background radiation. This 
fact in turn made it possible to use thinner 
scatterers (25-mg cm~* CHz:), thus decreasing 
absorption within the scatterer. 

The apparatus was made in the form of an 
aluminum alloy box, with 38-mg cm~ rectangular 
stainless steel windows on opposite sides to allow 
passage of the beam. The arrangement provided 
for minimum production of .protons by interac- 
tion of the beam with the box walls. On a third 
side was fixed an 11-mg/cm? aluminum window, 
through which the protons scattered by the 
target pass to reach the counting tubes. The 
carbon and polyethylene scatterers inside of the 
box were mounted on a rack which could be 
rotated from the outside to place either scatterer 
at a point within the beam and perpendicular to 


the axis of the counting tubes, or to place both 
out of the beam. A scale calibrated in degrees was 
attached to the rack, and a transparent window 
placed in the top of the box, so that the scatterers 
could be accurately placed for a run. The tele- 
scope of counting tubes was fixed permanently 
to the vacuum box, and adjustment to various 
scattering angles was made by rotating the 
entire apparatus on a pivot directly under the 
point occupied by the scatterer when in place 
for a run. The beam windows were made long 
enough to allow for this shifting of beam position 
with respect to the box. A removable cover was 


_ placed over the scatterers to provide access to 


them. Since there was no need to attain a very 
high degree of vacuum, no special precautions 
were necessary in making the box vacuum tight. 
It was evacuated by a small mechanical pump 
which ran continuously during the course of an 
experiment. 

In order to decrease the amount of material 
in the path of the scattered protons all four tubes 
of the counting telescope were built into one 
envelope with resultant elimination of the 
windows between the individual units, as indi- 
cated in Fig. 7a. With this arrangement, of 
course, it was impossible to place absorbers 
between the last two tubes of the counting 
telescope. Consequently they had to be put in 
front of the whole telescope and the effect of 
Rutherford scattering by the absorber was some- 
what more serious than in the other apparatus. 
This effect has been discussed under “‘C,”’ 
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G. Lower Energy Experiments 


By reducing the radius at which the beryllium 
probe is hit by the deuteron beam it is possible 
to obtain, by the stripping process, neutrons of 
lower energy. Unfortunately the width of the 
energy distribution in the forward direction does 
not decrease as much as the most probable 
energy, so that poorer energy resolution is ob- 
tained. This is born out in Fig. 8, where the 
theoretical neutron energy distribution is plotted 
for Ep =98 Mev and a target of 1-cm beryllium. 
Be this as it may, we have repeated the experi- 
ments with the same apparatus at a lower energy. 
The results are reported in Table III and in 
Fig. 10. 


H. Summary of All the Experimental Results 


Tables II and III contain a summary of all the 
experimental results of this investigation thus far 
obtained on the angular dependence of mp cross 
section. 

It must be added that several authors have 
found that for energies lower than 15 Mev a(#) 
is independent of #. 


Ill. TOTAL CROSS-SECTION EXPERIMENTS 


In order to place the measured cross sections 
on an absolute scale it is necessary to determine 
the total scattering cross section. This can be 
accomplished by an attenuation measurement of 
the neutron beam using good geometry. Actually 
in the experiments we measured 


(10) 


f N(E)D(E)dE 


and 


f N(E)D(E) exp[—se(E)WE, (11) 








20-30 40 50 60 70 
NEUTRON ENERGY IN MEV 


° 10 


Fic. 8. Theoretical neutron energy distribution for 
stripping of 98-Mev deuteron on 1-cm thick beryllium. The 
neutrons are in the forward direction. 
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where N(E)dE is the number of neutrons between 
energies E and E+dE impinging on the ab- 
sorber, D(£) is the probability that one of these 
neutrons is counted by the special detector used, 
o,(£) is the total cross section of the attenuator 
nuclei, and s is the number of nuclei per cm? of 
the attenuator. If the neutrons employed were 
monochromatic, N(£) a delta-function, or if 
D(E) were a delta-function, the ratio of (11) to 
(10) would immediately give o,(£). Unfor- 
tunately, this is not the case and there is appre- 
ciable uncertainty in the interpretation of the 
attenuation measurements. 

The experiments were performed using as 
attenuator a column of hydrocarbon (pentane, 
polyethylene, etc.) and also a column of graphite 
containing approximately the same amount of 
carbon as that in the hydrocarbon. The attenu- 
ation produced by each absorber under good 
geometry conditions was measured and from it 
the hydrogen cross section was deduced. 

Typical geometrical conditions as shown by 
Fig. 9 were: diameter of neutron beam, 1.9 cm; 
length of absorber, 58 cm; cross section, 5X5 cm; 
distance between closest end of absorber and 
detector, 50 cm; diameter of detector, 4.4 cm. 

Estimates of multiple scattering effects show 
them to be negligible. 

In Table IV we report the main results thus far 
obtained. 

We can estimate an effective average energy 
for the neutrons used and calculate Eesro :(Eett) ; 
we may expect the last quantity to be nearly 
constant. This is roughly the case if we assume 
a primary neutron distribution similar to that 
predicted by Serber plus a low energy tail of an 
amplitude of about 20 percent of the maximum 
extending down to 20 Mev, reasonable functions 
D(E), and o,(£) inversely proportional to E,. 
The Ett of Table IV have been calculated under 
these hypotheses. 

In conclusion we can assume o;=6.85/E (E in 
Mev, a; in 10-** cm?) with about 10 percent 
uncertainty. This value does not match too well 
with the approximate values of o,;=9.8/E re- 
ported by Sleator’ on the basis of measurements 
in the 20- to 24-Mev energy interval; there is, 


7W. Sleator, Jr., Phys. Rev. 72, 207 (1947). See also for 
further bibliography. 
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however, no reason why Eo,(E) should be 
constant over such large energy intervals. 


IV. CONCLUSION 


In Tables II and III we give o(#). In order to 
find the corresponding o(@) we have to multiply 
a(®) by dcosQ/d cosé and put this value at the 
angle 6 corresponding to the ® considered. Table 
II also gives 6 and d cos@/d cos@ as a function of 
® for 88 Mev. For 40 Mev, we have used the 
non-relativistic formulae 


d cos® 1 


—d=1—29; = , 
dcos@é 4cos® 





The normalization of the curves is done as 
explained before by requiring that 


0.076 X 10-*4 cm? for 90 Mev 
0.170 X 10-* cm? for 40 Mev. 


fe@de =o;= 


Since o(@) is known only in a limited range, we 
have arbitrarily extrapolated o(@) in the unknown 
region in a way very close to curve J of Fig. 11. 
The contribution of this part of the curve to the 
total cross section is 15 percent of the total for 
the 90-Mev curve. The extrapolated part of the 
curve is also consistent with data obtained in the 
cloud-chamber investigation of n-p scattering 
by Bruckner ef. al. We have assumed the 
40-Mev curve to be symmetrical around 90°. 

The values of o(@) obtained in al] runs are 
reproduced in Fig. 10. The stars are, in our 
judgment, the best average of the measurements 
we have at the present date; in drawing them 
we have weighted the experimental runs. For 
clarity it has been impossible to give the statis- 
tical errors which can be easily read out of 
Tables II and III. The spread of the points gives 
a fair over-all impression of the accuracy of the 
measurements. 

Messrs. R. Christian and E. Hart of the 
theoretical group of the Radiation Laboratory 
have calculated the u-p cross sections under 
various assumptions.® One of the simplest used, 


8 A review of the subject is given in L. Rosenfeld, Nuclear 
Forces (Interscience Publishers, Inc., New York, 1948). 
Other calculations on n-p high energy scattering: M. Camac 
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TABLE IV. Results of total cross-section measurements. 
pl gives the thickness of absorber with which the measure- 
ments were taken. In runs 1, 2, 4, and 5 about 85 percent 
of the detected protons came from hydrogen recoils, the 
rest from carbon and background. In run 6 only protons 
coming from hydrogen recoils were taken into account. 
The approximate total cross section of carbon at 90 Mev 
is 0.53 X 10-*4 cm? and at 40 Mev 0.93 10- cm?. 








Run g Method of neutron Eos 
no. Absorber cm-? detection Mev 


iy 





35.3 Protons from CHs 
Protons from CH: 
C12(”,2n)Cu 

Protons from CH: 
Protons from CH: 
Hrecoilsfrom CH: 88 
Fission of Bi 

Fission of Bi 


Polyethylene 
Polyethylene 
Paraffin® 
Pentane 
Polyethylene 
Polyethylene 
Pentane> 
Polyethylene 


esssssss 
ANQIANIaAaaga=~7 


CONIA PW 
SSSSSR08 








* Cook, McMillan, Peterson, and Sewell, Phys. Rev. 72, 1264 


(1947). 
b J. DeJuren, N. Knable, and B. J. Moyer, private communication. 


which agrees fairly well with the experimental 
results, is the following. 
The n-p scattering depends on a potential 


V(r) =8(e/r)-*"(1+-P/2), 


where the constant g* has two values, one for 
scattering with parallel and the other with anti- 
parallel spins. These values correspond to 
g’/hc=0.405 and 0.280, respectively, and are 
chosen so as to fit the scattering cross section for 
epithermal neutrons and the binding energy of 
the deuteron. The constant 1/K is 1.2-10—* cm. 
If we interpret 1/K as the ‘Compton wave- 
length”’ of a particle, this particle has the mass 
of 326 electronic masses which is not very dif- 
ferent from the z-meson mass; moreover, this is 
the value of the range of the nuclear forces used 
by Breit in interpreting p-p scattering, and it also 
fits the coherent scattering observed in neutron 
scattering by ortho and parahydrogen. P is an 
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Fic. 9. Typical arrangement for measurement of the total 
scattering cross section. 


and H. A. Bethe, Phys. Rev. 73, 191 (1948); J. Ashkin and 
Ta-You Wu, Phys. Rev. 73, 973 (1948). 
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operator: that exchanges the spatial coordinates agreement is fairly good and the simplicity of the 

of neutron and proton. ' hypotheses make this result attractive, although 
The above potential gives an angular dis- the theoretical total cross section is appreciably 

tribution as shown in Fig. 11,curve J,andatotal larger than the experimental one. 

cross section at 90 Mev of 0.090 X 10-*4 cm?. The On the other hand, tensor forces must be 
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Fic. 10. Differential neutron proton cross section in the center of gravity system in 10-*’ cm*/steradians. All measure- 
ments are included (see key to symbols in Tables II and III). The stars are the final best available average corrected as 
described in the text. The upper curve represents the data taken with 40-Mev neutrons; the lower curve with 90-Mev 
neutrons. 
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present to account for the electric quadrupole 
moment of the deuteron and they can be intro- 
duced by changing the potential to 





eX 3(01°7r) (2:7) 
+7 


r2 


V(r) =e 


e-*’r)1+P 
—a-01) as 
r 2 


where aj, o2 are the spin operators, 7 is a constant 
fixing the amount of tensor force and K’ is the 
range of the tensor forces. Choosing y = 0.16 and 
K'=0.3K it is possible to account for the electric 
quadrupole moment of the deuteron. However, 
the total cross section becomes even larger: 
0.093 X10-*4 cm?, and the angular distribution 
hardly agrees with the experimental one. 

It must be remembered that relativistic effects 
have been neglected and they may be of the 
order of 20 percent. 

More detailed theoretical studies to bring out 
the separate influences of the single factors in- 
volved in the ”-p cross section are in progress. 

The authors wish to thank Professor E. O. 
Lawrence for his interest in this work, and the 
cyclotron operating crew for their valuable 
assistance in making the runs. 
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Fic. 11. Theoretical n-p scattering curves drawn ac- 
cording to the hypotheses discussed in the ‘“‘Conclusions”’ 
section. Curve I central forces c=0.09X 10-* cm?; curve 
II tensor forces ¢, = 0.093 X 10-* cm?. Circles are the experi- 
mental points. ; 


This paper is based on work performed under 
the auspices of the Atomic Energy Commission. 
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Stars in Photographic Emulsions Initiated by Deuterons. 
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EUGENE GARDNER AND VINCENT PETERSON 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received March 2, 1948) 


Photographic plates have been bombarded with deuterons in the 184-inch Berkeley cyclo- 
tron, and a group of 1200 stars in the emulsion has been studied. The group included 300 stars at 
each of the following energies: 35 Mev, 90 Mev, 130 Mev, and 190 Mev. At each of these 
energies the average number of prongs per star was close to 3.0. About three times as many 
prongs were observed in the forward direction of the beam as in the backward direction. The 
study was made with desensitized plates, which do not show tracks of high energy protons. The 
results are to be interpreted as including all alpha particles and heavier nuclear fragnzents but 


only the lower energy protons. 





I, INTRODUCTION 


EUTERONS accelerated by the 184-inch 
Berkeley cyclotron? are found to produce 
stars in photographic plates which are similar to 
stars produced by cosmic rays. For individual 
stars initiated by deuterons from the cyclotron 
we have not been able to tell with any assurance 
what type of nucleus is being disintegrated. 
Moreover, we do not know how many neutrons 
are given off or in which directions, so it is not 
possible to make a momentum or an energy 
balance. Thus it appeared that a detailed study 
of individual stars would not yield results which 
could be interpreted very easily. It was pointed 
out by Professor Robert Serber and Mr. Wendell 
Horning that experimental observations of large 
numbers of stars would yield statistical results 
which could be compared with theoretical pre- 
dictions. The present paper reports the results of 
an experimental study of the number of prongs 
(i.e., the number of tracks making up the star) 
and the direction of the prongs with respect to 
the direction of the beam. The accompanying 
paper of Horning and Baumhoff gives a com- 
parison of these experimental results with theo- 
retical predictions. 


II. EXPERIMENTAL PROCEDURE 


The plates used in this study were bombarded 
before the deflector of the 184-inch cyclotron was 


1 Reported at meetings of the American Physical Society, 
July 11-12, 1947, and January 2-3, 1948. 

? Brobeck, Lawrence, MacKensie, McMillan, Serber, 

Sewell, Simpson, and Thornton, Phys. Rev. 71, 449 (1947). 


in operation, and the only method of exposure to 
deuterons was with the circulating beam. Now 
that the deflector is in operation,’ the circulating 
beam will probably be superseded by the de- 
flected beam for bombarding photographic plates. 
The method of exposing plates to the circulating 
beam is shown in Fig. 1. The plate is wrapped in 
black paper and is mounted on the probe in a 
position such that the plane of the emulsion is 
approximately tangent to the deuteron trajec- 
tories. The deuterons strike the edge of the 
emulsion as shown in Fig. 2. A bombardment 
with deuterons of any energy up to the maximum 
available from the cyclotron can be obtained by 
placing the plates at the appropriate radius. It is 
assumed that stars which are found, near the 
edge where the beam first strikes the plate were 
initiated by deuterons of the energy of the circu- 
lating beam at the radius at which the plate was 
exposed. The exposure required is small, and 
one of the problems is to make the circulating 
beam small enough. The cyclotron normally 
operates with a pulsed arc.ion source, but we 
found that even one pulse gives too many 
deuterons. The plates used in the present study 
were exposed without an arc pulse; the arc 
filament was left on, and the r.f. was turned on 
for about half a second. The number of deuterons 
accelerated was controlled by varying the dee 
voltage. 

The photographic plates used were Ilford 


3W. M. Powell, L. R. Henrich, Q. A. Kerns, D. C. 
Sewell, and R. L. Thornton, Rev. Sci. Inst. 19, 506 (1948). 
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STARS IN PHOTOGRAPHIC EMULSIONS 


Nuclear Research plates,*®5 type C.1, with an 
emulsion thickness of 50 microns. The chemical 
composition, as given by Ilford Limited, is 
shown in Table I. The C.1 plates are desensitized 
so that lightly ionizing particles do not make 
recognizable tracks. In this study the complete 
tracks of the initiating deuterons could just be 
seen at the lowest energy (35 Mev) but not at 
higher energies. Desensitization is an advantage 
because it permits a heavier exposure than would 
be possible with plates which show the tracks of 
the initiating particles. With the C.1 plates we 
were able to use deuteron intensities high enough 
to obtain useful plates with star densities as high 
as 10 stars per mm, In star studies using plates 
which render the tracks of the initiating particles 
visible, it is necessary to reduce this number by a 
factor of perhaps a hundred. Desensitization is 
also a disadvantage, however, since lightly ion- 
izing particles from the stars will not show 
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Fic. 1. Location of photographic plate for exposure 
to circulating beam. 


* Powell, Occhialini, Livesey, and Chilton, J. Sci. Inst. 
23, 102 (1946). 

5 C. F. Powell and G. P. S. Occhialini, Nuclear Physics in 
Photographs (Clarendon Press, Oxford, 1947). 
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Fic. 2. Direction of deuteron beam with respect 
to photographic emulsion. 


recognizable tracks. It is hard to give a definite 
value for the proton energy below which a 
proton track will always be visible. The possi- 
bility of seeing a track depends on the back- 
ground of developed grains in the plate and on 
the length of track which lies in the emulsion. 
Proton tracks of length corresponding to an 
energy of 10 Mev are heavy enough so that it 
seems unlikely that we would miss tracks of this 
energy or lower. The length of a 10-Mev proton 
track, as given by Lattes, Fowler, and Cuer,® is 
560 microns. From the fact that deuterons can 
just be seen at 35 Mev but not at higher energies, 
we conclude that we could not see proton tracks 
of energy higher than about 17 Mev. In the 
region between 10 and 17 Mev we might see 
some prongs and not see others, depending on 
the background of developed grains and the 
length of track which lies in the emulsion. The 
results of this study of star prongs should be 
interpreted as including all alpha particles and 
heavier nuclear fragments but only the lower 
energy protons. 

A group of stars initiated by deuterons of 
energy 190 Mev is shown in Fig. 3. Stars with 
various numbers of prongs are shown, but there 
has been no attempt to make the relative num- 
ber of each type of star correspond to the 
statistical data. The number of long prongs 
shown is larger than would be expected in random 
sampling. 


Ill. EXPERIMENTAL RESULTS 


The study included about 300 stars at each 
of four deuteron bombarding energies: 35 Mev, 
90 Mev, 130 Mev, and 190 Mev. Several plates 


6C. M. G. Lattes, P. H. Fowler, and P. Cuer, Proc. 
Phys. Soc. 59, 883 (1947). . 





Fic. 3. Group of stars initiated 
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by deuterons of energy 190 Mev. 
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TABLE I. Chemical competion of Ilford 
nuclear research plates. 


AND V. PETERSON 


TABLE III. Angular distribution of star prongs for 
various incident deuteron energies. 








Weight 
grams per cc 


Element of emulsion) 


Ag 1.85 

Br 1.34 
0.052 
0.272 
0.056 
0.266 
0.067 
0.010 





Ca: PCr. 


Si, Na Traces 








TABLE II. Number of stars of a given number of prongs 
for various incident deuteron energies. 








Number of stars 
Type of star 35 Mev 90 Mev 130 Mev 190 Mev 


2-Prong (‘‘probable’’) 60 63 41 59 
2-Prong (‘‘questionable”’) 27 44 60 40 
3-Prong ss i 2 ig 
4-Prong 56 52 68 71 
5-Prong 2 9 8 10 
6-Prong 0 i 3 0 


300 §=322 301 302 





All types 








at each energy were viewed under the microscope, 
and sketches were made of the stars observed. 
All stars encountered in a scanning area near the 
incident edge of the plate were included, except 
for stars originating very near the emulsion sur- 
face. Data were tabulated at each energy for: 


(a) number of prongs per star, 

(b) angular distribution of star prongs, and 

(c) average prong length of star prongs ending in the 
emulsion. 


The numbers of stars having 2 prongs, 3 
prongs, etc. are tabulated in Table II and plotted 
in Fig. 4. Each incident deuteron energy is 
computed from the radius in the cyclotron at 
which the plates were bombarded, with a small 
energy correction for the average distance from 
the edge of the plate to the point at which the 
stars were observed. The probable error of the 
energy measurement is of the order of +5 Mev. 
There is some uncertainty in the number of 
2-prong stars, since it is often impossible to tell 
whether an event is a 2-prong star or a deflection 
in a single track. When it is reasonably clear 
from the grain densities of the tracks, or from 
other considerations, that the event is a 2-prong 


Angle from 
direc- 
tion to 
center of 
sector 


Number of star prongs 
Angular range 35 Mev 90 Mev 130 Mev 190 Mev 





—30° to +30° o° 326 335 295 267 

+30° to +90° and 60° 385 366 339 388 
—30° to —90° 

+90° to +150° and 120° ~° 128 166 184 187 
—90° to —150° 

+150° to —150° 180° 42 55 58 66 


Total 881 922 








TaBLeE IV. Average observed projected track lengths of 
star prongs ending in the emulsion. 








35 Mev 90 Mev 130 Mev 190 Mev 





Percent of prongs ending in 
the emulsion 75 65 56 62 


Average observed prong 
length for star prongs 
ending in the emulsion 
(microns) 








star, it is listed as ‘‘probable.’’ If it is impossible 
to tell whether it is a star or a deflection, it is 
listed as ‘‘questionable.” In some cases it is 
clear that the event is a deflection of a single 
track, and these cases do not appear in the 
tabulation at all. From Table II it is seen that 
the average number of prongs per star is close 
to 3.0 for each of the energies studied. 

When the stars are formed in the emulsion the 
star prongs can, of course, take any direction in 
three-dimensional space. The emulsion shrinks 
when the plates are developed, and the stars are 
compressed toward a plane. As the stars are 
viewed under the microscope, one sees essentially 
the projection of the stars on a plane. The 


.analysis of the angular distribution which we 


give does not refer to the three-dimensional stars 
as they are formed in the emulsion, but to the 
projections on a plane as they are seen through 
the microscope. The field of view of the micro- 
scope was divided into 60° sectors, and a tabula- 
tion was made of the numbers of prongs in the 
various sectors. The results are given in Table II] 
and in Fig. 5. The sector in the forward direction 
of the beam extends from —30° to +30°, where 
the beam direction is taken as 0°. In cases where 
there are two sectors whose centers make the 
same angle with the beam direction, the total 
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number of prongs observed in both sectors is 
tabulated in Table III; but the value plotted in 
Fig. 5 is the average for one sector. There are 
about three times as many prongs in the three 
forward sectors as in the three backward sectors. 

No systematic attempt was made to identify 
the prong particles. However, some of the prongs 
had a change in grain spacing such that they 
were tentatively identified by inspection as pro- 
ton tracks. In order to give an order of magnitude 
for the lengths of the star prongs for the various 
energies of the initiating deuterons, we have 
listed in Table IV the percent of prongs ending 
in the emulsion and the observed average prong 
lengths for tracks which ended in the emulsion. 
This does not give a true measure of the average 
prong length for two reasons: (1) the longer 
prongs have a greater probability of leaving the 
emulsion, and (2) the length as seen through the 
microscope is the prong length projected on a 
plane. Both of these factors tend to make the 
values given in Table IV too small. The energy 
associated with a proton track or an alpha 
particle track of given length can be found from 
the range-energy relationships given by Lattes, 
Fowler, and Cuer.® For example, the energy of a 
track of length 40 microns is given as 2 Mev if 
the particle is a proton, or about four times this 
energy if it is an alpha particle. 
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The theory of high energy nuclear stars depends on a theory of nuclear transparency and on a 


theory of nuclear evaporation. The transparency can be computed on the basis of a model 
proposed by R. Serber as soon as the interactions between the nucleons and the incident particle 
are known. The evaporation can be computed on the basis of the statistical model of the nucleus 
as soon as the nuclear entropy and binding energies of the evaporated particles are known. 
With approximate values for the above interactions, entropies, and binding energies, a proba- 
bility distribution has been computed for the number of prongs per star. The results are in 


qualitative agreement with the observations on photographic emulsions described in Part I. 





I. INTRODUCTION 


T is of interest to see how far current ideas on 
nuclear mechanics Jead toward an interpreta- 
tion of nuclear stars. If the kinetic energy of the 
incident heavy particle is of the order of 100 
Mev, then resonance phenomena and leakage 
through the nuclear potential barrier should be 
small effects. In such a case, particles may be 
ejected from the struck nucleus by at least two 
processes—direct recoil and evaporation. If a 
struck nucleon receives so much energy from the 
incident particle that it leaves the nucleus in a 
time short compared to a nuclear period (~10-7! 
sec.), then we have a recoil prong or recoil star. 
If, on the other hand, the energy of the incident 
particle is evenly distributed throughout the 
nucleus by many collisions of the nucleons 
among one another, and if particles are ejected 
only after many nuclear periods, then we have 
an evaporation star. Cosmic-ray stars appear to 
be of both these types. 

The formation of an evaporation star depends 
on nuclear evaporation proper, and also on 
nuclear transparency, which concerns the proba- 
bility that an incident particle pass through a 
nucleus with the loss of only some fraction of its 
energy. Each of these parts of the theory depends 
on an elementary probability: transparency on 
the probability Y(EZ, e) per cm path distance per 
Mev of energy loss that an incident particle with 
kinetic energy E collides with a nucleon, losing 


1W. Heisenberg, Cosmic Radiation (Dover Publications, 
New York), p. 131. 





kinetic energy €; evaporation on the probability 
W(X, &) per second per Mev energy loss that a 
nucleus with excitation energy X evaporate 
some particle or other, losing excitation &. 


II. THE ELEMENTARY PROBABILITIES 


Unless Eo, the incident energy, is large com- 
pared to the average energy loss per collision of 
the incident particle (~25 Mev), the incident 
particle will almost certainly be unable to pene- 
trate through the mucleus, and there will be 
almost zero transparency. But if Eo is many 
times this critical value, things may be more 
complex. To get an idea of what happens, assume 
the stopping power of the nucleus to be like that 
of a Fermi gas of protons and neutrons, so that 
when a particle strikes it the resulting action 
may be analyzed into a series of n—n, n—p, and 
p—p collisions.” 

We represent the interaction between the in- 
cident proton or neutron and an average particle 
of the nucleus by g’e~"/*/r. A value a~ = 1.19- 10! 
cm-~ is used.* A value of g? is used corresponding 
to an average total cross section of 0.058 barn; 
since total cross sections for n—n and n—p 
scattering have been measured with the results 
0.034 and 0.083 barn at .90 Mev incident energy.‘ 
This yields g?/Ac=0.26. The use of the above 
average of the p—m and n—n cross sections is a 

For the physical model here involved see R. Serber, 
Phys. Rev. 72, 115 (1947). 

’L. E. Hoisington, S. S. Share, and G. Breit, Phys. 


Rev. 56, 884 (1939). 
4 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 72, 


1264 (1947). 


370 , 




















STARS IN PHOTOGRAPHIC EMULSIONS 


reasonable approximation whether the p—n in- 
teraction is of the ordinary or exchange type. It 
is a better approximation for an interaction of 
exchange type. 

The Born approximation with the above inter- 
action gives for the differential scattering cross 
section 


o(Eo, p)dp=amb*g'pdp/Eo(1+6%p*)? (1) 


where p is the momentum transfer, and Ey is the © 


energy of the incident particle in the reference 
system in which the struck particle is at rest, 
and b=a/h. This result should be modified when 
applied to collisions within the nucleus, since 
then the struck particle is not at rest, and the 
exclusion principle limits possible momentum 
transfers. This modified cross section 7(E, e), is 
obtained by averaging (1) over a portion of the 
Fermi momentum sphere, whose radius we call po. 
That is 


4 
r(E, dde=de f o(P, p, dp / rhs. (2) 


Here p and #’ are the original and final momenta 
of the struck nucleon, P and P’ the corresponding 
momenta of the incident particle, E and e the 
incident energy and energy transfer, all in the 
laboratory system. It is convenient to intro- 
duce q, the momentum of the incident particle, 
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after collision of the two particles, in their 
center of mass system. By definition 


a= —p+3(P—p). (3) 

Conservation of energy and momentum require 
that 

g=%(P—p)’; (4) 

and the condition that the energy transfer be e is 

[qa+3(P+p) P=P?=P?—2me. (5) 


To get the cross section o(P, p, e)de for energy 
loss in range de, for given P and p, requires an 
integration around the azimuth ¢y’, whose axis 
is the line of centers of the two spheres (4) and 
(5) in q space. The direction of this axis is that 
of p+P. From (4) and (5) 


p? = 3(P—p)*[1 —cos(q, P—p) ]. 
We write 


= <(q,P+p), 6’(P—p, P+p) 
cos(q, P—p) =cos@’ cos6’’+sin@’ sin@”’ cosy’. 


In contrast to the more familiar case in which 

p=0, p here involves the azimuth. Expanding 

(5) according to the law of cosines gives 
P?—p?—4me | 4mde 

/ be 'd6' om 


|P—p||P+p]’ |P—p||P+p| 








cos@ 





Fic. 1. Differential cross 
section + for energy transfer 
in a Collision between an in- 
cident particle of energy 100 
Mev and a nucleon. 


Dotted curve: struck particle 
free and at rest. 

Solid curve: struck particle 
within a nucleus. 
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Fic. 2. P(f)df is the proba- 
bility that an incident nu- 
cleon with energy Eo just 
4 after entering a nucleus of 
the heavy component, will 
have lost a fraction f of its 
energy in range df, just before 
completing its path through 
the nucleus. 












Applying the law of cosines to the identity 
2p=(P+p)—(P—p) gives 
it 


P?—p? 
cos#”" = “ 
|P—p||P+p| 





Substituting in (1) and performing the elemen- 
tary azimuthal integration yields 


a(P, p, €) =2rm'*b*g4(A+BC) 
X(A+2BC+B*[4me })-} 
A=(P—p)°(P+p)’?, B=3b(P—p)*, 
C=A+(p?—P?+4me) (P?—p’). (6) 


We now substitute from (6) in (2), after ex- 
panding o as a power series in p/P, less than one 
in the experiments here of interest. The integra- 
tion of (2) is to be done over the spherical shell 
b<po, p’> po. This last inequality may be written 


p"*— p?=2me> po?— p* 
or 
p> (po? “= 2me)?. 


If 2me>po?, then the region of integration is 
instead P<po, P>O. The angular integrals of 
terms in odd powers of p/P are 0. Keeping the 
first three non-vanishing terms in the expansion 
of + yields the result shown in Fig. 1. The 
elementary probability Y(E, e) is simply 7 times 
d, the numerical density of nucleons within the 
nucleus. : 

The elementary probability for evaporation 
has been treated by Weisskopf.5 His Eq. (3) may 


5'V. Weisskopf, Phys. Rev. 52, 296 (1937). 












be put 


W(X, )d&é=y(E—V—E,) 
Xexp(Sa(X — &) —Sa(X))dé, 
¥ =a0jm/wh', (7) 


where S,4 and Sz are the entropies of the nucléus 
before and after the evaporation of a particle 
with binding energy E,, kinetic energy §—E,, 
potential barrier V, mass m, and statistical 
weight 7; and where go is the geometrical cross 
section of the nucleus. On the basis of an approxi- 
mate nuclear model we may write 


” 


Av? 
sixy~(—) X*, X in Mev, 


where A is the mass number. 


r 


Ill. NUCLEAR TRANSPARENCY* 


In the experiments of Part I, the elements of 
the photographic emulsion fall principally into 
two groups: a heavy component composed of 
silver and bromine, with an average mass number 
of 95, and a light component composed prin- 
cipally of carbon and oxygen. Since the hydrogen 
of the emulsion has too simple a structure to 
give rise to starts of the kinds observed, it is 
counted in neither component. By use of the 
chemical analysis listed in Part I, and values 
for the geometrical cross sections of the nuclei 
involved, we deduce that the relative proba- 
bilities that a fast incident particle hit a nucleus 
of the heavy component, of carbon, or of oxygen 


* The problem of nuclear transparency has been treated, 
using a different method, by M. L. Goldberger, Phys. Rev. 
74, 1269 (1948). 
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are 0.76, 0.13 and 0.11. A calculation will be 
made for the stars from the heavy component, 
which are predominately evaporation stars. Some 
remarks will then be made about stars from the 
lighter elements. 

As an approximation, let us ignore the scatter- 
ing of the incident particle, but take account of 
its energy loss by the quantity 7(E, e) which 
expresses the probability per cm path distance 
per Mev energy loss, that the incident particle, 
with energy E, lose energy «. Let P(x, E) be the 
probability, after the incident particle has pene- 
trated a distance x into the nucleus that it 
possess a kinetic energy less than E. If, at x=x,, 
the energy E of the incident particle were known 
to be Ei, then the increment of P would satisfy 


Ei 


| f Ah. dk 


E\-—E 


Since, however, the quantity E follows a proba- 
bility distribution, we have in general 


OP(x, E) £0 OP (x, E’) 
tee fae 
Ox 


E’ 
1(E’, e)de. (8) 
E oF’ :. 


This equation has been solved numerically, with 
7 as given in Fig. 1, and Ey)= 100 Mev. The result 
is shown by the dotted curve in Fig. 2. To make 
possible an analytic solution we replace r by 7’, 
where 


; Ae ng ew 
T= . T(L’, e)\de= 

Apaeee is Y/Y 
y’ =y(E’). 


The two functions 7 and 7’ are equivalent in a 
semi-quantitative way except for «<10 Mev, if 
we put 6=0.021 (Mev) and B=3.6-10" cm—. 
In view of the uncertainties in the Fermi model 
of the nucleus, we may regard 7’ as a reasonable 
representation ofthe scattering cross section. 

The advantage of the function 7’ is that it 
yields a kernel for the integral equation which is 
a function of E only times a function of E’ only. 
The Laplace transform of (8) is 


B=A/b, y=y(E)=e**/(1—e**), 


yo aP y’ 
—P(0, y)+4P= f —dy'B— 
y dy’ a 


A) 


p= f e*Pdx. (9) 
0 


The boundary condition at x=0 is P(0, y) 
= st(yo—vy), where st (x) is a step function defined 
by st(x)=0,1 according as x<0 or x>0. Here 
yo=y(Eo) where Ep is the energy of the incident 
particle within the nucleus and at the start of 
its nuclear traverse. Multiplying (9) by y and 
differentiating to y yields 


(A+B)y(aP/dy) +P 


= st(yo—y) —y5(yo—y). (10) 





Fic. 3. P(X)dX is proba- 
bility of a nuclear excitation 
X, in range dX, when a nu- 
cleus of the heavy component 
is hit by a deuteron of energy 
200 Mev. 
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Fic. 4. P(X, &)dé is pro- 
portional to the probability 
that a proton, evaporated 
from a heavy component nu- 
cleus of excitation X, reduces 
this excitation by an amount 
é in range dé. 








X=100 MEV 











A solution of the homogeneous equation corre- 
sponding to (10) is 


A solution of the inhomogeneous equation is 


P2=-, y<Yo; 


Vo (A/A+B) 
-(-S)C ) hin diag! 


The general solution is P=P,+ CP. In (9) put 
y =Yo4 and substitute for P. The result is 


A/A+B) 


from which C=0. The solution satisfying bound- 
ary conditions, for y>v~ypo is thus 


'B Yo\ A+B) 
Pa?) 
A+B) \ ¥ 


The inversion theorem for the Laplace transform 
yields 


~~ il=_ 


4--—5+¢ 





1 ytio B yo\ A+B) 
P=— e= (=) dx. 
A(A+B)\ y 


2x1 
The contour may be deformed into two infini- 
tesimal circuits, one around the pole at \=0, the 
other around the essential singularity at \= —B. 
The contribution from the pole is simply 1. 

To get information on nuclear excitation, we 
need to evaluate P at x=%o, the thickness of 
the nucleus, and then average over impact 
parameters. If R is the nuclear radius and r the 





y—i% 





impact parameter, then 
xo = 2(R?—r*)}, 
The desired average is then 





A4rdr = —xodXo. 













; 4 2R eka 1 
P(E, R)=— — regare = 
wR? 44 2? 
B Yo (A/A+B) 
ee ae 
AA+B)\ y 
= (pit betbs)/aR?. 






To evaluate the integfal 1, put \= —B++#. Then 


2p?” exp(2Rt—Bi“! log(yo/y))dt 
t(t—B)? 








pi=——e* 
wer y 





Put t=(a/2R)!r and a=B log(y/yo), greater 
than 0 in the range of y of interest, and get 


ae es (~) es “ee 
‘i y tL (a/2R)'r—B}? 


If (a/2R)?<B, then expand the denominator in 
a binominal series, obtaining 


<P m(”) suet 
Ai y B? 


(le) | 
aaa | 


Each term in this series involves a modified 













Pi 












2 
A= 




























Bessel function, according to the standard for- 
mula 


exp(<(r+ rar 
I,(%) =— ; 


2m1 





qnrtl 


The series, which converges with moderate rapid- 
ity if (2/2R)*<B may now be used to get the 
numerical value of 1. If (¢/2R)!>B, the similar 
series obtained by using the alternate binominal 
expansion of the denominator is used. The 
evaluation of 2 is similar to that of ;. Evalu- 
ating ps; involves only elementary functions. 

Let @(f)df be the probability that the incident 
particle lose a fraction f of its incident energy Eo 
in range df, during a nuclear traverse. Then 


C) 
O(f) = E,—P(E)—E, R). 
dEo 


In Fig. 2, @(f) is plotted for mass number 95, 
and for incident energies of 100 and 50 Mev. 
When the kinetic energy of the ‘incident particle 
becomes about Er=22 Mev, the depth of the 
Fermi potential well, it can then no_ longer 
emerge from the nucleus. Thus the continuous 
curve @(f) should be corrected by making it 0 
from f=(E)—Er)/E» to f=1; and by adding to 
it a 6-function at f=1, with a coefficient equal 
to the area under (f) between f=(E)»)—Evr)/Eo 
and f=1. 

To get the corresponding result for deuteron 
bombardment, we introduce 7 = 1.7-107!* cm, the 
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average of the projected distance between the 
two deuteron particles on a plane perpendicular 
to the incident beam. This value is easily com- 
puted with an approximate deuteron wave func- 
tion of form e~*"/r. If we assume the two deuteron 
particles always have this average projected 
spacing, then when one of these particles hits the 
nucleus, the other must do so also, unless the 
first hits the nucleus within a projected distance # 
of the edge. On the average, when one of the 
particles hits the nucleus with impact parameter 
such that the second has a non-zero chance of not 
hitting, the first will hit at distance #/2 from 
the edge; then the chance of the second not 
hitting will be ~4, if #<R, R the nuclear radius. 
The probability of one particle hitting the 
nucleus and the other not hitting is thus 


2 R?—(R—f)? 
ea 


which for a nucleus of the heavy component is 
0.30. Let P1(Eo, €) be the distribution function 
for energy transfer « when only one particle of 
the deuteron hits the nucleus, Ey being the 
incident energy of such a particle. If P2(Eo, €) is 
the corresponding function when both particles 
of the deuteron hit, then 


P2(Eo, €) -{ P(E, €:)P1(Eo, ¢=* €;)de. 
0 


And then the corresponding distribution, given 
simply that a deuteron collides with the nucleus, 
will be Pz=0.3P1+0.7P2. A plot of Pa is given 








1.0 


Fic. 5. P,(X) is proba- 
bility that an ion evaporated 
from a nucleus of the heavy ° ‘5 
component be a proton, when 
the nucleus is at excitation X. 
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Fic. 6. The ordinate is the probability that a nuclear 
star contain N prongs formed by the paths of charged 
particles. The crosses give the prong distribution in the 
photographic emulsion as observed in the experiments of 
Part I. The triangles give the distribution observed in 
cloud chamber filled with air and alcohol vapor, with a 
neutron beam of 95 Mev. The circles give the theoretical 
distribution for stars from the heavy component of the 
emulsion produced by a deuteron beam of 200 Mev. 


in Fig. 3. The rather striking discontinuity in 
this curve arises from the strongly discontinuous 
mass distribution within the deuteron. 


IV. NUCLEAR EVAPORATION 


To apply formula (7) to the heavy component 
of the photographic emulsion (A =95), binding 
energies for the neutron proton, alpha particle 
and deuteron are needed. According to the 
Weizsacker formula,* they are 


E,=8.0, £,=8.0, E.=4.0,- Ea=13.3 Mev. 


The Coulomb barrier for the proton and deuteron 
is taken to be V=6.2, for the alpha particle 2 V. 
The least change in the excitation energy X of 
a nucleus when it evaporates a particle is, in 
the approximation for large X, the sum of the 
binding energy and Coulomb energy for that 
particle, or the ‘‘threshold energy” for the par- 
ticle. This threshold energy for a given type of 
evaporated particle varies when the parent 
nucleus, as a result of evaporation, travels down 
the Heisenberg valley. It is reasonable to suppose 
that the excited nucleus will usually not wander 
more than about three steps from the bottom of 
the valley, in which case these variations in the 
thresholds will be a secondary, though perhaps 
not entirely negligible effect, at least for a heavy 
_nucleus. In what follows, these variations will be 


*H. A. Bethe, Rev. Mod. Phys. 8, 165 (1936). 
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neglected. The formula (7) yields a finite proba- 
bility for the evaporation of particles even 
heavier than the alpha particle. But even for 
200 Mev excitation of the heavy component, 
these probabilities are small and will be neg- 
lected. 

Gardner and Peterson’ have observed stars 
with two, three, and more visible prongs, each 
prong consisting of the track of an evaporated 
ion ; they have measured the relative frequencies 
of these types of stars. To compute these fre- 
quencies, we introduce a function P(v, X), the 
probability that the excited nucleus will have 
emitted » or more prongs when, as a result of 
evaporation, its excitation has fallen to a value X 
from an original value Xo>>X. Let q(X) be the 
probability per unit drop in excitation that the 
nucleus emit an ion. Then P will satisfy the 
equation 


oP(v+1, X) | 
————-=[P(v+1, X) —P(v, X)]q(X). 
ax 
Or, putting v 
Q= f q(X)dX 
oP(v+1, y 
AP Q)-P(»,Q). (11) 


The use of a continuous function g(X), to de- 
scribe evaporation is justified only if the excita- 
tion is many times the threshold energy for 
evaporation of a particle. This condition is quite 
well satisfied when the excitation is of the order 
of 200 Mev. We write 


(1/q(X)) = i+ (n/Pi) En 


where mm is the average drop in excitation per 
evaporated ion, at excitation X, & the average 
drop per evaporated neutron; p, and ; are the 
relative probabilities for neutron and ion evapo- 
ration at excitation X. The quantities on the 
right of (12) are easily calculated from (7). 

To solve (11), we note that P(0, Q) =1. Hence 


e-°P(1, Q) =e-° + Cy. 


(12) 


The constant of integration C, is fixed by re- 


7 E. Gardner and V. Peterson, Phys. Rev. 75, 364 (1949). 
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quiring that P(1, X)=0 when X=X,=Xo—-T, 
where T, is the least of the ion thresholds, and 
Xo the original excitation. That is C;= —e~®, 
2:=Q(X}). Similarly 


e~°P(2, Q) =e-°—C,0+ C2, 
C2= —e-%+C1Q2, 
Q2=Q(X0—2T>) 


2 


e~°P(3, Q) mee$Cn 60+ C3, 


2 


Qs 
C3= —e~% — <—* C2Q3, 


Qs=Q(X0—3T,). 


The probability of evaporating just v prongs is 
pr,=P(», Qr)—P(v+1, Qr), Qr=Q(T,). (13) 


The mean prong number »=2Zvp, turns out to 
be 4.0 at X =200 Mev. 

A more accurate method of finding % involves 
the use of the function P(t, X), which is the 
probability at time,t, after the nucleus is struck, 
that it have excitation X or less. Let 


W(X, §)=Wi+W,+ Wat Wa 


be the sum of the function (7) for the four types 
of evaporated particles. Then 


aP(t,X) p*°aP(t, X’ 
-f Oe OY a0 
ot x ox’ 


xX’ 
f W(X’, dk. 
xX'—X 


The complicated form of the kernel makes diffi- 
cult an analytic solution. Differentiating this 
equation yields 


p(t, X x 
= f W(X, b)dé 


Xo 
+ p(t, X")dX' W(X’, X'—X), 


x 


ts) 
’ X)=—P ’ ay 14 
p(t, X) pe (t,X). (14) 


Multiply (14) by e* and integrate between ¢=0 


and t= «. Write 


BA, =f p(t, X)edt, 
0 


ap(t, X) 


— (0, X)-+p(d, X) = f edt, 
0 ot 


Then to solve the resulting equation numerically 
break the interval from 0 to Xo into a number of 
equal parts (0, Xn), (Xn, Xn-1)° ++ (Xi, Xo); and 
take #(A, X) as an unknown constant in each 
such sub-interval except (X1, Xo), in which take 
p(A, X)=1. Then the integral equation breaks 
up into ” algebraic equations which are easy to 
solve successively, since only those values of the 
kernel W(X’, X’—X) enter into the equation for 
which X’>X. The principal labor is in tabulating 
the function W(X’, X’—X). The method yields 
p(dA, X) as a histogram in X. 

If N(t) is the expected number of ions evapo- 
rated between the instant the nucleus is hit and 
time ¢ 


aN(t) 
Pigg 


where W,(X1&) = Wp+ Wat Wa. Then 


Xo x’ 
f p(t, X)ax" f WAX", Bde 
0 0 


Xo x° 
AN (A) = f p(d, X’)dX" f W(X’, é)dé 
0 0 


which yields \N(A) as the result of a quadrature. 
But 
>=lim AN(A). 
0 


When X»=200 Mev and the interval (0, Xo) is 
broken into 30 parts, the numerical method just 
described yields 

p=4.4., 


The distribution (13) thus yielded a mean prong 
number about 10 percent too small. The distribu- 
tion will hence be improved by multiplying by 
a scale factor and renormalizing so as to get a 
mean 4.4. 

To get a result to compare with experiment, 
the distribution (13) must now be evaluated for 
Xo=150, 100 and 50 Mev as well as 200 Mev. 
The results for various Xo’s are then weighted 
according to the graph of Fig. 3. 
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We may crudely represent the insensitivity of 
the emulsion to high energy protons by assuming 
that it detects all protons with energies below 
15 Mev, but none with energies above this value. 
To subtract from the computed prong number 
distribution the effect of unobserved protons, 
the energy distribution of the evaporated protons 
is needed, shown. for a special case in Fig. 4. 
For this is needed also the proportion of all 
evaporated ions which are protons, shown in 
Fig. 5. After a correction for this emulsion in- 
sensitivity to protons, the calculated prong num- 
ber distribution for the heavy component, at 
190 Mev bombarding energy, becomes as shown 
by the circles in Fig. 6. 

It is doubtful whether a simple statistical 
theory can be applied to the evaporation of 
ions from a highly excited nucleus as light as 
carbon or oxygen. Fortunately, information on 
this process has been obtained by cloud-chamber 
measurements.® Of 499 stars produced by the 
90 Mev neutron beam in a chamber filled with 
water vapor and alcohol, the numbers with 


2, 3, -++ prongs were as follows: 
2 prongs 267 stars 
3 prongs 159 stars ; 
4 prongs 46 stars 
5 prongs 25 stars 
6 prongs 2 stars 


Of 106 two pronged stars, observed in detail in 
the chamber, 66 percent were observed to 
possess at least one prong with an energy in 
excess of 15 Mev. Multiplying the entry 267 by 4 
yields a corrected prong distribution for the 
cloud chamber stars as shown by the circles in 
Fig. 6. 

As the deuteron bombarding energy varies 
from 35 to 190. Mev, the prong distribution in 
the photographic emulsion remains the same, 
within the limit of experimental error. The mean 
of the theoretical distribution, for the heavy 
component, varies from about 1.1 at 35 Mev 
bombarding energy to 3.3 at 190 Mev. Since at 
35 Mev a struck nucleus of the heavy component 
is almost sure to evaporate neutrons only; the 


® Cloud-Chamber Group, Radiation Laboratory, Uni- 
versity of California private communication. 
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cross section for production of a visible star from 
a nucleus of the heavy component varies from 
about 0.109 at 35 Mev to over 0.9¢ at 190 Mev, 
where go is the geometrical cross section. Due to 
the ease with which carbon and oxygen nuclei 
may break up into alpha-particles, the cross 
section for visible star production from these 
lighter nuclei may be expected, in contrast, to 
change very slowly with bombarding energy. 
The stars observed by Gardner and Peterson 
must then arise almost entirely from the lighter 
component of the emulsion at the lower bom- 
barding energies, and predominantly from the 
heavy component at the higher energies. If we 
make the plausible assumption that the prong 
number distribution for the light component is 
almost unchanging throughout the range of bom- 
barding energies used, then the observed and 


calculated distributions are in good qualitative 


agreement. 


V. ANGULAR DISTRIBUTION 


The angular distribution of star prongs ob- 
served in Part I is predominantly in the forward 
direction. We may assume that particles evapo- 
rated from a nucleus emerge with an angular 
distribution spherically symmetric with respect 
to the nucleus. But the nucleus itself may be 
moving. In the case of the heavy component, 
the mean recoil velocity of the center of the 
excited nucleus, just after it is struck, will be 
small compared to the mean velocity of the 
evaporated ions. But in the case of the light 
component, it will be of the same order or exceed 
the mean velocity of the ions evaporated from it. 
The observed asymmetry is of the order to be 
expected on the assumption that it is due pri- 
marily to this recoil of the lighter nuclei. 
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A study has been made of stars in photographic emulsions initiated by alpha-particles from 
the 184-inch Berkeley cyclotron. These stars are similar to stars initiated by deuterons, which 
were described in an earlier paper. Eastman NTA plates were used. Plates from the emulsion 
number used will record alpha-particles of energy about 200 Mev and lower and protons of 
about 10 Mev and lower. The contribution of the high energy protons may be missing from the 
results given. The average number of prongs observed is close to 3. The ratio of the number of 
prongs in the three sectors in the forward direction of the beam to the number in the three 
backward sectors is about 6. The cross section for the formation of stars has been estimated by 
counting sections of alpha-particle tracks and the stars associated with these tracks. For alpha- 
particles of energy 130 Mev we obtain a value of the cross section, averaged over all of the 
atoms in the emulsion, of 3X 10~*5 cm? with an estimated uncertainty of 30 percent. 





I. INTRODUCTION 


STUDY has been made of stars in photo- 
graphic emulsions initiated by alpha-par- 
ticles from the 184-inch Berkeley cyclotron.' The 
method of bombarding photographic plates in the 
cyclotron has been described in a paper on stars 
initiated by deuterons.? The stars initiated by 
alpha-particles are similar to those initiated by 
deuterons; however, in the case of the alpha- 
particle stars we were able to see the tracks of the 
initiating particles and, hence, to get an estimate 
of the cross section for the formation of stars. 
The photographic plates used were Eastman 
NTA plates of emulsion thickness 35 microns. All 
were from the same batch, Emulsion No. 340,387, 
received February, 1947. This is the emulsion 
number used in a study*® of alpha-particle and 
deuteron tracks, in which it was found that alpha- 
particles of 200 Mev and lower and protons of 10 


TABLE I. Composition of Eastman NTA emulsion. 








Percent 
composition 


Weight Atoms/cc 


Element (grams/cc) 1073 





1.700 0.0950 
0.054 
1.220 
0.173 
0.112 
0.305 
0.042 


3.606 


Ag 47.1 
I 1.49 
Br 33. 


Total 








1W. M. Brobeck e¢ al., Phys. Rev. 71, 449 (1947). 


? E. Gardner and V. Peterson, Phys. Rev. 74, 364 (1948). 
3R. L. Brock and E. Gardner, Rev. Sci. Inst. 19, 299 


Mev and lower can be followed easily. Tracks of 
higher energy protons may be missed. We are not 
able to tell from the experimental data how many 
proton tracks are missed for this reason. It is 
hoped that the data of the following sections will 
give useful qualitative information about the 
alpha-particle stars even though the contribution 
of the protons above 10 Mev is all, or in part, 
missing. Plates are now available which are much 
more sensitive than the plates used in this study. 
With the new plates it would be possible to see 
proton tracks at all energies which one would be 
likely to encounter in stars initiated by alpha- 
particles from the 184-inch cyclotron. Also it 
would be possible to extend the study to 380 Mev, 
the full energy output from the cyclotron. We 
hope at some time in the future to do a study of 
alpha-particle stars using the new Eastman NTB 
plates or one of the new Ilford types. 


Il. NUMBERS AND DIRECTIONS OF 
STAR PRONGS 


’ A group of stars initiated by alpha-particles of 
energy about 100 Mev is shown in Fig. 1. Stars 


TABLE II. Average cross section for formation of 
stars by alpha-particles. 





Average 
cross 
section 
(cm?) X10™ 


0.08 
0.21 
0.29 
0.21 
0.15 


Mean path 
Total path length 
(Mev) length (cm) (cm/star) 


50 2060 170 
95 6870 67 . 
130 6690 48 
170 7650 67 
210 9500 96 
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Fic. 2. Frequency distribution of stars of various num- 
bers of prongs. Graph gives percent of stars of a given 
number of prongs as a toe of\the number of prongs. 
Stars from all energies (about 50 to 200 Mev) have been 
lumped together. Errors shown are statistical probable 
errors. 


initiated by alpha-particles at other energies were 
also observed; the full study included about 450 
stars at energies from about 50 to 200 Mev. The 
numbers of prongs per star and the directions of 
the prongs with respect to the beam direction 
were remarkably similar for all energies studied, 
no differences being observed which were signifi- 
cantly larger than the statistical probable errors. 
In presenting the data here, stars from all 
energies have been lumped together. The fre- 
quency distribution of stars of various numbers 
of prongs is shown in Fig. 2. It is similar to the 
corresponding curve for stars initiated by deu- 
terons.? The direction of the prongs with respect 
to the beam direction is shown in Fig. 3. The 
directions do not refer to the directions in three 
dimensions as the stars are originally formed in 
the emulsion, but to the projected directions as 
seen through the microscope. The field of view of 
the microscope was divided into 60° sectors, and 
a tabulation was made of the number of prongs in 
the various sectors. The ratio of the number of 
prongs in the three sectors in the forward direc- 
tion of the beam to the number in the three 
backward sectors is about 6. This is to be com- 
pared with a ratio of 3 found for stars initiated by 
deuterons.? 


Ill. CROSS SECTION FOR FORMATION -OF STARS 


In the photomicrographs shown in Fig. 1 the 
tracks of the direct alpha-particle beam can be 


STARS IN PHOTOGRAPHIC EMULSIONS: 
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Fic. 3. Angular distribution of prongs. Histogram gives 
percent of prongs per 60° sector as a function of angular 
position of sector. Stars from all energies (about 50 to 
200 Mev) have been lumped together. 


seen as straight sections which are approximately 
parallel. Occasionally one of the tracks terminates 
in a,star. By counting sections of tracks and the 
stars originating on these tracks, it is possible to 
get an estimate of the mean path length for 
formation of stars. The number of sections of 
tracks was found by counting tracks in sample 
areas. The number of sections actually counted 
was about 10 times the number of stars. The 
length of track was found by multiplying the 
number of sections of track by the diameter of 
the field of view of the microscope. 

Since we have not been able to tell which ele- 
ments in the emulsion were responsible for the 
stars observed, we are not able to find the cross 
sections associated with the different elements. 
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All that we are able to give is an average over-all 
of the elements .in the emulsion, calculated by 
using the total number of atoms per cc. The num- 
ber of atoms per cc, as found from the chemical 
composition of the NTA emulsion, is shown in 
Table I. The figures given in Table I apply to the 
dry emulsion, no correction having been made for 
moisture picked up by the plates. The average 
cross section is shown in Table II and in Fig. 4. 


IV. DEUTERON CONTAMINATION 


One factor which prevented us from making 
a more accurate determination of the cross sec- 
tion was the presence of déuterons in the alpha- 
particle beam. Even after helium has been run 
into the ion source continuously for several days 
it is still possible to find deuterons in the beam. 
The number of deuteron tracks in the photo- 
graphic plates varied from.a few percent of the 
number of alpha-particle tracks to approximately 
as many as the number of alpha-particle tracks. 
Although deuteron tracks are not ordinarily seen 
at the energies at which we were working, they 
seemed to contribute enough developed grains so 
that there was some uncertainty in the count of 
the alpha-particle tracks. Different observers 





-BURFENING, GARDNER, AND LATTES 


counting the same tracks have reported alpha- 
particle track counts which differ by 30 percent. 
This introduces an uncertainty in the cross sec- 
tions given in Table II and Fig. 4. There is little 
confusion between stars initiated by alpha- 
particles and stars initiated by deuterons since it 
is ordinarily easy to tell whether an alpha- 
particle track ends at the star. 
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Positive mesons produced by 380-Mev alpha-particles in the 184-inch Berkeley cyclotron 


have been detected by means of photographic plates. The experimental arrangement is similar 
to that used for detecting negative mesons except that the plates are placed in a position to 
receive positive instead of negative particles from the target. Heavy positive mesons are 
observed to decay into secondary mesons in the manner described by Lattes, Occhialini, and 
Powell. Relative numbers of positive and negative mesons coming from a target are found by 
placing plates symmetrically on opposite sides of the target. Preliminary results indicate that 
for a #s-inch carbon target there are about one-fourth as many heavy positive mesons as heavy 
negative ones for meson energies of 2-3 Mev in the laboratory system. 


I. INTRODUCTION 
HE mesons first observed! at the 184-inch 
Berkeley cyclotron? were known to be 


* Lieutenant Colonel, U. S. Army. Present address: 
Sandia Base, Albuquerque, New Mexico. 

** On leaveof absence from University of Sao Paulo, Brazil. 

1 E. Gardner and C. M. G. Lattes, Science 107, 270 (1948). 

2 Brobeck, Lawrence, MacKensie, McMillan, Serber, 
Sewell, Simpson, and Thornton, Phys. Rev. 71, 449 (1947). 





negatively charged, since the photographic plates 
used for detecting them were placed in a position 
to receive negative but not positive particles 
from the target. We have now detected positive 
mesons by placing plates in a position to receive 
positively charged particles from the target. As 
with the exposures to negative mesons, the target 





















was bombarded with the circulating beam of 
380-Mev alpha-particles. Most of our work has 
been done with a carbon target ;4-inch thick. 
The photographic plates which we have found to 
be most suitable for detecting positive mesons 
are Ilford C 2 and C 3, and Eastman NTB, each 
of emulsion thickness about 100 microns. 


Il. DESCRIPTION OF APPARATUS 


Two methods of making exposures to positive 
mesons have produced plates suitable for study. 
The first method makes use of positive mesons 
which follow trajectories like the one illustrated 
in Fig. 1. Plates are placed below the circulating 
beam, as shown in Fig. 2. Mesons are received 
which leave the target moving at a small angle 
downward from the beam direction. Plates to 
receive negative mesons of about the same energy 
and angular range may be placed on the opposite 
side of the target? as shown in Fig. 2. Shielding is 
provided on the side from which the beam comes 
in order to prevent scattered beam particles from 
reaching the plates. For mesons which strike the 
plate at right angles to the edge, the energy range 
is about 2-5 Mev in the laboratory system. For 
meson trajectories at other angles the energy at 
a given point on the plate is larger, so that the 
energy range of the mesons counted on the plates 
is not very well defined. 

In a second method of detecting positive me- 
sons, the photographic plates are placed in a 
position to receive mesons which leave the target 
in a direction opposite to the beam direction. 
The arrangement is shown in Fig. 3. Plates ex- 
posed in this way have tracks of negative mesons 
along one edge, and tracks of positive mesons 
along the opposite edge. In this method, as in 
the preceding one, the energy range of the mesons 
received by the plates is not well defined. 

In addition to the meson tracks found on the 
plates there is a ‘‘background”’ of tracks caused 
by protons and alpha-particles. Some of the back- 
ground tracks are attributed to stars and recoils 
produced by neutrons, and some to low energy 
protons and alpha-particles from the target. 
Neither of the methods for making exposures to 

positive mesons gives as high a ratio of meson 
tracks to background tracks as that obtained in 
exposures to negative mesons. 
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Fic. 1. Plan view of cyclotron showing direction in 
which positive and negative mesons are deflected by the 
magnetic field. 


Ill. DESCRIPTION OF THE POSITIVE 
MESON TRACKS 


The appearance of the positive meson tracks 
under the microscope is similar to that of nega- 
tive meson tracks.! They have a characteristic 
grain density change along the track and a 
characteristic wandering associated with small- 
angle scattering. For mesons which come from 
the target a measurement of the mass can be 
obtained by measuring the bending in the mag- 
netic field of the cyclotron and the range in the 
emulsion. The radius of curvature of the trajec- 
tory is calculated from the position on the plate 
at which the track is found and the angle which 
the track makes with the edge of the plate. The 
mass determination has not yet been made with 
any precision; however, preliminary measure- 
ments indicate that there are two groups of 
mesons having masses of about 300- and 200- 
electron masses, respectively. It is presumed that 
they are the same as the z- and yu-mesons de- 
scribed by Lattes, Occhialini, and Powell.* The 
total number of light and heavy mesons observed 
so far is about 200. 

Neither the heavy nor the light positive mesons 
initiate stars. Most of the heavy positive mesons 
disintegrate to give observable secondary mes- 
ons, as shown in Figs. 4—6. Figure 4 is taken from 
an Eastman NTB plate, Fig. 5 from an Ilford 
C 2, and Fig. 6 from an Ilford C 3. In each case 
the heavy positive meson enters from the bottom 
left. At the point at which the heavy positive 
meson stops a secondary meson is initiated, mov- 
ing toward the right. It is thought that all, or 
almost all, of the heavy positive mesons give 
secondaries; but in some cases the secondaries 


*C. M. G. Lattes, G. P. S. Occhialini, and C. F. Powell, 
Nature 160, 453, 486 (1947). 
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Fic. 2. Apparatus used for placing photographic plates 
below the circulating beam for exposure to both positive 
and negative mesons. 


move up or down at a steep angle through the 
emulsion, and the tracks are not seen. The frac- 
tion of the heavy mesons which are observed to 
give secondaries depends on the thickness and 
sensitivity of the emulsion and on the background 
of other tracks in the vicinity. Of the emulsions 
which we have used, the Ilford type C 3 seems 
to be best for showing secondaries. 

For all of the secondary mesons which stop in 
the emulsion the range is about 600 microns, 
corresponding to an energy of about 4 Mev. 
Table I gives the ranges of five secondary mesons 
which stopped in the emulsion (Ilford plates). 

In addition to the light meson tracks which 
start at the ends of heavy positive meson tracks, 
other tracks are found which have a grain density 
change characteristic of light mesons. It is as- 
sumed that they are pesitively charged and that 
they come from heavy mesons which disintegrate 
at positions other than in the emulsion. There 
are two groups: (a) Tracks with random orienta- 
tion, found in all regions of the plate where heavy 
positive meson tracks are found. These mesons 
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Fic. 3. Apparatus used for placing photographic plates 
in a position to receive positive mesons which leave the 
target in a direction opposite to the beam direction. 
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are presumed to arise from local disintegration of 
heavy positive mesons in the glass above or be- 
low the emulsion. For the disintegrations which 
are observed in the emulsion, the secondary 
mesons come off in random directions, so that 
some remain in the emulsion and some pass out 
of the emulsion into the glass. Similarly, it is to 
be expected that disintegrations above or below 
the emulsion would produce some secondaries 
which would enter the emulsion from the glass. 
(b) Tracks which start from the edge of the 
plate. These probably come from the target, or 
from some region not too far distant. The evi- 
dence for this is that if the masses are calculated 
by means of bending in the magnetic field and 
range in the emulsion on the assumption that 
the mesons come from the target, values are 
obtained which give an average of about 200- 
electron masses. The spread in mass values is 
rather large, suggesting that perhaps not all of 
the light meson trajectories originate at the 
target. If the energies of these mesons are calcu- 
lated from their ranges, assuming a mass of 200- 
electron masses, almost all of the values found 
are less than 4 Mev. This suggests that most of 
them probably come from the decay of heavy 
mesons at rest, since 4 Mev is about the kinetic 
energy which a light meson receives from the dis- 
integration of a heavy one. 

The light mesons from the target may come 
from the decay of heavy ones which did not have 
enough energy to escape from the target. Another 
possibility is that a heavy meson goes through a 
360° trajectory, as illustrated in Fig.'7, and then 
returns to the target, where it disintegrates into 
a light meson. It is probable that more light 
mesons arise from heavy mesons which decay 
without, leaving the target than from those 
which return, because many of the 360° trajec- 
tories spiral up or down enough to miss the 
target. 

Some of the light mesons may not come di- 
rectly from the target but may come from heavy 
mesons which disintegrate in flight. Another 


possibility for a light meson trajectory which 


does not start at the target is illustrated in Fig. 8. 
Here a heavy meson from the target comes to 
rest in the copper of the plate holder in a position 
such that the secondary meson can reach the 
photographic plate. 









POSITIVE MESONS 


Fic. 4. Disintegration 
of a heavy positive meson 
to give a secondary. Photo- 
micrograph made from 
Eastman NTB plate. 


A rather hasty survey indicates that the num- 
bers of light mesons found in various positions on 
the plate are about what would be expected from 
the decay of the heavy ones as suggested above. 
The relative numbers of light and heavy mesons 
may be illustrated by one group of mesons found 
in 100-micron Ilford C 3 plates. Of the 34 mesons 
in the group, 20 entered from the edge of the 
emulsion and 14 entered from the glass above or 
below the emulsion. For the 20 mesons which 
entered from the edge of the emulsion a measure- 
ment of bending in the magnetic field and range 
in emulsion showed that 16 had masses measured 
as greater than 260-electron masses. The re- 
maining 4 had masses measured, between 150- 


Fic. 5. Disintegration of a 
heavy positive meson to give 
a secondary. Photomicro- 
graph made from I\ford C 2 
plate. The heavy tracks on 
the left-hand side of the 
photomicrograph are due to 
protons from the target. They 
are often the most trouble- 
some part of the background. 


PRODUCED 


BY THE CYCLOTRON 


and 230-electron masses. All of the 16 heavy 
mesons gave observable secondaries. It is as- 
sumed that the 14 which entered the emulsion 
from the glass were light mesons which came 
from decay of heavy mesons in the glass above 
or below the emulsion. 
Since the magnetic field of the cyclotron sepa- 
rates the positive mesons from the negative ones, 
we can be reasonably sure that disintegrations of 
the type shown in Figs. 4-6 ‘are due to positive 
mesons. No disintegrations of this type have 
been found in a study‘ of negative mesons pro- 
duced by the cyclotron. This study has included 
about two thousand heavy negative meson 
tracks. Light meson tracks have been found, but 


‘Frank Adelman and Stanley Jones, private communication. 
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TABLE I. Ranges of secondary mesons which stopped 
in the emulsion (Ilford plates). 








Track No. Range in microns 





625 
630 
612 
604 
560 








none of them started at the point at which a 
heavy negative meson track ended. This sub- 
stantiates the assumption of Lattes, Occhialini, 
and Powell that positive mesons are responsible 
for the events in which a heavy meson comes to 
rest in the emulsion and then disintegrates to 
give a secondary meson. 


IV. RELATIVE NUMBERS OF POSITIVE 
AND NEGATIVE MESONS 


By means of symmetrically placed plates, as 
shown in Fig. 2, we plan to measure the relative 
numbers of positive and negative mesons pro- 
duced in targets of various materials. So far only 
carbon has been studied, and the study has in- 


cluded only, a¥limited?range*of{mesonfenergies. . 


The target was the usual jg-inch carbon. The 


BURFENING, GARDNER, AND LATTES 


energy range studied is not very well defined, but 
is of the order of 2-3 Mev in the laboratory 
system. In this energy range 40 positive mesons 
have been counted as compared with 136 nega- 
tive ones in an equivalent area. Of the 40 positive 
mesons, 26 are known to be heavy since they 
form observable secondaries. Some of the second- 
aries may have been missed, so that the number 
of heavy mesons may be larger than 26. It is 
estimated that more than 90 percent of the 136 
negative mesons are heavy. 

Operation with the arrangement illustrated in 
Fig. 3 has shown that there are some heavy posi- 
tive mesons which leave the target in a direction 
opposite to beam direction. In order to illustrate 
the relative numbers of positive mesons in the 
backward beam direction and negative mesons 
in the forward direction, the numbers will be 
given for one run made with a ;-inch carbon 
target. For this run, mesons were counted along 
the full 3-inch edge of the plate, so that the 
energy range is of the order of 2-5 Mev in the 
laboratory system. 144 negative mesons were 
counted along one edge of the plate and 16 posi- 
tives along the opposite edge. The numbers given 
include both light and heavy mesons. 


12s 


Fic. 6. Disintegration of a 
heavy positive meson to give 
a secondary. Photomicrograph 
made from Ilford C 3 plate. 





POSITIVE MESONS PRODUCED BY THE 


@-PARTICLE BEAM 


HEAVY POSITIVE MESON 
TRAJECTORY 


i 
1 POSITIVE MESON 


TRAJECTORY 


| 
ote23 
INCHES 


Fic. 7. Diagram showing a possible method of production 
of light mesons in the target. Heavy meson goes through 
360° trajectory and returns to the target, where it dis- 
integrates to give a light meson. 


V. CONCLUSIONS 


Positive mesons of mass about 300-electron 
masses are produced when a beam of 380-Mev 
alpha-particles strikes a carbon target. At points 
in the emulsion at which these heavy positive 
mesons come to rest, tracks of secondary mesons 
of mass about 200-electron masses are ordinarily 
observed. The fraction of the heavy positive 
meson tracks for which secondaries are observed 
depends on the sensitivity and thickness of the 
emulsion; however, it is thought that all, or 
almost all, of the heavy positive mesons decay 
to give secondaries. All of the secondaries have 
a range which corresponds to a kinetic energy of 
about 4 Mev. Light meson tracks are observed 
which do not start at the ends of heavy meson 
tracks; these are attributed’ to light mesons 
which come from the decay of heavy positive 
mesons at positions other than in the emulsion. 
It is thought that all of the light positive mesons 
observed come from the decay of heavy positive 
mesons. 

Prelfminary results indicate that for a #-inch 
carbon target there are about one-fourth as many 
heavy positive mesons as heavy negative ones for 
meson energies of 2-3 Mev in the laboratory sys- 


CYCLOTRON 


HEAVY ‘POSITIVE MESON 
<a TRAJECTORY 


“—— LIGHT POSITIVE MESON 
TRAJECTORY 


htt 
o:2s3 
INCHES 


Fic. 8. Diagram showing how a light meson trajectory 
could start at a point not at the target. Heavy meson from 
the target comes to rest in the copper‘of the plate holder 
in a position such that the secondary meson can reach the 
photographic plate. 


tem. This is not inconsistent with the ratio ex- 
pected on the bases of Coulomb interaction. A 
calculation by Serber® gives the ratio of heavy 
positive to heavy negative mesons in this energy 
range as about 1 to 3.5. 
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The electromagnetic shift of the energy levels of a bound electron has been calculated on the 


basis of the usual formulation of relativistic quantum electrodynamics and positron theory. 
The theory gives a finite result of 1052 megacycles per second for the shift 2*Sy—2?P; in hydro- 


gen, in close agreement with the non-relativistic calculation by Bethe. 





I. INTRODUCTION 


ETHE' has recently discussed the anomalous 

fine structure? in hydrogen on the basis of 

non-relativistic quantum electrodynamics. His 
result for the 27S,;—2?P, displacement was 


AW = W(2?S;) — W(22P) 
= (a®Ry/3m) log(K/é), (1) 


where a=e?/hc~1/137 the fine structure con- 
stant, Ry the Rydberg energy a’mc?/2, and é 
an average excitation energy of the atom, calcu- 
lated to be 17.8Ry. As Bethe’s calculation di- 
verged logarithmically, it was necessary for him 
to introduce a cut-off energy K for the light 
quanta which could be emitted and reabsorbed 
by the atom. On the basis of speculations as to 
the improved convergence of a relativistic calcu- 
lation which included positron theoretic effects, 
Bethe took K equal to mc?. This led to a value of 
AW/h=1040 megacycles per second, which was 
in very good agreement with the then available 
observation’ of 1000 Mc/sec. 

The purpose of this paper is to show that a 
relativistic calculation of AW does, in fact, give 
a convergent answer, and to present the results 
and some details of a calculation based on the 


* Work supported by the Signal Corps. 

** Now National Research Fellow at The Institute for 
Advanced Study. 

1H. A. Bethe, Phys. Rev. 72, 339 (1947). It may be of 

some interest to observe that if the non-relativistic theory 
is taken seriously to such an extent that retardation and 
the recoil energy in the energy denominators are retained, 
the dynamic self-energy diverges only logarithmically, and 
the S—P, level shift converges, and, in fact, with K deter- 
mined to be K =2mc?. The resulting shift of 1134 Mc is in 
disagreement with the observations. 

2,W. E. Lamb, Jr. and R. C. Retherford, Phys. Rev. 72, 
241 (1947). 

5A later tentative value reported at the April 1948 
— Physical Society meeting was 1065+20 

c/sec. 
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1927-1934 formulation of quantum electrody- 
namics due to Dirac, Heisenberg, Pauli, and 
Weisskopf. It will appear from this that the 
formal relativistic invariance of the present 
theory is to some degree illusory in that all self- 
energies diverge logarithmically, so that the 
difference of two energies such as W(2?S;) and 
W(2?P;), although finite, is not necessarily 
unique. The method we have used has a certain 
simplicity in its motivation, however, and the 
results are surprisingly plausible in their mathe- 
matical appearance. In any case, the calculations 
may serve as an illustration of the extent to 
which physical results may be derived from a 
divergent field theory. 

The calculation is incomplete in several well 
defined respects. It is only made to order a@ in 
the coupling between the electron and the electro- 
magnetic field, and to fourth order in the ratio 
of the velocity of the atomic electron to the 
velocity of light. It is expected that these de- 
ficiencies will be made up elsewhere. We will 
make no effort to improve on the low frequency 
part of the calculation as done by Bethe, for this 
is essentially a non-relativistic problem. 


IIl.. DERIVATION OF EQUATIONS FOR 
SELF-ENERGY 


We start from the Hamiltonian for a system 
of N electrons moving in an external static elec- 
tric potential energy field V and interacting with 
the radiation field. After elimination of the longi- 
tudinal and scalar photons in the usual way, we 
obtain the Hamiltonian 


H=Hysat+HAmatt+Hint, . (2) 


Ha= Lae Bonclel (3) 


A=1 









rm mr a—_ 





‘ 


SELF-ENERGY OF A BOUND ELECTRON 


‘ 


Ban = > [ca;-pit+Bync?+ V(r.) 1, (4) 


i=1 


N NN 
Hin = —D ea; A(ti) +3 DY e?/rij. (5) 
i=l i=1 j=1 
Here e is the (negative) charge on the electron; 
a, B are the Dirac matrices in the form 


CG) « 


where @ are the usual two-component Pauli 
matrices. The vector potential of the radiation 
field is expanded in plane waves normalized in 
the continuous spectrum as 


A(t) = —(é/2m) [dk 5 (’c/k) bwren 
A=1 
Xexp(ik-r)+conj., (7) 


where by,+, bi, are the creation and destruction 
operators for a light quantum of wave vector k 
and polarization type \=1, 2. 

In position theory, because of the indefinite- 
ness of the number of electrons, it is convenient 
to use second quantization for the electrons as 
well as for the light quanta. Then 


a f dxiy'(x) {ca-p+Bme?+V(x)} u(x), (8) 
Hins>— f dxig*(n)ea- A(x) 4x) 


+ f f dxdx' +(x)y(x)(e?/|x—x’|) 
Xd) U(x) =HitHe, (9) 


where +(x) and (x) are, respectively, creation 
and destruction operators for an electron. We 
will expand (x) in terms of the eigenfunctions 
u,(X) of the potential field V 


(x) = D0 antun(X), (10) 
n 

where the coefficients a, are operators corre- 

sponding to the destruction of an electron in 

state n, etc. 

We are concerned with the self-energy of a 
“‘single’”’ electron bound in some stationary state 
Ua(r) in the potential field V. In positron theory, 
this is taken to mean ‘self-energy of one electron 
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in state a plus the vacuum electrons’ minus 
“self-energy of the vacuum electrons alone.” 
The highly divergent interaction of the extra 
electron with the infinite charge density of the 
vacuum electrons must still be removed. This 
is done by the process of symmetrization*® 
in which the calculation is also made using the 
equally justified picture that all the electrons in 
existence are positively charged, so that the ob- 
servance of a negatively charged electron in state 
a corresponds to a vacancy in the sea of negative 
energy states otherwise filled with positively 
charged particles. Then the results of the two 
methods of calculation are averaged. Since in the 
first picture there is one particle present in addi- 
tion to the vacuum particles, and in the second 
picture one particle fewer, the self-term 7=7 in 
the electrostatic energy cancels out as does the 
direct Coulomb interaction between the bound 
electron and the vacuum electrons, insofar as the 
latter are not polarized by an external electric 
field. The result is an avoidance of all singulari- 
ties worse than logarithmic, and these may be 
plausibly discarded by renormalization of charge® 
and mass. , 

The self-energy to order-a@ consists of the 
first-order Coulomb self-energy We and the 
second-order electrodynamic self-energy Wp. The 
former will split naturally into a direct or vacuum 
polarization term Wp and a static exchange term 
Ws. The static and dynamic terms Ws and Wp 
were first calculated by Weisskopf® in 1934 for 
the case of a free electron. 

To calculate We we need the expectation 
values of the operator 


Hom J faxax'a*(a)4(x) 


X (e?/|x—x’|) ute’) ¥(x’) (11) 
=D LX EX Acpystataga,tas, 
os 8% <3 


where 
1 
Aapys “. f f dxdx'u_* (x) u(x) 


X (€?/|x—x’|)u,*(x’)us(x’), (12) 
4W. Heisenberg, Zeits. f. Physik 90, 209 (1934). 
5 V. F. Weisskopf, Zeits. f. Physik 90, 817 (1934). 
*P. A. M. Dirac, Solvay Congress, 1933. 











for the states represented by the Schrédinger 


functionals 
(1,0,1,), &(0,1,), first picture, (13a) 
(0()0(a) 1c"), ®(Ocp 1), second picture. (13b) 


Here r denotes any positive energy state, while 
a prime indicates the exclusion of the state a 
occupied by the bound electron. The letters p, 
o denote any negative energy state, while the 
indices n, a, B, y, and 6 are to be used for a 
complete set of states of any energy whatever. 
In the alternate picture, a positive energy state 
of a positive particle is represented by (p) and a 
negative energy state by (7), (s). The state whose 
vacancy constitutes our electron is denoted by (a). 
Consider the expectation value 


©*(1,0,.1,) 5° dataga,tazA apys &(1,0,1,). 
aBys 


Using the matrix elements® for the destruction 
and creation operators, we obtain 


) Aerra +L A ppaat+ A capp 
r p ? 
+2 2 Aceon td - A preg. 
e¢ ee rr 


Subtracting the vacuum terms 


DL Accoo tL Ls Agere, 
ep ’ oe 


the self-energy of the electron in state a on the 
basis of the negative particle picture is 


> Aarra+2 > A cape — 2. A appa 
r e fa 
=), +Aannat2 > ou 
n e 


where the upper or lower sign is to be taken for 
a positive or negative energy state, respectively. 
The first term represents an exchange term and 
diverges only logarithmically. The last term is 
the direct Coulomb energy of the electron in 
state a interacting with the sea of negative energy 
electrons and diverges quadratically. As men- 
tioned above, the worst part of this divergence 
is removed by the process of symmetrization. On 
the basis of the alternate picture, we therefore 
calculate the expectation value 


$*(0,0.1-) > 
(a) (8) (y) (8) 


B(a)* Ag) (4) tA (ayA (a) (8) (7) (8) 


(0¢p)0 (a1 ¢y), 
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and obtain 
> pM A (r’)(r’) (8) (8’) +h p> A (r’)(p) (p) (r’) 
p) (r’) 


() (a) 
+ A (r")(a)(a)(r")« 
r’ 


The vacuum term is 


LY LAmMme@MtLD UD Ammwm 
(r) (8) (r) (p) 


and the difference 


LY A@mm@—L A@~o@—2 + A@@me 
(r) (p) (r) 


=D +A )nyinye) -2 © AM@me: 
(n) (r) 


represents the self-energy of the electron in state 
a as calculated on the basis of the positive par- 
ticle picture. The wave functions u, and uq) are 
identical for physical reasons, so that we may 
now drop the parentheses. Averaging the two 
results, we obtain 


@ +A nna t >, FA ann = Wst+ We. (14) 
The static term Ws is 
Ws = : +Aanna 
=$>> + f. f dxdx'uq* (X)Un(X) 


X (e?/|x—x’ | )un*(x’)ua(x’), (15) 


and by use of a Fourier representation for 
1/|x—x’| 





= (1/20?) f dk itis (x—x’))/k?, (16) 
|x—x’| 


may be written as 
dk 
Ws= (et/4nt) f ory > + f dxu.*(s 
Xexp(tk-x)un(x) f dx'uUn*(x’) 
Xexp(—7tk-x’)ua(x’). (17) 
The polarization term Wp(a) 


We(a) = a d 2 
p(a)=2 FAs =— f X| Wa (x) | 


/ 


; dx ‘eats ‘dad 
xf pay Fleer a8 





= Ss 












may be written as 


W>(a) = f dx| u(x) | *ev(z), (19) 


where the function v(x) is the potential due to a 
charge density’~® 


p(x) = (e/2) u F | un(x) |?, (20) 


induced in the vacuum by the external electro- 
static field. The energy Wp vanishes for a free 
electron. 

The second-order electrodynamic self-energy 
Wp(a) of the electron in state a, according to the 
electron picture, is given by the difference of the 
energy Wp(1,0,1,) for the electron in state a 
plus the vacuum electrons and the energy 
Wp(0,1,) of the vacuum electrons alone. The 
vacuum energy Wp(0,1,) is given by second-order 
perturbation theory, and involves the virtual 
emission and re-absorption of a light quantum of 
wave vector k and polarization type \. There are 
two types of terms, represented by the following 
transition schemes: 


‘ets: "esi 

and , 
r+k—p o+k—o 

In the case of the energy Wp(1,0,1,), there are 
some additional transitions which the added 
electron can make, and some of the previously 
allowed transitions are prevented by the presence 


of the atomic electron in state a. One has then 
the following types of transitions: 


p—r’+k a->r+k 
Coco be | 
p—p+k p—p+k 
Cc C 
a—a+k 
ee 
The difference of the two corresponding ener- 


7 See reference 4, Eq. (40). 
SE. A. Uehling, Phys. Rev. 48, 55 (1935), W. Pauli and 
M. Rose, Phys. Rev. 49, 462 (1936), and V. F. Weisskopf, 
Kgl. Danske Vid. Sels. Math.-Fys. Medd 14, No. 6 (1936). 
*R. Serber, Phys. Rev. 48, 49 (1935). 
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gies is 


te f dk CX (| (rH |a) |*/(E, + ick — E,)) 


-Z (| (ak| Hi | p) | 2/(Eat+hck+Ea)) 
+2 2D ((a| Hi | ak) (ok| Hi | p)/hck)], 


which may be written as 


— fie CE (| (nk Hi) 17 
(|Eq| +Rck-FE,)) +2 ¥ ((a| Hila) 


X (ek | Hi | ) /Aick) J. 


Symmetrization affects only the second term, 
and gives 


Wp(a)=— | dk > x. 


A=1 n 


X (= | (wk | Hi | a) |?/(|Zn| +hckFE,)) 


+(e 


A—1 #2 


X (+ (a|Hi|ak)(mk|Hi|)/fAck). (21) 


The last term can be written as 


fan oe 


A=1 2 


+ f f @xdx'tg* (X)a- €x,Ua(X) 


Xexp (ik: (x—x’))un*(x’)a-Cx.Un(x’), 
which will be zero if the polarization current’~® 


j(x’) =e > Fuy*(x’)aun(x’) (22) 
is zero. In the absence of an external vector po- 
tential, this current is in fact zero, so that the 
last term in Eq. (21) will henceforth be dropped. 
It should be noted that two physically different 
k-spaces are involved in the expressions Eq. (17) 
and Eq. (21) for Ws and Wp. 
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III. COMPUTATION OF THE SELF-ENERGIES 


We turn now to the evaluation of the expres- 
sions Ws, Wp, Wp for the self-energy. We shall 
pay particular attention to the static and dy- 
namic terms Ws and Wp, as the polarization 
(Uehling) term Wp:is directly related to the 
polarization charge density which has been com- 
puted by others.’~® 

In the calculations to follow, relativistic units 
will be used throughout, in which 4, m, and ¢ 
are taken equal to unity. 

Our main interest, of course, is in the case of 
an electron moving in a Coulomb field for which 


V=—e?/r. The integrals like 


(nk|H|a) = — (ie/2xk!) [ dau,*(a)a-ers 
Xexp(—7k-x)u,_(x) 


occur in the theory of ‘the relativistic photo- 
electric effect and have been studied extensively 
by Hall.!° Because of their complexity, it seems 
hardly likely that we could perform the neces- 
sary further operations on them to evaluate such 
expressions as Wp. Even more must such a direct 
attack be ruled out for the case of an electron 
moving in a general potential field V(x), for 
which the relativistic eigenfunctions u,(x) are 
not known. The only remaining method of ap- 
proach seems to be to make an expansion of 
some kind. We observe that if the electron is free, 
the evaluation of the sums is a comparatively 
simple matter. Thus, if a(x) is a plane wave of 
momentum p, then 


[dxuta-e exp(—1k-x)ua 


is different from zero only if the momentum of 
the state m is k+-p, and there are only four such 
states. In the case of a ‘‘weakly”’ bound electron, 


i.e., for 
k>(a| |p| |a), 


one might expect that the matrix element above 
would have an appreciable value only when | £,| 
is of the order E,=+(1+?)!. We take ad- 
vantage of this fact in the method of calcula- 
tion used. 


10H. Hall, Rev. Mod. Phys. 8, 358 (1936). 
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The sums over ” can be performed, at least 
formally, by making use of the completeness of 
the solutions of the Dirac equation. Thus Ws 
can be written in the form 


Ws=(e2/4n?) f (dk /k*) f dette 


X<exp il-x) (H/|H|)un(x) f dx’us*(2! 
Xexp(—7k-x’)ua(x’), (23) 
where 
H=a-p+6+V (24) 
is the Hamiltonian of the unperturbed electronic 
motion, and | H| the absolute value of the Hamil- 
tonian, by which we mean an operator having 
the same eigenstates and spectrum as the Hamil- 
tonian, except that its eigenvalues are taken to 
be positive. It can most conveniently be com- 
puted by representing it as +(H?)!. The equiva- 
lence of Eqs. (17) and (23) follows from the fact 
that H/|H| is +1 when operating on a positive 
energy state and —1 when operating on a nega- 
tive energy state. Using the completeness of the 
U,(X), we now find 


Ws = (e?/42?) f (dk/k?) f dxu,* (x) 
Xexp(ik-x)(H/|H|) exp(—ik-x)ua(x), (25) 


so that the problem of computing Wg is reduced 
to that of finding the expectation value of the 


operator 


(ot/4n4) { (ake 
Xexp(—7k-x)(H/|H]|) exp(+7k-x) 
for the state a. We first note that for any poly- 
nomial function f(p, V) 
f(p, V) exp(+-tk -x)u,.(x) 
=exp(+7k-x)f(k+p, V)u(x). 


This theorem may then be used for any function 
f(p, V) such as H/|H|, for which a series ex- 
pansion in p and V is valid. We therefore write 


(H/|H|) exp(tk-x)ue(x) 
=exp(tk-x)(H/|H|)x+pue(x), 











t 
yf 





where the notation 

( itp 
means that the operator p is to be replaced by 
k-++p everywhere it appears within the brackets. 
One then has 


W s=(e?/42?) (2 a) . (26) 





dk 
f = (/|H eso 





In an entirely similar manner, one can show that 


‘ Wo= —(e'/4x")(a (dk/) > a-en 


«{ (Get) /att+e—z0 
+(S-1) /(ui+e+ey 


The evaluation of the terms Ws and Wp 
hinges on the expression of the operators 


(1/|H|)k+p and (1/(|H|+k*£,))u+p 


in terms of operators whose expectation values 
can be readily obtained. 
Turning now to this task, we write 


(| Z| )ic-tp = ((H?)!)e+-p = (((e-p+8+ V)?)!)etp 
=((1-+p?+a-pV+ Va-p+26V+ V?)')k+p 
=(1+42+2k-p-+p?+2V(a-k+e-p+) 

+a-xV+ vy?)!, (28) 


where x denotes an operator p which operates 
only on the quantity immediately following it 
(e.g., a-pV=Va-pta-xV). 

It is clear that the ratio of (|H]|)x+ ) to 
(1+?)! approaches unity as k becomes large, 
which corresponds to our previous statement 
regarding the relationship between the magni- 
tude of the matrix elements and the energy of 
the state ». Thus we expand 


(1/|H|)x+p and (1/|H|+kFE.)x+p 
as follows: 


(1/| | )e+p=1/(E+A:) 
=1/E,—A;/E?+4?/E — -- 


(1/(|H| +R E.))e+p 
=1/(D,++A,#Fw.) =1/D,* 
— (AyFwe)/(Di*)?+---, (30) 





a }.(27) 


@* Oxy 
k+p 








thus 


“9 (29) 
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where 
E,=(1+?)}, (31) 
A=|H|—E, (32) 
DtA=E,+k¥1, (33) 
Wa=E,—1. (34) 


It is, of course, also necessary to evaluate A. 
by applying the binomial expansion 


Ap=|A|p+x—Ei = (E2+6,)'-— Ey 
= 55x —§(6x?/Ex) +6 (bx3/E?)+---, (35) 


where 


bx = 2k-p+p’?+2V(e-k+ea-p+ 8) 
+a-xV+V*% (36) 


All expansions indicated are to be carried to 
sufficiently high order so as to include all terms 
which are effectively of the fourth or lower order 
in v/c. The operator p is obviously of first order 
in v/c, V is of second order because of the virial 
theorem, while k, 8 are of zeroth order. Since 
a,?=a,?=a,7=1, a must be regarded as a zero- 
order quantity until the expansion has been fully 
worked out. 

The expansion of the operators in the manner 
indicated and the summation over the polariza- 
tion direction \=1, 2 is a straightforward but 
lengthy matter. This being completed, one is 
left with a sum of expectation values of various 
operators 


1, B, a-p, Ba-p, P’, Bp’, V, BV, 
o-xVXp, a-xV, Ba-xV, x*V, Vp’, 
p*, Bp*, V?, BV?, Va-p, BVa-p, 
a: pp’, w= E—1=a-p+8+ V—1,.w’, Bw, 


p’ V, aV-p, 


each multiplied by a combination of some fifty 
elementary integrals over k. The result of this 
calculation is given in Eq. (73) below. Before 
coming to it, we shall first discuss briefly the 
validity of the expansion used and the form in 
which the self-energy is expressed. 

Assuming for the moment that p and V can 
be regarded as numbers less than unity (in 
relativistic units), then the expansions of 


(1/|H|)x+p and (1/(|H|+k+£.))e+p, 


(if carried far enough) are valid for all values of 
k, since E, approaches unity and D,- approaches 
two as k goes to zero. On the other hand, D,*+ 
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approaches zero in this limit, so that one should 
examine the low & behavior for this case. It turns 
out that that part of 


Ak —Wa, 


which does not approach zero as k approaches 
zero is of the order (v/c)*. Therefore, in the term 
involving D,* we shall carry our integrals down 
only to some intermediate wave number &,, 
which, for convenience, we take to be of order a. 
This term must then be given a separate treat- 
ment for the low & region 0< kZk,;. One would 
expect that the result is independent of the pre- 
cise value of k;, and this is indeed the case. 

The assumption that p and V are always 
numbers less than unity is, of course, not valid. 
For example, in the case of the Coulomb field 
V(x) becomes infinite at the origin. The region 
over which V is large, however, is small, so that 
the contribution to the expectation value from 
the region in which the expansion is invalid 
should be small. Again, in the case of the Cou- 
lomb field, p?u.(x) becomes large compared to 
ue(x) for small x. It should be observed that in 
the case of the Coulomb field this circumstance 
limits the expansion to the power of v/c here 
used, as the expected values of V*, p®, x‘V, etc., 
diverge for S states of the Coulomb field. Al- 
though the error introduced by this phenomenon 
is believed to be small, a numerical estimate 
would be desirable. We shall not, however, make 
such an estimate here, as the problem is a purely 
non-relativistic one. 

In order to simplify the appearance and phys- 
ical interpretation of our results, we have found 
it convenient to make use of various relationships 
between the expectation values of the Dirac 
operators which are valid to the order of v/c 
required. Thus one can write any solution of the 
Dirac equation as 


“= (). (37) 


where ¢ and w are two-component wave functions 
satisfying 


(-p(1/(1+E-V))o-p+V+1—B)¢=0, (38) 
w=(1/(1+E-V))o-p¢, (39) 


so that for a positive energy state w is of order 
v/c with respect to ¢, which apart from terms of 
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order (v/c)? is just a non-relativistic two-com- 
ponent Pauli-Schrédinger wave function. One 
can then see, for example, that 


(a|p*—fp*|c) =2 f dx((1/(1+E—V)) 
Xe-P$a)*p*(1/(1-+E— V))o-Poe 


1 
~ fp dXoa*p'oa 
~}(a|p*|a), (40) 


since 1—E and V are of order (v/c)?, and 
JS dx¢.p*¢. and (a|p*|a) differ only by a quantity 
of order (v/c)*. One can therefore simplify the 
final result Eq. (73) by expressing all operators in 
terms of certain arbitrarily chosen ones which 
we have taken to be 


B, a-p, V, nV, Ba-xV, 
Vp’, p*, and V?. 


Our reduction is obtained by using the following 
relations between expectation values 


1-8 +30-p—gp'+ihe-xV, (41) 
p’a-p+3p'+Zha-xV, (42) 
pa -p+ 3fha'xV, (43) 
BV->V—3Vp’— 36a-xV, (44) 
Ba-p—0, (45) 
p?V— Vp’, (46) 
axV-p—— $32’ V, (47) 
a-7rV—0, (48) 
to-xV Xp—Ba-1V+ 5r'V, (49) 
Va-p— Vp’?+36a-xV, (50) 
Pa * (51) 
a-pp*—p*, , (52) 
Bp*—p*, (53) 
BVA V?, (54) 


w=H-—1—ta-p+V+4p'—iBa-rV, (55) 
pw—Za-p+V—sp'—ZVp?—ibe-xV, (56) 
w*—ip'+ Vp?+ V?. (57) 


From these relations one finds that the total 
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contribution of the static and dynamic terms of 
the self-energy, apart from the low & contribution 
of the term involving D,*, is 


(Ws+Wo)'=(a/2)( a (- f (ak/Bs) +4) 8 


+ ga-p+ Ja-pk;+iha-xV— (} log(1/k;) 
—} log2+11/72)x2V c). (58) 


In order to compute the low & contribution of 
the term involving D,*, it is convenient to take 
advantage of the essentially non-relativistic na- 
ture of this region and to make use of the previ- 
ously discussed large and small component reduc- 
tion Eq. (37). One then readily finds that the 
resultant expression has, to the order required, 
just the form of the non-relativistic self-energy, 
so that Bethe’s! calculation may be used up to 
the frequency k;. The contribution is 


(wy Rk <k; 

= (a/r)(a| — §p*ki—4(logk,/é)x*V|a). (59) 
Adding the two, and observing that (a|p?|qa) is 
the same as (a|a-p|a) to the order required, we 
find for the total contribution of Ws and Wp 


3 [s) 
Ws+Wo=(a/2)(a (- f (dk/ Ea) +4 )8 
1 
+ (a-p/6)+38a-xV— (3 log- 
€ 


— 4 log2-+11/72)=*V|a), (60) 


and we note that the result is independent of the 
joining frequency ,. 

As previously mentioned, the direct Coulomb 
energy term can be expressed in terms of a 
polarization charge as follows: 


We(a) =e f dx| a(x) |? 
x f dx'p(x’)/|x—x'|, (61) 


p(x’) =(€/2) 2) F | un(x’) |? (62) 
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is the induced charge density calculated by vari- 
ous authors. To the order required, this is found 
to be 


p(x) = (e/6ntyv*v( 8+ f (Hdk/Ex’) ) 


+(e/60n2)V4V, (63) 


from which one finds 


Wola) = — (2et/3n)( 4+ f (dk /E)) 


X (a| V’|a) — (e?/15)(a|V?2V|a). (64) 


The prime appearing on V’ is used to indicate 
that the gauge of V’ has been determined by the 
fact that it arises from an expression of the form 


= f dx'V?V(x')/|x—x'}. (65) 


We should like to point out that the expression 
for p(x’) can be readily and neatly calculated by 
methods very similar to those used above in the 
case of the static and dynamic terms in the self- 
energy. To show this we first evaluate 


p(x’, x”) = —(e/2) 2) un*(X’)un(X”’) 
= —(€/2) L un*(x’)(H/| | )un(x”) 


=—(¢/2) OE (M/E) 


n p=l v=1 


Xx tag” (x’) Un (x’’) ’ (66) 


where the u,,, «=1, 2, 3, 4 are the components of 
Un, and all operators in H/|H| are to be taken 
with respect to x’’. Making use of the complete- 
ness relation 


Lo Uny*(X’)Uno(X") = Sy 5(x’—x"), (67) 


we obtain 
p(x’, x”) = —(e/2) D (A/|A|) u5(x’ — x”) 
= —(e/2)(SpurH/|H]|)x5(x’—x”). (68) 


To evaluate this, we Fourier-analyze the delta- 
function 


6(x’—x”’) = (1/8) {dk exp(tk: (x’’—x’)), (69) 























TABLE I, 
State 
Quantity 22Si2 2?Piye 2°P sy 
VVV 1 0 0 
ipa-yV —1/2 1/6 —1/12 
and find 


p(x’, x”) = (1/84) f dk exp(—7k-x’) 
X (SpurH/|H]|) exp(ik-x”’), 
= (1/8n!) f dk exp (ik: (x’’—x’)) 


x (SpurH/|H]|)u+p-1(%"), (70) 


when 1(x’’) is a constant equal to one. Since 
p(x’) =p(x’, x’), (71) 
we obtain, finally, 


p(x’) = — (¢/16*) 


x f dk(SpurFl/|HI)eto-1(@'). (72) 
The expression can now be readily reduced to the 
form Eq. (63) by expanding 
(SpurH/|H|)-+» 


in the manner used for the evaluation of the 
static and dynamic terms. 


IV. INTERPRETATION OF RESULTS 


The total expression for the self-energy is 


(- f (dk/ Ba) +4) 8 


¥ (- fwaren+)v’ 


+ (a-p/6) — (¢/4)Be- VV 





W (a) = (a/z) (a 


+(3 log(1/2) —} log2 


+(11/72) — avis) )vv\2), (73) 
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where we have made use of the fact that x= —iV. 
We observe first of all that the worst divergence 
is logarithmic, and that the expression is in- 
variant to the gauge of V. 

We next see that the difference of the self- 
energies of the states 27S; and 2?P, of the hydro- 
gen atom does converge, since the expectation 
values of 8, V’, (and, therefore, a-p) are, respec- 
tively, equal for the two states. (These state- 
ments follow from the observation that neither 
a small change of charge nor mass of the electron 
will remove the degeneracy.) In order to calcu- 
late the numerical difference of W(a) for the two 
states, we need the values of the expectation 
values of the remaining operators in Eq. (73). 
These are given in Table [" in units of a*Ry. 
The energy difference is then 


AW = (a*Ry/3r)[log(1/é) —log2 
+ (23/24) —4], 


which, using Bethe’s revised values” for the con- 
stants [(a*Ry/3mr) =135.580 Mc/sec., log(1/é) 
=7.7169—0.0293], gives AW=1052 Mc/sec., 
and thus differs from the original guess by only 
a small amount. It should be admitted, however, 
that one cannot regard this energy difference as 
uniquely determined, since one is taking the 
difference of two infinite quantities. 

With respect to the determination of the abso- 
lute value of the self-energy for a state, it is 
convenient to attempt a physical interpretation 
of the terms involved. In this context, it should 
be observed that even if the coefficients of the V’ 
and #-terms were finite, the effect of these terms 
would be unobservable. This follows from the 
fact that they would manifest themselves as a 


(74) 


11 Tt should be mentioned here that the expected value 
of V?V realty diverges for the S states of the Coulomb field, 
since it then is equal to the square of the absolute value of 
the wave function at the origin. Since, however, our evalua- 
tion is being carried only to order (v/c)*, one should be able 
to use the spatial dependence of the Schrédinger wave 
functions for the evaluation of operators which are them- . 
selves of fourth order. Thus, where Dirac wave functions 
are used, the divergent part is of higher order in v/c, and 
its neglect is consistent with the neglect of such divergent 
expressions as the expected value of p*. If one rounds off 
the Coulomb potential at a radius considerably smaller 
than the classical electron radius, the contribution of the 
divergent part of (S|V?V|S) is still quite negligible. (If the 
charge is assumed to be evenly distributed over a sphere 
of radius a, then the ratio of the expected value of V?V for a 
Dirac S state to that for a Schrédinger S state is of the 
order a~@~1 —a? loga.) 

12H. A. Bethe, Pocono Conference, 1948. 
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modification in the real charge and mass of the 
electron, and thus be included in the observed 
charge and mass. We shall assume that these 
terms have been so included in the observed 
charge and mass and drop them from the self- 
energy expression. The term in iBa-VV is just 
of the form of the interaction of a Pauli-type 
intrinsic magnetic moment with a static poten- 
tial V and can thus be interpreted as implying 
an additional electronic magnetic moment of 
a/2x-Bohr magentons, while the term V?V im- 
plies a correction to the external potential, or, 
more specifically, an additional short-range inter- 
action between the electron and a point charge. 
The term in a-p is not subject to a direct physical 
interpretation, and, in fact, must be regarded as 
having no physical significance. Thus if one ap- 
plies the self-energy expression (73) (with the 
B- and V’ terms omitted as explained above) to 
a free electron of momentum p, only the term 
in a-p contributes, yielding for the self-energy 
(a/or)[p?/(1-+p*)!]. Now if the electron is to be 
regarded as a particle, the relativistic connection 
between the momentum and energy of a particle 
must be retained, so that the self-energy should 
have the momentum dependence appropriate 
to a mass correction, that is!® ~1/(1+p?)! 
corresponding to the term in 8 already sub- 
tracted. The presence of the non-covariant term 
(a/om)[p?/(1+p*)!], which is reminiscent of the 
stress terms in the classical self-energy, can be 
traced to the fact that the total self-energy is 
infinite, and can be avoided in the case of the 
free electron by paying proper attention to the 
domains of integration in the various k-spaces." 
That is, in order to keep the total self-energy 
finite it is necessary to integrate over a finite 
region of the light quantum space and the elec- 
tron momentum space. If one integrates over a 
region which would be spherical for an electron 
at rest, a covariant result is obtained. One can- 
not, however, apply this prescription to a bound 
electron, so that some other means of modifying 


_ 4 The energy of a particle of mass m and momentum p 
is (m?+-p*)t. If m is modified by a quantity 5m, then the 
energy to first order in 5m is 


(m*+-p*)}+-5m/(m?+-p*)}, 


and the correction term with m=1, as is appropriate for 
the electron, is of the form given. 

4 A, Pais, Verh. d. K. Ned. Akad. v. Wet, Section 1, 
19, No. 1 (1947). 
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our self-energy expression must be found to give 
a covariant expression for the free electron. We 
proceed by subtracting some free electron oper- 
ator from the operators contained in our self- 
energy expression such that the self-energy of a 
free electron is zero, thereby regarding the total 
self-energy as contained in the observed mass. 

Such a procedure is, of course, not unique: we 
shall make the simplest subtraction, examirte the 
resultant expression, and :then investigate the 
nature of the lack of uniqueness. Thus if one 
simply drops the (a/or)a-p term from the self- 
energy, one obtains 


W(a) = (a/r)(a| —iBa-V V/4+ (3 log(1/2é) 
+(11/72)~(1/15) )¥V 0) (75) 


This expression can be interpreted as arising 
from an increase in the magnetic moment of the 
electron of a/2r-Bohr magnetons and an addi- 
tional interaction potential given by 


5Ver= (3 log (1/2) + (11/72) — (1/15) ) V?V. (76) 


These contribute 68 and 984 Mc/sec., respec- 
tively, to the level shift. 

In accordance with our subtraction prescrip- 
tion we could, however, add any linear combina- 
tion of free electron operators of order up to 
(v/c)* whose expectation value is zero for the free 
electron. There are seven such operators,!® viz., 
1, B, p*, Bp’, a-p, p*, Bp*. The condition that a 
linear combination gives zero to order constitutes 
three constraints, so that there should be four 
linearly independent combinations giving zero 
for the free electron. A possible choice for these 
is the following: 


Q,=1—8—3p?—a-p+hp*+ sp*, 
0 = p’— Bp*— 3p*, 

0, = p*— Apt, (76c) 
Q2=a-p— Bp. (76d) 


The expectation values of the above combina- 
tions are all zero for the free electron. Their 
effect upon the self-energy of a bound electron 
depends upon their expectation values for a 


(76a) 
(76b) 


16 Operators of odd order in v/c have been ignored, as 
-these are all zero for the bound electron. 
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bound electron. Those for 2,, ®, and Q, are zero, 
so that their subtraction would have no physical 
consequences. On the other hand, 


(a|Qa|a) = —i(a|Ba-V V|a)/2, (77) 


which is precisely the form of interaction of a 
magnetic moment with a static potential V. 
Thus, the lack of uniqueness of the subtraction 
presoription is just such as to make the magnetic 
moment correction indeterminate, while the cor- 
rection to the potential is left uniquely deter- 
mined. Now a purely magnetic measurement of 
the correction to the magnetic moment of the 
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electron has been made by Kusch and Foley,"* 
who obtain a value in good agreement with the 
value a/2x-Bohr magnetons theoretically com- 
puted by Schwinger.” If we adopt this experi- 
mental and theoretical result, the 2?S,—2?P, 
separation becomes uniquely determined to be 


‘ just the value 1052 Mc/sec. obtained above by a 


direct subtraction (74) of the self-energies for 
the two states. 


16 P, Kusch and H. M. Foley, Phys. Rev. 74, 250 (1948), 
also J. E. Nafe and E. B. Nelson, Phys. Rev. 73, 718 (1948). 

17 J. Schwinger, Phys. Rev. 73, 416 (1948) and Pocono 
Conference, 1948. 
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Although the nuclear magnetic resonance condition generally depends only on the gyro- 
magnetic ratio of the resonating nuclei, the width and amplitude of the resonance depend criti- 
cally on the substance containing the resonating nuclei. A basic factor affecting the line width 
is the characteristic flipping time for the substance, i.e., the average time it takes a molecule 
to change its orientation appreciably. This fact has been applied in a study of a group of 
molecular solids which exhibit two or more phases in order to investigates the mechanisms of 
these transitions. Of the two mechanisms proposed, rotational and order-disorder, the former 
was eliminated in favor of the latter for HCl, HBr, HI, H2S, and H2Se, while free molecular 
rotation is shown to be plausible in CH, and CHsD. 


I. INTRODUCTION 


HE first successful detection of radiofre- 

quency transitions between Zeeman levels 
of nuclei in liquids and solids was announced by 
Purcell, Torrey, and Pound! and by Bloch, 
Hansen, and Packard? in 1946. It became ap- 
parent early in these investigations that the 
characteristics of a nuclear magnetic resonance 
depend directly on the material in which the 


*This research was supported in part by the Signal 
Corps, the Air Materiel Command, and the Office of Naval 
Research. The report given here is a condensation of a 
thesis submitted in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy at the Massachu- 
setts Institute of Technology, 1948. 

j ** Now at Rutgers University, New Brunswick, New 
ersey. a 

1E. M. Purcell, H. C. Torrey, and R. V. Pound, Phys. 
Rev. 69, 37 (1946). 

?F. Bloch, W. W. Hansen, and M. Packard, Phys. Rev. 
69, 127 (1946). F. Bloch, W. W. Hansen, and M. Packard, 
Phys. Rev. 70, 474 (1946). ‘ 


resonating nuclei reside. This, coupled with the 
fact that the ratio of resonant frequency to mag- 
netic field is a linear function of the nuclear 
g-factor, indicated three lines of research: 

(a) The accurate measurement of nuclear 
g-factors.* 

(b) An investigation of the interactions which 
affect the resonance characteristics, i.e., nuclear 
relaxation processes.‘ | 

(c) Study of internal properties of solids and 
liquids by means of nuclear magnetic resonance 
phenomena.*° It is one phase of the last of these 


3F. Bitter, N. L. Alpert, D. E. Nagle, and H. L. Poss, 


Phys. Rev. 72, 1271 (1947). 
4N. Bloembergen, E. M. Purcell, and R. V. Pound, 
ig ie Rev. 73, 679 (1948), hereafter to be referred to as 


5F. Bitter, N. L. Alpert, H. L. Poss, C. G. Lehr, and 
S. T. Lin, Phys. Rev. 71, 738 (1947). 

6B. V. Rollin, Nature 158, 669 (1946). 

7B. V. Rollin and J. Hatton, Nature 159, 201 (1947). 
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lines of research with which this investigation is 
chiefly concerned. 

If a substance containing magnetic nuclei of 
magnetic moment » and angular momentum Jh 
is placed in a z-directed magnetic field, Ho, there 
will result a nuclear paramagnetism which may 
be found from Curie’s law: 


Mo=N(8un)?I (I+ DHo)/3kT, (1) 


where Mp is the static magnetization, N the 
number of nuclei/cc, g the nuclear g-factor, pn 
the nuclear magneton, J the nuclear angular mo- 
mentum in units of 4/27, k the Boltzmann factor, 
and T the absolute temperature. Now if a radio- 
frequency field is introduced in the x—y plane 
with the Larmor frequency, 


vo=pHo/Ih or wo=yHo, (2) 


where y=u/Ih, a resonant absorption and dis- 
persion will occur. For diamagnetic materials the 
ratio of vo to Ho generally depends only on the 
magnetic moment and angular momentum of the 
nuclei concerned, and the peak absorption will 
be found at the same resonance condition for the 
same nuclei, regardless of the material in which 
the nuclei reside. The width and magnitude of 
the nuclear magnetic resonance, however, are 
found to depend critically on the substance con- 
taining the resonating nuclei. More specifically, 
these properties are found to depend on two 
modes of interaction affecting the nuclei: (a) The 
interaction between the nuclei and the lattice 
containing them, expressed in terms of the spin- 
lattice or thermal relaxation time, 7;. It is the 
resultant interchange of energy which enables 
the nuclear system to attain thermal equilibrium 
at a temperature T and to attempt to maintain 
this equilibrium upon exposure to resonance radi- 
ation. (b) The magnetic interaction between the 
nuclei, which is expressed in terms of a spin-spin 
relaxation time, 72. This effect manifests itself 
primarily in a broadening of the resonance line 
width. The experiments described below are 
chiefly concerned with this latter mode of 
interaction. 

If a resonating nucleus is surrounded by mag- 
netic nuclei there will be superimposed on Ho a 
local magnetic field Hi... which may be of the 

* B. V. Rollin, J. Hatton, A. H. Cooke, and R. J. Benzie, 


Nature 160, 437 (1947). 
°G, E. Pake, J. Chem. Phys. 16, 327 (1948). 
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order of several gauss. The resonant condition is 
then wo=7(Ho+Aicc). Since Hice depends on the 
orientations and positions of all neighbors, the 
result is a dispersion of the magnetic fields at the 
various nuclei about the applied Ho, the average 
field at the nuclei still being Ho. From the result- 
ant broadening in the energy levels, AE=hyH cc, 
we may define a time 7: on the basis of the 
uncertainty principle of quantum. mechanics: 
T2=h/AE=1/|7|Hicc. It should be noted that 
Hie represents a deviation of the magnetic field 
from an average Hy. Therefore, gradients in the 
magnetic field caused by magnetic field inhomo- 
geneities serve also to broaden the line.*** 

Since the internuclear fields are expected to be 
of the order of a few gauss or more in magnitude, 
most solids fit well with this extremely elemen- 
tary picture, giving resonance line widths of a 
few gauss or more. That this picture on the basis 
of a rigid lattice is inadequate becomes particu- 
larly obvious in the case of most liquids and gases 
and a few solids, where line widths of a small 
fraction of a gauss are found. The key to these 
narrower lines may be seen from the fact that no 
mode of spin-lattice relaxation is possible in the 
rigid lattice so far considered. A generally useful 
and satisfactory theory of both spin-lattice and 
spin-spin interactions has been developed by 
B.P.P.4 On the basis of general lattice motion 
they derive fairly accurate values for 7; and 
explain details of line narrowing. 

Qualitatively, the resonance line width is re- 
duced by an averaging out of the internuclear 
fields resulting from the lattice motion. This is 
particularly obvious in the extreme case of a 
nucleus residing in a freely rotating molecule, 
since rotational periods are much smaller than 
times associated with the nuclear resonance. In 
most cases of interest all orientations of the mole- 
cule are equally probable. As a consequence the 
internuclear fields essentially average out to zero, 
so that an extremely narrow line results. Ac- 
tually, in the case of water a line width of 10-4 
gauss is predicted. In practice it is impossible to 
observe this ‘‘true”’ line width since it would re- 
quire, at a working field of 7000 gauss, a homo- 


*** There are other factors which may contribute to the 
line width but which do not enter into the cases under 
study. A more complete discussion of this matter may be 
found in reference 4. 
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geneity of almost one part in 10® over the sample. 
Thus the line width in most liquids is determined 
entirely by the homogeneity of the magnet. 

The theory referred to above approximates its 
description of the lattice motion by means of a 
single parameter 7,. This so-called correlation 
time (or “‘flipping’’ time) is essentially the aver- 
age time it takes for a molecule to change its 
position or orientation appreciably. This is very 
closely related, through a factor of the order of 
one, to the ‘‘characteristic relaxation time’’ intro- 
duced by Debye in his theory of polar molecules.!° 


The effect of r- on T2 and on the line width may 


be seen as follows: 
Let us denote by 7;’’ the spin-spin relaxation 
time in the limiting case of the rigid lattice. Thus, 
for this case, T;’’ represents the average lifetime 
of a nucleus in a particular energy state (or 
orientation). Now if 7.>T,’’, the slow variation 
of the internuclear fields during the ‘“‘lifetime’’ 
of a nuclear orientation will have a negligible 
effect on the spin-spin interaction. Therefore we 
have 
T [= T 2, 
AH=1/yT?2"". 


If, on the contrary, r-KT>,’’, considerable averag- 
ing out of the internuclear fields occurs during a 
normal nuclear level ‘‘lifetime.”” As a result the 
spin-spin interaction is. greatly reduced, and the 
relaxation time increased accordingly. In this 
case it may be shown that, in general, the relaxa- 
tion time varies inversely as the correlation time. 


Case II: 7-KT2!’. T2«(1/r-), 
AH « 7,. 


Thus it becomes apparent that the line width is 
a sensitive function of the correlation time. 

On the basis of a simplified calculation, by 
taking into account the effect of only the nearest 
neighbor of a resonating nucleus, B.P.P. find 
for T; the relation: 


(1/T2)*=K tan“(2z,/T»), (4) 


where K is a constant which includes the inter- 
nuclear distance and other constants which are 
independent of frequency and of temperature. 
This has the properties discussed above. Namely, 


Case I: 1t.>T,!". 


(3a) 


(3b) 


10P, Debye, Polar Molecules (Dover Publications, New 
York, 1945), reprinted, 
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for r2>T2, T2=(2/2K)*, which may be shown 
to be equal to T,”’, while for 7.<«T2, we find 
T:=1/2Kr,.. The form of a plot of logT> vs. logr, 
is immediately apparent. This is made up of two 
predominant portions, a horizontal line for 
t~>T,"' and a line whose slope is —1 for 7«T>,"’. 
If one reasons that the correlation time loses its 
“control’”’ of T. when it reaches a value equal to 
T2, one finds that the break between the hori- 
zontal and sloping part of this graph occurs near 
t-=T,/'/2'. Very little accuracy is lost if we 
approximate this plot by two straight lines, one 
horizontal and the other with slope —1, inter- 
secting at r.=T72/"/23. 

Another factor which affects T: is the spin- 
lattice relaxation time. It may be seen that if the 
motion of the lattice transporting the nuclei has 
frequency components near vo, this motion is 
capable of inducing transitions between Zeeman 
levels. Although this picture is oversimplified, it 
indicates essentially the means of energy transfer 
between the lattice and the nuclei. 7; is found 
to be 1/2W, where W is the probability of an 
induced transition. Now if 7, is comparable to 
T:, the former will also serve to limit the lifetime 
of a nucleus in a particular state. Thus 7; may 
also contribute to the line width. However, under 
the conditions of the experiments, one of two 
situations generally exists. Either 71>>7T>2, which 
is usually the case for broad lines, or 7172 
for the sample, and both are in the range of 0.01 
second to several seconds. In the former case 7; 
has no effect on the line width, while in the latter 
case the line width is determined by the homo- 
geneity of the magnetic field, and 7; does not 
influence the experimentally observed line widths 
for small r-f fields. 


II, PHASE TRANSITIONS IN SOLIDS 


Many solids undergo drastic changes in their 
physical properties at critical temperatures. Such 
transitions may be placed in one of two cate- 
gories. The so-called first-order transitions occur 
at one particular temperature and are accom- 
panied by a latent heat, usually as a result of a 
change in crystal symmetry. In contrast, second- 
order transitions are identified by \-points with 
an anomalously high specific heat over the transi- 
tion temperature range, generally of the order 
of a few degrees Kelvin. One class of solids 
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showing second-order transitions is alloys. The 
order-disorder phenomenon responsible for the 
transitions in these substances is well understood. 
However, there is a large class of substances, 
including many molecular solids, which show 
second-order transitions whose mechanisms are 
not completely understood. These transitions 
may possibly be explained in terms of a change 
in molecular activity. It is this factor which 
points out the potentialities of studying this 
group of solids by the nuclear magnetic resonance 
experiment, since it has been shown that internal 
activity has a profound effect on the properties 
of the resonance. For the sake of completeness 
it should be noted that a few first-order transi- 
tions—e.g., in HCl—should also be of interest 
in any such investigation. 

There are two conflicting theories to explain 
the transitions in question. One theory, put 
forward by Pauling" and Fowler, associates 
the transition temperature with a change from 
rotational oscillation of the molecules or ionic 
groups below the critical temperature to a phase 
in which most of the molecules are freely rotating. 
The existence of A-point transitions may be de- 
rived by statistical mechanics by assuming the 
rotation to be a cooperative phenomenon. That 
is, one considers that the rotation of a molecule 
is not independent of the motions of its neighbors 
and that the potential against rotation is a func- 
tion of the degree to which its neighbors are 
rotating. 

The second theory, developed by Frenkel! 
and Landau," assumes that the transition is from 
an ordered to a disordered state. In this theory 
there is assumed a preferred orientation, occupied 
by a majority of the molecules, below the transi- 
tion, while above the transition the molecules 
occupy with equal probability one of two, or 
more, equilibrium orientations. It should be 
noted that both below and above the transition 
the molecules flip between equilibrium orienta- 
tions. The distinguishing factor between the 
ordered and disordered phases is that the mole- 

11. Pauling, Phys. Rev. 36, 430 (1930). 

2 R. H. Fowler, Proc. Roy. Soc. London A149, 1 (1935). 

%R. H. Fowler, Statistical Mechanics (The Macmillan 
Company, New York, 1936), second edition, Ch. 21. 
_J. Frenkel, Kinetic Theory of Liquids (Oxford Univer- 
sity Press, London, 1946), Ch. 2. 


4*L. Landau, Physik. Zeits. Sowjetunion 11, 26, 545 
(1937). 
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cules predominate in a preferred orientation in 
the ordered phase; however, in the disordered 
phase a preferred orientation ceases to exist. 

It is quite possible that either of these mech- 
anisms may be responsible in different cases. 

Since the line width of the nuclear resonance 
depends on the average reorientation time of the 
molecule through 7,, we see that it is potentially 
possible to gain information about these transi- 
tions and their associated mechanisms by means 
of a nuclear resonance in the substance in ques- 
tion. Let us now investigate the order of magni- 
tude of the quantities involved, so as to deter- 
mine what effect these mechanisms may be ex- 
pected to have on the line width. 

In general we should expect the line width in 
the rigid lattice to be three gauss or more. Since 
the gyromagnetic ratio y is about 2.710‘ for 
protons, this indicates that 7;’’ should be less 
than 12 microseconds. Now, as indicated in Sec- 
tion I, the line width is controlled by the molecu- 
lar flipping time when 7, is less than T;’’/24. Thus 
the line width is generally sensitive to 7, for 
values of 7, smaller than 8 microseconds. At 7000 
gauss the limit of homogeneity of the magnet 
used during these experiments was roughly 0.2 
gauss. Therefore the lowest values of 7, which 
can be derived from line-width measurements 
would be in the range 0.05 to 0.5 microsecond. 

We may obtain an idea of expected values of 
te from Debye’s Polar Molecules.‘ For liquid 
normal propyl alcohol he lists values from 
26 X10-!° second at —60°C to 0.9107? second 
at +20°C for the characteristic reorientation 
time defined in his theory. Also, we should expect 
the reorientation time for the case of a free rota- 
tion in a solid to be of the order of a rotational 
period: 10" second or less. Therefore, it would 
be expected that, for rotating molecules in a solid, 
characteristic times of at most 10-!° second would 
be found. 

Ice may be considered as an example of a solid 
with non-rotating molecules. A fairly rapid mo- 
tion occurs at temperatures just below the freez- 
ing point, but the activity decreases quite rapidly 
as the temperature is decreased. From experi- 
ments on the dielectric constant of ice at radio- 
frequencies Debye gives values of 2.7 micro- 


16 Reference 10, p. 108. 























































SORTS Oo peat pares cammelatts 
























seconds at —5°C and 18 microseconds at —22°C 
for the reorientation time as defined in his de- 
velopment. Undoubtedly a considerable varia- 
tion in these values would occur for different 
substances, but the above would lead us to 
expect values in the microsecond range. It should 
be noted that this range is precisely that in 
which the line width is effective in measuring 7. 

The marked difference between the values of 
te for rotation and non-rotation, a factor of at 
least 10‘, should be carefully noted. In addition, 
it is important that in the case of non-rotation 
te may possibly fall in a range in which it 
directly affects the observed line width, while 
for rotation 7, is so small that the observed line 
width must, in all practical cases, be only as 
narrow as the homogeneity of the magnet 
permits. 

The expected effect of phase transitions on line 
widths may now be discussed on the basis of the 
expected values of 7;’’ and 7,. For the case of a 
rotational transformation, the line should be 
broad, typical of most solids, below the transi- 
tion; upon reaching the transition, where free 
rotation becomes predominant, one should ex- 
pect a rapid decrease, over the range of the 
transition, to a narrow line limited in width by 
magnet inhomogeneity. 

The picture in the case of an order-disorder 
transition is not so clear cut, since there may be 
little or no change in 7, at such a transition. Even 
in this case there may be some sharp change in 
the line width at the transition temperature, 
since the critical temperature is frequently ac- 
companied by a change in lattice constants or in 
crystal structure. The crystal structure generally 
becomes more symmetrical in the highest tem- 
perature phase. This would result in a change in 
T’’ even if +, does not decrease to the range in 
which it affects T;. A discontinuous decrease of 
T, at the transition may, of course, contribute to 
a change in line width. In any case one might 
expect a decrease of 7, with increasing tempera- 
ture, which may or may not reveal itself in the 
line-width measurements. As Frenkel points 
out,!* 7, should be a function of the type 


te= To exp(U/kT), (5) 


where re is the period of the rotational oscilla- 
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tions which would occur under the influence of 
the local electric field and U is the activation 
energy required to reorient a small group of 
molecules. Of course U itself may be a compli- 
cated function of the temperature T. 

To summarize, if a moderate change, or zero 
change, in line width occurs at the transition, 
this must be identified with the order-disorder 
mechanism. On the contrary, if a rapid change 
to a very narrow line occurs at the transition, the 
rotational transformation mechanism may be 
indicated. However, the order-disorder mecha- 
nism is not completely ruled out on the basis of 
this evidence alone. 

A third mechanism which applies to a few 
cases, for example, rochelle salt, is the so-called 
displacive transition. In this case the unit cell 
of the crystal suffers a small distortion during 
which a new symmetry element appears or dis- 
appears. Although this type of transition has not 
yet been studied experimentally by the method 
proposed here, it is expected that this would show 
very little effect on the nuclear resonance line 
width. 

Essentially complete lists of substances which 
exhibit phase transitions may be found in review 
articles by Eucken!? and by Smyth." As one 
would expect on the basis of the mechanisms 
introduced to explain the transitions, these trans- 
itions are found primarily in substances com- 
posed of light molecules or of internal groups 
which would have low moment of inertia. 

Pauling" proves that for the hydrogen mole- 
cule and the methane molecule the eigenfunctions 
and energy levels, even in the lowest quantum 
state, closely approximate those for a freely rotat- 
ing molecule. The case of hydrogen has recently 
been studied by Rollin and collaborators® by the 
nuclear ‘resonance method. Other substances 
which’ show transitions include: the hydrogen 
halides, except for the lightest member of the 
group, HF; the H2X group, with the exception 
of the lightest member, HO; the XH; group, 
also except for the lightest member, NH; a 
number of ammonium salts, including the am- 
monium halides; and a multitude of organic 
molecules. 


17 A, Eucken, Zeits. f. Elektrochemie 45, 126 (1939). 
18 C, P. Smyth, Chem. Rev. 19, 329 (1936). 
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Ill. APPARATUS AND CRYOGENY 


The circuit used is essentially the one described 
by B.P.P. The water-cooled electromagnet used 
for most of these experiments was designed by 
F. Bitter and constructed in the Research 
Laboratory of Electronics shop. The magnet is 
fitted with detachable pole pieces eight inches in 
diameter and a gap of 2} inches. The pole faces 
are shimmed to minimize field gradients at the 
center of the gap. To satisfy the demands of 
current constancy—one part in 105 or better— 
the magnet was usually run from a bank of sub- 
marine storage batteries. The d.c. field is gener- 
ally modulated at 60 or 30 cycles through the 
use of separately wound inner layers of the 
magnet coils. 

A General-Radio 605-B signal generator was 
used in most of the experiments. In order to 
minimize unwanted frequency and amplitude 
modulation on the r-f carrier, the power supply 
of the r-f generator was replaced by a well- 
filtered and regulated d.c. power supply. Most of 
the experiments were carried out at 30 Mc ina 
magnetic field of about 7000 gauss. Narrow and 
intense resonances were most easily displayed on 
an oscilloscope, using a magnetic-field sweep 
several times the line width. For less intense 
resonances the sweep was reduced to a small 
fraction of a line width and final amplification 
was obtained by means of a 30-cycle, twin-T7, 
narrow-band amplifier with a lock-in feature.!® 
The output of this instrument is proportional to 
the slope of the resonance curve. In this case 
the absorption component of the resonance is 
more generally used, and the width measured is 
the distance between the inflection points, i.e., 
between the peak deflections of the output meter. 
If one assumes a line shape resembling a uni- 
versal resonance curve, as results from Bloch’s 
development,?° for example, the above definition 
of line width is 3? times the distance between 
half-value points, which is normally defined as 
the line width.t 

The temperatures which must be obtained in 


19 R. H. Dicke, Rev. Sci. Inst. 17, 268 (1946). 

20 F. Bloch, Phys. Rev. 70, 460 (1946). 

t Bloch makes certain approximations which lead to the 
assumed line shape. This line shape is only an approxima- 
tion, however. Since there is no completely adequate theory 
for line shape, any definition of line width is arbitrary to a 
certain degree. 


403 


order to study practically all of the phase trans- 
itions of interest fall in the range from about 
20°K to room temperature. Preliminary low 
temperature experiments were carried on in the 
94-inch gap between the unshimmed poles of the 
M.I.T. cyclotron magnet. These experiments 
were carried on in glass Dewars with appropriate 
liquid baths as the low temperature reservoir. In 
many cases the liquid had to be discarded just 
before making observations for one of two rea- 
sons: (a) Proton-containing liquids around the 
r-f coil gave appreciable signals. (b) A boiling 
effect, due to the lack of complete rigidity in the 
r-f coil, caused a large increase in background 
noise. Also, by removing the liquid and allowing 
the temperature to drift upward, it was possible 
to cover any temperature range desired. How- 
ever, these methods were not generally suitable 
for quantitative measurements because: (a) The 
bridge balance was very sensitive to small 
changes in temperatures. (b) The continuous 
drift in temperature left the temperature and 
thermal equilibrium of the sample very much in 
doubt, particularly in regions of high specific 
heats in the vicinity of phase transitions. 

The above work indicated the requirements on 
the cryostat used for most of the quantitative 
work. This was designed to fit in a glass Dewar 
specially made for use in the small electromagnet. 
This Dewar is narrow at the bottom in order to 
fit conveniently in the gap, and flares out at the 
top in order to provide a greater volume for a 
liquid reservoir. 

The cryostat operates on the principle of a 
variable heat leak between a thick-walled copper 
pot containing the sample at the bottom and a 
reservoir containing a suitable liquid in the wide 
part of the Dewar. The heat leak is controlled 
by means of a heater placed just above the 
copper pot. The pot and the reservoir are con- 
nected by thin-walled brass tubing, which repre- 
sents a compromise between too slow a heat leak 
on the one hand and a too rapid loss in liquid on 
the other. A copper tube was placed from the top 
of the reservoir to the top of the pot with a heater 
wound over almost its entire length. This was 
used to keep the entire gas column above the pot 
at a temperature at least as high as that of the 
pot, in order to prevent convection currents. The 
space between the copper tube and the reservoir 
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Fic. 1. Line width vs. temper- 
ature for hydrogen chloride. 
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was filled with an insulating material. The reser- 
voir was made vacuum tight to permit pumping 
on the liquid and to enable convenient removal 
of explosive and noxious vapors. In addition, the 
construction of the cover was such that the 
space in the Dewar, but outside the reservoir, 
could be evacuated, so that the cryostat could 
be made adaptable for use with liquid hydrogen. 

Resistance thermometers were used to deter- 
mine temperature with one wound about midway 
along the copper pot and the other in the gas 
column several inches above the pot. Resistance 
was measured by means of a Leeds and Northrup 
Wheatstone Bridge (Type ‘‘S’’ testing set). This 
was found to be quite adequate for the purpose 
of the experiments above 80°K. Since the lower 
resistance thermometer reads the average tem- 
perature of the pot rather than the temperature 
of the sample, the time-dependent relationship 
between these was checked by placing a thermo- 
couple in the position of the sample. As a result, 
a waiting period of the order of 20 minutes was 
adopted after changes in temperature of the 
order of 5 to 10K°. Generally, two or more read- 
ings of line width were taken over a time of 10 
or more minutes after the waiting period, and 
data were not accepted until these could be re- 
peated to within the estimated accuracy of the 
readings. To check this procedure, line-width 


120 180 


200 220 


data were usually taken in the direction of in- 
creasing as well as decreasing temperature. Prac- 
tically no cases were found of hysteresis resulting 
from a lack of thermal equilibrium. 

Those samples which are gases at room tem- 
perature were condensed through a capillary 
opening into thin-walled glass ampules dipped in 
liquid nitrogen. After the sample was collected, 
the ampule was sealed by applying a small, hot 
flame to the capillary. The seal was then worked 
around into a hook so that the sample could be. 
suspended from a string for ease in storing the 
samples and transferring them to the cryostat. 
The ampules were stored in liquid nitrogen. An 
outline of the chemical preparation of the samples 
is given in the appendix. 


IV. RESULTS AND DISCUSSION 


Those substances which have been studied in 
some detail include (a) normal and heavy meth- 
ane, CH, and CH;D; (b) the hydrogen halides, 
HCl, HBr, and HI; (c) the HX group, H2S and 
H.Se. In addition, some preliminary results will 
be reported for ammonium chloride and for 
natural and synthetic rubber. 


4a. The Methanes 


It was the exploratory work with normal meth- 
ane which gave the first indication of the possible 
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application of this method to the study of 
phase transitions. No work has been done at 
hydrogen temperatures, the range of interest for 
these substances, since the construction of the 
cryostat. Therefore, the results for these solids 
were obtained entirely during the exploratory 
experiments. 

Normal methane shows a single \-point trans- 
ition at 20.5K°, occurring over a range of 3K°. 
Its melting point is at 90.6°K. The methane crys- 
tal is cubic both above and below the )-point, 
and the transition shows some hysteresis. tT 

A line width of the order of 0.2 gauss was ob- 
served just above 77.4°K and 20.4°K. Since the 
lower temperature observation was believed to 
be above the A-point, one experiment was carried 
on in liquid helium. Under these conditions a 
10-gauss resonance was observed. Although no 
explicit temperature measurements were taken, 
the helium was known to have boiled away 
rapidly, since a drift in r-f balance conditions 
shortly after filling indicated a drifting tempera- 
ture. There was no marked change in the appear- 
ance of the resonance for approximately 30 
minutes. Then, within a period of less than one 
minute, during which the bridge was being re- 
balanced, the resonance became narrow, as had 
been observed above 20.4°K. We therefore con- 
clude that there was a transition in the line 
width from about 10 gauss to roughly 0.2 gauss 
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in a range of order of less than 1K®°. The corre- 
sponding transition in 7, is therefore from greater 
than 2 microseconds to 0.03 microsecond or less. 
As was pointed out in Section II, this behavior 
is what would be expected in the case of a rota- 
tional transformation. However, the possibility 
that this is an order-disorder transition accom- 
panied by a decrease in the flipping time to less 
than 0.03 microsecond is not excluded. 

In the case of CH;D two }-points are found, 
at 15.5°K with a range of 2°, and at 22.6°K with 
a range of 3°. The crystal structure of this solid 
has not been investigated, to the knowledge of 
the author. The melting point of deuterated 
methane is also at 90.6°K. 

A line-width behavior very similar to that 
observed in normal methane was found at the 
higher temperature A-point. No investigation was 
carried on below 20.4°K. In this case a resonance 
of the order of 3 gauss in width was observed 
very near 20.4°K. This line narrowed to less than 
0.3 gauss in a very small temperature range 
slightly above 20.4°K, which was believed to be 
the transition temperature. This change in line 
width represents a change in +r, from greater 
than 5 microseconds below the transition to less 
than 0.3 microsecond above the transition. 

As is the conclusion for CH,, the behavior of 
the nuclear resonance line width in CH;D in the 
vicinity of its upper \-point is what one would 
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Fic. 2. Line width vs. temper- 
ature for hydrogen bromide. 
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tt Data concerning transition temperatures, etc., are from references 17 and 18. 
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Fic. 3. Line width vs. temper- 
ature for hydrogen iodide. 
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expect for a rotational transformation. However, 
the possibility of its being -an order-disorder 
transition is not absolutely eliminated. Although 
observations were not carried down to the lower 
\-point, by process of elimination one would ex- 
pect this to be an order-disorder transition. 


4b. The Hydrogen Halides 


HCI shows a first-order. transition at 98.36°K 
which is accompanied by a change in crystal 
structure from cubic in the higher temperature 
modification to a less symmetrical structure at 
lower temperatures. HCI melts at 158.9°K. 

The resultant curve of line width versus tem- 
perature, shown in Fig. 1, divides into three sec- 
tions. In the comparatively short temperature 
range investigated below the transition the line 
width appears to be decreasing slowly with in- 
creasing temperature. This line width is probably 
a measure of the rigid-lattice line width, and the 
temperature variation may then be attributed to 
slight changes in the lattice constants with tem- 
perature. It would be difficult to prove this 
assumption until an accurate rigid-lattice line 
width can be computed for the lower temperature 
modification. 

An apparently sharp drop in line width at the 
transition temperature constitutes the boundary 
between the first and second portions of the 
graph. In the temperature range from 98.4°K to 
about 135°K the graph indicates almost a per- 


fectly linear decrease in line width with the tem- 
perature. In this case we are almost certainly in 
the range where AH is proportional to 7,, which 
implies a linear decrease in 7, from about 3 micro- 
seconds at 100°K to about 0.08 microsecond at 
135°K. It is likely that the sharp drop at the 
transition is due at least in part to a change in the 
rigid-lattice line width accompanying the change 
in crystal structure. There is also some possibility 
that this may be associated with a small discon- 
tinuity in the characteristic flipping time. 

Beyond 135°K the observed line width is de- 
termined entirely by the homogeneity of the 
magnetic field. This limiting line width is roughly 
0.2 gauss at a resonant field of 7000 gauss. No 
change in the amplitude of the resonance, as 
observed on the oscilloscope, was noted upon 
melting the sample. There is little to be gained 
by speculating as to the variation of 7, above 
135°K, although it should be noted that the 
extreme possibility of free molecular rotation 
setting in below the melting point is not ruled 
out by these data. However, this does not imply 
a rotational transformation, for which case free 
molecular rotation sets in at the transition. 
Therefore, there is no doubt that this line-width 
variation fits in with what would be expected for 
the order-disorder transition mechanism. The 
possibility of a rotational transformation is com- 
pletely eliminated. 

Hydrogen bromide has )-points at 89°K, with 
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Fic. 4. Line width vs. temper- 
ature for hydrogen sulfide. 
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a 3° range, and at 113° and 117°K, with a 2.5° 
and 1.5° range, respectively. A change from a less 
symmetrical structure to a cubic structure occurs 
at the lowest transition. Hysteresis is found at all 
three transitions. HBr melts at 186.2°K. 

Referring to the line width versus temperature 
graph in Fig. 2, we see that there may be a slight 
change in line width at the lowest transition. 
However, in the temperature range between 90° 
and about 140°K, the line-width curve is charac- 
terized by a very slow decrease with increasing 
temperature. It is believed that in this range we 
are measuring the rigid-lattice line width. It 
would therefore appear that 7, has become suffi- 
ciently small to take control of the line width in 
the vicinity of 140°K. Above this temperature 
the line width responds similarly to what was 
found in the higher temperature modification of 
HCl. Between 140° and about 160°K this line 
width drops very rapidly from about 3 gauss to 
the observable limit of about 0.2 gauss, the drop 
representing, on the basis of our interpretation, 
a decrease in 7, from roughly 5 microseconds to 
about 0.3 microsecond. Again there is a range of 
somewhat over 20K° in the solid state in which 
the observed line width depends only on the 
homogeneity of the magnetic field. As in the case 
of HCl, the possibility of a rotational transforma- 
tion at any of the )-points is clearly eliminated, 
while the data satisfy the implications of the 
order-disorder mechanism. 


The remaining member of the hydrogen halide 
series, hydrogen iodide, has two )-transitions at 
70° and 125°K, each with a range of 5°. HI is 
tetragonal (face-centered) above 70°K, while no 
data seem to be available for the lowest tempera- 
ture modification. 

The line width versus temperature data, shown 
in Fig. 3, are almost identical in character to 
those found for HBr. In this case the investiga- 
tion has not been carried to the lowest tempera- 
ture modification. For HI the line width is al- 
most constant from 80°K to about 150°K, and 
drops rapidly from about 2.5 gauss to the ob- 
servable limit of about 0.2 gauss between 150° 
and about 200°K. This represents an assumed 
decrease in t, from about 6 microseconds to 
roughly 0.5 microsecond. Again there is a tem- 
perature range of somewhat over 20K° in the 
solid state in which the observed line width is 
determined entirely by the homogeneity of the 
magnetic field. As is the case for HCl and HBr, 
the data clearly deny the Pauling-Fowler inter- 
pretation of the \-points in favor of the Frenkel- 
Landau interpretation. 


4c. Hydrogen Sulfide and Hydrogen Selenide 


The lighter substance of the two, H2S, shows 
phase transitions at 103.6°K and at 126.2°K. 
The former is a \-transition with a range of 0.9K®° 
and some hysteresis, while the latter is appar- 
ently a first-order transition, sharp and showing 
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no hysteresis. The intermediate-temperature 
modification is known to be cubic. H2S melts at 
187.6°K. 

The graph of the line width versus temperature 
data for HS, as shown in Fig. 4, may be inter- 
preted in much the same way as the results for 
the hydrogen halides. In the lowest temperature 
modification the line width is apparently con- 
stant and is probably the rigid-lattice line width 
for this phase. A sharp drop in line width occurs 
in the vicinity of 103.6°K, the lower transition 
temperature, and the line width is constant in 
the range of the intermediate-temperature modi- 
fication, leading us again to interpret this as the 
rigid-lattice line width for this phase. At the 
upper transition temperature another small! dis- 
continuity in line width apparently occurs fol- 
lowed by a sharp break in the slope at about 
135°K. If we interpret this as the temperature at 
which 7, becomes effective in narrowing the line, 
this indicates an approximately linear variation 
in t- from 3 microseconds to 0.1 microsecond 
between 135° and 165°K. Again there is a range 
of about 20K° in the solid state in which the 


observed line width is limited only by the homo- 


geneity of the magnetic field. As is the case with 
the hydrogen halides, the above behavior elimi- 
nates the possibility of a rotational transforma- 
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tion and indicates the order-disorder mechanism 
as the source of the transitions. 

Hydrogen selenide shows two phase transitions 
in the solid state. The one at 82.3°K is a \-point 
with a range of 7° and showing.some hysteresis, 
while the upper transition at 172.5°K is sharp 
with no hysteresis, and may be a first-order 
transition, similar to HeS. Hydrogen selenide is 
known to be cubic in its two higher temperature 
modifications. The melting point is at 207.4°K. 

The nuclear resonance data for protons in 
H.2Se, shown in. Fig. 5, have somewhat different 
characteristics from those described for the previ- 
ous cases. There is some decrease in line width 
at the lower transition. However, the drastic 
increase in line width between 110° and about 
140°K, and the subsequent decrease between 
140° and 172°K, have no precedence. If one as- 


- sumes that the line width is proportional to 7, in 


this range, then the indicated variation in 7, is 
very startling. It was noted in Section II that 
t. should be proportional to exp(U/kT), where 
U is the activation energy required to reorient a 
small group of molecules. Thus the variation in 
the case of H2Se indicates that the barrier against 
reorientation would have to increase drastically 
between 110° and 140°K, so as to more than 
compensate for the inverse temperature depend- 
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ence in the exponential. It is difficult to see how 
this could happen. 

Although there is a considerable dispersion in 
the data in the vicinity of the upper transition, 
there seems to be a discontinuous decrease in the 
line width at this temperature to the compara- 
tively narrow width of about 1.4 gauss, followed 
by a decrease to the observable limit of 0.2 
gauss at 200°K, in this case only about 8K° below 
the melting point. It is apparent, in spite of the 
strange behavior noted above, that the rotational 
mechanism is clearly eliminated by the data in 
favor of the order-disorder mechanism. 

One factor which may have contributed to the 
strange results in the case of H.Se is the possi- 
bility of the presence of some HCl as impurity. 


4d. Preliminary Results for Ammonium Chloride 
and for Rubber-Like Materials 


In both cases data were taken only during the 
exploratory experiments. 

In the case of NH,Cl, which has a )\-point at 
242.8°K, a line width of about 5.5 gauss was 
found at room temperature and somewhere in 
the vicinity of the \-point. At nitrogen tempera- 
ture a line width of 18 gauss was observed. As in 
the other cases, this definitely indicates that this 
is an order-disorder type of transition,”4 and not 
a rotational transformation, as has frequently 
been assumed.!8 

In natural, unvulcanized rubber a narrow line 
was observed, limited only by the homogeneity 
in the magnetic field. Therefore, the possibility 
of extremely short flipping times for the methyl 
side groups or for the hydrogen bonds, for ex- 
ample, is quite plausible. However, there is an 
apparent decrease in the number participating 
in this motion as the temperature is decreased, 
since the amplitude of the resonance decreases 
drastically while there is no change in the other 
characteristics of the resonance. A small, narrow 
pip is still visible at dry-ice temperature, about 
—78°C. Vulcanization had no effect at room 
temperature, while carbon loading did seem to 
broaden the resonance slightly. As was expected, 
a sample of GR-S synthetic rubber gave only a 
broad resonance. 





21 A. W. Lawson, Phys. Rev. 57, 417 (1940). 


PHASE TRANSITIONS 


4e. Summary of the Results 


We have indicated and applied a method cap- 
able of distinguishing the mechanism of those 
\-points, as well as a few first-order transforma- 
tions, for which the transitions may be attributed 
to a change in molecular reorientation time. In 
the experimental studies it was shown in most 
cases that the transitians cannot possibly be as- 
sociated with the onset of molecular rotation but 
satisfy, instead, the conditions of an order- 
disorder transformation. Those substances which 
fall into this classification are HCl, HBr, HI, 
H.S, H2Se, and NH,CIl.. In a few cases the results 
indicate the plausibility of a rotational trans- 
formation, although the order-disorder mech- 
anism is not absolutely eliminated for these 
transitions. These exceptional solids are CH, and 
CH;D at the upper transition, as well as natural 
rubber, for which internal rotation is shown to be 
reasonable but is not proved unquestionably. 

The experimental data for the methanes, in 
particular, should be made more quantitative 
under better conditions of temperature control. 
In addition, measurements of the spin-lattice 
relaxation time 7, may possibly eliminate the 
ambiguity in these rare cases. This follows from 
the fact that T; is also a function of the character- 
istic flipping time,‘ with the advantage that no 
limitations will be imposed in the direction of 
short flipping times by the homogeneity of the 
magnetic field. However, the measurement of 7; 
is much more difficult than the measurement of 
line width, or Z72, which has been shown to be 
adequate in most cases. 
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APPENDIX 


Following is a brief outline of the methods by 
which the commercially unavailable samples were 
produced. In all cases at least one stage of frac- 
tionation was carried on before condensation into 
the ampules. ait 


a. Hydrogen Chloride 


Hydrogen chloride was prepared by dropping 
concentrated sulfuric acid on a mixture of hydro- 
chloric acid and sodium chloride. The gas was 
dried by passing it through four tubes of P.Os. 
It was collected in a 100-ml flask in a liquid 
nitrogen trap. 


b. Hydrogen Bromide 


Forty-eight percent hydrobromic acid was 
dropped slowly onto a mixture of freshly ignited 
sand and phosphoric pentoxide. The resulting gas 
was passed through two tubes of red phosphorus 
to remove free bromine, and through three tubes 
of P.O; to remove water vapor. The gas was first 
collected in a 100-ml flask (drawn down in the 
neck) submerged in a liquid nitrogen bath. 


c. Hydrogen Iodide 


Hydrogen iodide was prepared by the substitu- 
tion reaction Nal+H;PO,—-HI f +NaH2PO,. 
Moderate heat was applied. The apparatus was 
completely covered with aluminum foil to pre- 
vent decomposition of the hydrogen iodide by 
light. Free iodine was removed by freezing out in 
a #-inch Pyrex coil in a —30°C trap. The tem- 
perature of the trap was maintained by regulat- 
ing a dry air flow through a glass-wool-packed 
U-tube immersed in liquid nitrogen. This tem- 
perature was easily kept to within +1C°. Further 
traces of iodine were removed by passing the gas 
through two tubes of red phosphorus. Moisture 
was removed by passing the gas through three 
tubes of P,O;. The gas was collected in two 
U-tubes in liquid nitrogen baths. The HI first 
condensed into the U-tubes as a pure white solid. 
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It was observed then that after a few seconds’ 
exposure to light a progressive discoloration of 
the solid HI took place, probably due to decom- 
position of the HI. Although considerable effort 
was made to prevent exposure to light during the 
fractionation, some decomposition did take place. 
The finished frozen gas therefore shows some 
discoloration, presumably due to free I>. 


d. Hydrogen Selenide 


Hydrogen selenide was made by dropping di- 
lute HCI slowly onto freshly made aluminum sele- 
nide : Al,Se3+ (3 +x)H,0—-3H.Se +Al.03 -xH.O. 
The aluminum selenide was prepared by mix- 
ing 50 grams of finely divided precipitated 
selenium with 30 grams of aluminum powder 
that had been washed with acetone and ether: 
2Al+3Se—Al,Se;3. Five grams of the mixture 
were placed in a fire-clay crucible and ignited 
with glowing magnesium ribbon. Every few 
seconds three grams of the mixture were added 
to the glowing mass in the crucible. The alu- 
minum selenide was stored in a vacuum des- 
iccator until used. Dilute hydrochloric acid was 
slowly dropped from the dropping funnel onto 
the freshly made aluminum selenide. The evolved 
hydrogen selenide passed through a drying train 
of two tubes of CaCl, and three tubes of phos- 
phorus pentoxide. It was collected in a 100-ml 
flask in a liquid nitrogen bath. Metaphosphoric 
acid was used to lubricate the ground-glass 
joints in the glass system. 


e. Deuterated Methane 


The methyl deuteride was prepared by 
the Grignard reaction: CH;l+Mg—CH;Mgl; 
CH;MgI+D.0—CH;D Tf +MglI(OD), carried 
on in dibutyl ether as solvent. The dibutyl ether 
and methyl iodide were first carefully dried and 
redistilled. The heavy water was dropped slowly 
on to the methyl magnesium iodide. The gas re- 
sulting from the reaction passed through concen- 
trated sulfuric acid to remove the dibutyl ether, 
and then through three tubes of P.O; for drying. 
In this case the gas was condensed directly into 
the ampules. 
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Breakdown electric fields in low pressure helium at high frequencies have been theoretically 
predicted and experimentally verified. The energy distribution of electrons is derived from 
the Boltzmann transport equation, taking into account all significant removal processes. 
The distribution function is expanded in spherical harmonics and the resulting second order 
linear differential equation is solved in terms of the confluent hypergeometric function. This 
distribution function combined with kinetic theory formulas permits calculation of the ion- 
ization rate and the electron diffusion coefficient. From these the high frequency ionization 
coefficient is determined. Through the diffusion equation this ionization coefficient is related 
to breakdown electric fields. Thus breakdown electric fields are predicted theoretically without 
using any gas discharge data other than experimental values of the excitation potential and 
collision cross section of helium. Breakdown electric fields are measured for helium in micro- 
wave Cavities of various sizes with a large range of pressure. The theoretical electric fields, 
involving no adjustable parameters, are checked .within the maximum experimental error of 


6 percent. 





I. INTRODUCTION 


HEN a high frequency electric field is 
applied to a gas, breakdown occurs when 
the number of electrons produced by ionization 
equals the number lost by diffusion.! The ioniza- 
tion rate and the diffusion coefficient will be 
computed theoretically on the basis of kinetic 
theory. These enable us to predict high frequency 
ionization coefficients and breakdown electric 
fields. The electron distribution function is deter- 
mined by setting up the electron continuity 
equation, accounting for production and loss of 
electrons in phase space. The distribution func- 
tions so determined are used in standard kinetic 
theory formulas in order to find ionization rates 
and diffusion coefficients. The results are ex- 
pressed in terms of the high frequency ionization 
coefficient ¢.! 


II. SPHERICAL HARMONIC EXPANSION 


The phase space continuity equation (Boltz- 
mann transport equation) for electrons may be 
written 


(1) 


of 
=TtO-Uf+a-Vefit 


* This work has been supported in re by the Signal 

Corps, the Air Materiel Command, and ONR. 

(1948) A. Herlin and S. C. Brown, Phys. Rev. 74, 291 
2S. Chapman and T. G. Cowling, The Mathematical 

Theory of Non-Uniform Gases (Cambridge University 

Press, Teddington, 1939), Chap. 3. 


where f is the electron energy distribution 
function, P is the production rate of electrons 
per unit phase space and may be expressed in 
terms of f by finding the energy changes in 
electrons for elastic and inelastic collisions; 6 
the velocity, @ the acceleration, ¢ the time, and 
V, the gradient operator in velocity space. 

Collisions with gas atoms tend to disorder 
any non-random motion of the electrons so that 
f is almost spherically symmetric. Thus if f is 
expanded in spherical harmonics f=fo+(d-f;)/o 
+---,4 the spherically symmetrical term fo is 
predominant. The f; term represents a vector 
drift term from which the current may be 
calculated. The series then is rapidly convergent 
and we consider only those cases where the first 
two terms suffice to calculate the properties of 
the system. 


Ill. THE DIFFERENTIAL EQUATION FOR f, 


Consider the electric field as sinusoidal in 
time; on expansion, Eq. (1) becomes? 


of va bi v 
—+— —(uE-f:)+-V-fi 
Ot 3udu 3 
of _0 
Pym soft ohn, 
ot Ou 


Po= (2) 


(3) 


*P. M. Morse, W. P. Allis, and E. S. Lamar, Phys. Rev. 
48, 412 (1935). 
*H. Margenau, Phys. Rev. 73, 303 (1948), Eq. (26). 
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Fic. 1. The high frequency ionization coefficient ¢ 
computed as a function of E/p from Eq. (19). The break- 
down curve is indicated by the dashed line; it is determined 
by setting [= 1/A?E?. 


provided P is expanded P=P o+(P,;-5)/v, and 
the electric field is represented by EZ. An energy 
variable u is introduced by setting mv?/2e=u, 
where e is the electronic charge and m is the 
mass of the electron. 

Elastic collisions may be considered as instan- 
taneous processes and the energy loss therefrom 
may be treated by putting equivalent loss terms 
Poe: and P,,.; in the equation. Morse, Allis, 
and Lamar’ have shown that 


mod ufo 
Po, a= Fee tS ae 4 
we Se ) ) 


Pi a= (S) 


sh 


1 being the electronic mean free path, and M the 
mass of the atom. 

In low pressure helium, recombination is not 
a significant electron removal process at break- 
down. lIonizations and excitations have no angu- 
lar dependence and therefore make a contribu- 
tion to Py only; we represent this contribution 
due to inelastic collisions by Po, sn. 

The electric field E is represented by Epe™! 
where w is the radian frequency. In the gas, the 


BROWN 


energy transfer by the field to the electrons 
depends on E£? so that the root mean square field 
is all that is required. There follows directly 
from Margenau’s analysis® an expression for E-f, 
which is the same as that obtained by considering 
an effective field E, defined by 


12 
E2= Pm cle (6) 


(v/1)?-+eo 


where E£ is the r.m.s. value of the applied field. 
The differential equation for fo then becomes 


2mv d (ufo 
ec 
MuduX l 
lv vd 


3A2— 3u du 


Poin 


Pi E?(v/l)? 
"i (v/1)?+w? 


Here V?fy has been replaced by —(1/A?)fo using 
the diffusion equation.! The factor 1/A? depends 
on the geometry of the discharge container, and 
is the characteristic value in the solution of the 
diffusion equation; A is then the characteristic 
diffusion length. The mean free path / equals 
1/pP. if p is the pressure and P, the probability 
of collision per cm of path per mm of pressure. 
There now remain’ to specify the functional 
forms of P, and Po, in, to complete the formula- 
tion of the equation. Excitation will be effectively 
eliminated by the introduction of mercury vapor. 


IV. EXPRESSION FOR THE COLLISION 
CROSS SECTIONS 


A good approximation for P, in helium is 
P.u'=constant =43(volt!/emXmm _ Hg).* The 
experimental curve departs from this form for u 
less than 4 volts and P, is roughly constant from 
u=0 to‘u=4. Most of the collisions the electron 
makes with gas atoms occur after the electron 
has an energy of 4 ev, so this discrepancy has a 
small effect on the breakdown field. The solution 
of the equation will be carried out assuming 
P,u‘'=constant over the whole range of electron 
energies, and will be corrected in Section VI by 
finding the distribution function required when 
this range of constant mean free path is con- 
sidered. 


5H. Margenau, Phys. Rev. 73, 303 (1948), Eq. (27). 
6 R. B. Brode, Rev. Mod. Phys. 5, 257 (1933). . 





HIGH FREQUENCY GAS BREAKDOWN 


Helium has a metastable level at 19.8 volts 
and transitions from this level to the ground 
state by radiation are forbidden. Since meta- 
stable states have mean lives of the order of 
thousands of microseconds, practically every 
helium atom which reaches an energy of 19.8 
volts will collide with a mercury atom and lose 
its energy by ionizing the mercury. Therefore 
each inelastic collision will produce an ionization 
and the effective ionization potential u,; will be 
the first helium excitation potential plus a small 
overshoot energy due to the fact that the most 
probable energy at excitation is higher than the 
excitation energy. (The amount of this overshoot 
is calculated in Section VII.) Then Po, in may be 
assumed zero for u<u; and infinite for u>vw;. 
Physically this means that there will be no 
electrons with an energy above that correspond- 
ing to u=u,; This condition on the electron 
population provides a boundary value for the 
differential equation which we now solve for 
u<u,, with fo zero for u=1,. 


V. SOLUTION OF THE EQUATION AND 


EVALUATION OF ¢ 


Equation (7) becomes, on inclusion of results 
of Section IV, in the region where u<u; 


afr a 3 3 
aie |" }f-=—“]-0,  @ 
du? B 2 268 B 


t is the mean free time, 1/7=2.37(10°)p (in 


mm Hg),® and 
1\2 
c= 1+(—) , 
TW 


For convenience we transform to a dimensionless 
independent variable by letting 


4B\* wb 
B 


(9) 


———-— ANALYTIC APPROXIMATION 
——— EXPERIMENTAL DATA 








Fic. 2. The probability of collision of electrons in 
helium at 1 mm of Hg pressure. Brode’s experiment is 
compared with the approximation of this paper. 


and transform the dependent variable by 


fo=(g) exp| --(-+1) 


nF dg! 
<=(- -— w) —ag=0, 
— dw 


3 1 
a=-(1--), 

4 b 
Equation (11) is the confluent hypergeometric 
equation’ and its solutions may be written 
gi= M(a; ¥;w), 2=w'*M(a—#; 4; w).® 


For brevity we will use the notation 


M(a; $; w) = Mi(w) 


(10) 


(11) 


(12) 


(13) 
and 
wtM(a—}; 3; w) = M2(w). (14) 


Then the distribution function fo is given by 
fo=[Mi(w) + CM2(w) ] exp[ —w(1—2/3a)], (15) 


where the constant C is determined by the 
boundary condition that the distribution func- 
tion go to zero at u=4,; therefore 


M: 2 (wi) 


Mi(w,) 


TE. Jahnke oat, a Emde, Funktionen Tafeln (Teubner, 
Leipzig, 1933), p. 
8A. D. MacDonald, “Properties of the confluent hyper- 
eometric function,” Technical Report No. 84, Research 
Eaboratory of Electronics, M.I.T., Cambridge, Massa- 
usetts. 
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Having determined the distribution function 
we are in a position to calculate the high 
frequency ionization coefficient ¢. By the use of 
standard kinetic theory formulas and the distri- 
bution function expressed in Eq. (15) we calcu- 
late the quantities mv and nD. The ratio of these 
quantities divided by the square of the electric 
field is ¢. 
The kinetic theory formula for the number of 
inelastic collisions per electron per second, », is 
2e? p°u 
nv = —4r— —P», ind, 
m? ug U 


(16) 


where Po,in is the production rate of electrons 
per unit volume of phase space due to inelastic 
collisions. 

The integral in Eq. (16) is an improper integral 
but Poin is transformed through Eq. (7) to a 
function of fy and) wu. The resulting rigorous 
expression is integrated by parts. The integra- 
tion, subject to the condition that fy and dfo/du 
are zero for u= ©, yields 


oC) Tote. 


Similarly the diffusion coefficient for electrons, 


D, is 
_ oer 2e\ 5/2 
—(- y) foul 2du. (18) 
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The expression for fy from Eq. (15) is substituted 
in the integrand and the integrations performed. 
The integrals have been evaluated for arbitrary 
values of the parameters involved.® 

On carrying out the integrations in Eq. (18), 
and dividing Eq. (17) by the resulting expression 
we have the high frequency ionization coefficient 


1 DE 


r = = (EA)? Mi (w;) exp/( — Zaw;) “i §! (19) 


v 


The form of Eq. (18) has been simplified by using 
the fact that the expression 


My'(w:)M2 (w;) — M,’ (w,) My, (w;) 


is the Wronskian of the differential Eq. (11) and 
its value is }w,;texpw,; At breakdown v/D 
=1/A?, so we see from Eq. (19) that the break- 
down electric fields may be determined by 


solving the equation 
M,(w;) exp(—faw;) =2. (20) 


For helium, the numerical values of the vari- 
ables involved in terms of experimental param- 
eters are 
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Fic. 3. Theoretical E—p 
curves illustrating the effect of 
the correction factors of Sections 
VI and VII. The broken lines 
indicate theoretical fields with- 
out corrections. The }-inch cav- 
ity is omitted to avoid confusing 
the diagram. 
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Fic. 4. The effective ionization 
potential as a function of Ed at 
a constant A/d. 











+ 3.77(10-*) } 
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where X is the free space wave-length of the 
electric field in cm, £ is the r.m.s. value of the 
electric field in volts per cm, p is the pressure 
in mm of Hg and A is in cm. 

A plot of { vs. E/p is given in Fig. 1, computed 
from Eq. (19). Tables of the functions involved 
are available.* The breakdown electric field may 
be determined from Fig. 1 by finding the curve 
through those points where ¢ = 1/A?E?. 


VI. CORRECTION FOR FLAT PORTION 
OF P. CURVE 


From Fig. 2 we see that our approximation 
for P, is inaccurate for electron energies below 
4 ev, and therefore in those cases where there 
are many electrons with low energies, a small 
correction term may be applied. The low energy 
electrons are most important in determining 
breakdown fields when E/? is small and there are 
many more collisions per second than oscillations 
of the field per second, because under these 


10,000 
Ed (VOLTS) 


conditions, the relative number of low energy 
electrons is large. For energies below 4 ev, Eq. 
(6) may be simplified by neglecting w? in com- 
parison with (v//)?, and by using the fact that / 
is constant. The solution may be carried out in 
the manner of Section V and fo is then given by 


fo=A[M(a;1;y)+BW(a;1;y)]exp(—y), (24) 


where M is the confluent hypergeometric func- 
tion, W is the second solution for integral values 
of the second parameter,® ® 


a 1.54 
~ (pa)? 


sna) (2) 


and both functions in Eq. (24) are tabulated.® 
Again we use a more concise notation for the 
confluent hypergeometric function by setting 


M(a;1;y)=M3(y) 
and 
Wa; 1;y)=Ws3(y). 


The energy at which P, changes from a 
constant to a u~} trend is seen from Fig. 2 to be 
that corresponding to u,.=4;/5. The distribution 


*W. J. Archibald, Phil. Mag. 26, 419 (1938). 
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functions in Eqs. (15) and (24) must be smoothly 
joined at this energy. By equating the values 
and slopes of the distribution functions, the 
constants A and B are determined to be 


“3 RM3(ye) | M3 (ye) 
Ws! (ye) —RWa(ye) 





(25) 


where 


My’ e, CM,’ (w ¢ 
ait oi Pus (w.) + CMa(w,)} 
K= » (26) 
M, (w.) + CMe (we) 





and 
7 [Mi(we)+CM2(w-) ] expl —w-(1 — $a) ] 
[M3(y-)+BW3(ye) ] exp(—e) 


This distribution function then modifies the 
value of the integral for nD and also the expres- 
sion for ¢ in Eq. (19). 

The amount of this correction for various 
cavity sizes and pressures is illustrated in Fig. 3, 
which shows the correction to be appreciable 
only for high pressures, and in no case to be 
more than a few percent. 


. (27) 





VII. CORRECTION FOR OVERSHOOT 


The probability of excitation is not infinite at 
the first excitation potential so that some elec- 
trons reach energies above this value before 
exciting helium atoms. This overshoot in energy 
is most noticeable at low pressures when the 
energy gained between collisions is large. To 
find the energy at which the distribution function 
goes to zero, we insert the measured values!® of 
the excitation function as a loss term in Eq. (8). 
The excitation function is linear in energy at 


10H. Maier-Leibnitz, Zeits. f. Physik 95, 499 (1935). 


energies close to the excitation potential. Using 
Maier-Leibnitz’s experimental excitation func- 
tion’® for hz, we may write 


2 (u—19.8)ut 
Pine AONE Ai 
P. 623 


Equation (8) now written in the reduced form 
and including h, is 


where 


Ws Ig=0, (utg) ( ~) (29) 
3 g=0, fo=(uitg) exp 23)" 

Mu 1/Mu 
t=f14 =i, — “hte 3u ) — 


38 
=. (30) 
B m 2 Ue 6u? 


For u>uz, I may be seen on inspection to be a 
slowly varying function so we may solve Eq. 
(30) approximately and obtain 


g=exp(—(Z)#u). (31) 


Equation (31) combined with Eq. (29) gives the 
distribution function above the excitation po- 
tential ; and this distribution function should be 
fitted to that of Eq. (15). However, the distribu- 
tion function is small in this region and we may 
determine a voltage at which the distribution 
function goes to zero by extrapolating Eq. (31) 
linearly and choosing that voltage where it cuts 
the axis as the ionization potential. The extrapo- 
lation of Eq. (31) yields 


uj—u.=—= (I). (32) 


The effective ionization potential is plotted in 
Fig. 4 for helium as a function of Ed with several 
values of pd, for one value of A/A. A more 
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rigorous treatment in which Eg. (29) is solved 
exactly® is possible but does not alter the value 
of u; in Fig. 4 significantly. 


VII. EXPERIMENTAL PROCEDURE 


A block diagram of the microwave apparatus 
used in the experiment is shown in Fig. 5. A 
continuous-wave tunable magnetron in the 10- 
cm wave-length region supplies up to 150 watts 
of power into a coaxial line leading to the 
measuring equipment. A cavity wavemeter re- 
ceives a small signal from a probe in the line. 
The power incident on the cavity is varied by a 
power divider. A directional coupler provides a 
known fraction of the incident power to a 
thermistor element whose resistance, measured 
by a sensitive bridge, indicates power incident 
on the cavity. A slotted section of line with a 
movable probe measures the standing wave ratio 
and voltage minimum, the probe signal going to 
a detector with a wave-guide-beyond-cutoff 
attenuator. The cavities resonate in the T7Mo,o0- 
mode in the 10-cm wave-length region, and are 
coupled to the coaxial transmission line by a 
coupling loop. A second coupling loop provides 
a transmitted signal to an attenuator, crystal 
and meter. The electric field is calculated by 
standard microwave methods." * The unloaded 
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Q of the cavity is calculated from standing wave 
measurements. The power absorbed in the cavity 
is determined by the measured incident power 
and the standing wave ratio. The absorbed power 
is related to the stored energy through the 
unloaded Q and the electric field is determined 
from the known field configuration and the 
stored energy. It is convenient to calibrate the 
transmitted signal network in terms of incident 
power measurements to measure the field. 

Care was taken to obtain high gas purity. The 
cavities were made of oxygen-free high conduc- 
tivity copper and all joints were silver soldered. 
The coupling loops were made of copper, Kovar 
and glass. The cavity was connected through 
Kovar to an all-glass system including a three- 
stage oil diffusion pump and a liquid-nitrogen 
trap. Spectroscopically pure helium and distilled 
mercury were used. Each cavity was baked out 
for several days at 400°C and the whole vacuum 
system carefully outgassed before each run. The 
mercury pool which introduced the mercury 
vapor also served to seal the cavity from the 
liquid air trap during each breakdown field 
measurement. The possible effect of direct ion- 
ization of mercury in the breakdown process has 
been investigated theoretically. For the density 
of mercury used it was found to be not significant 





Fic. 6. Experimental break- 
down electric fields compared 
with those theoretically pre- 
dicted. 
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1C, G. Montgomery, Microwave Techniques (McGraw-Hill Book Company, Inc., New York, 1947). 
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2S. C. Brown ef al., 
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Fic. 7. Experimental ionization coefficient compared 
with theoretically | penne ner coefficients. The }-inch cavity 
is omitted to avoid confusing the diagrams. 


in the range of pressures and container sizes used 
in the experiment. 

The breakdown experiment consists of filling 
the cavity with the gas at a measured pressure, 
increasing the magnetron power until the crystal 
current reaches a maximum and drops suddenly 
to a much lower value. The drop indicates that 
the gas has broken down and the maximum 
current indicates the breakdown field. The elec- 
trons required to initiate the discharge are pro- 
vided by a radioactive source near the cavity. 
The breakdown measurements were reproducible 
within an experimental error of less than 5 
percent in electric field and less than 1 percent 
in pressure. Experiments were done on four 
cylindrical cavities having a diameter of 8.140 
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cm and heights of 0.1588, 0.3175, 0.4760, and 
2.540 cm. The cavity whose height was great 
enough so that it could not be considered a 
parallel plate system was computed using a 
non-uniform field theory.” 

Figure 6 presents the experimental and theo- 
retical E vs. p curves. ¢ vs. E/p curves computed 
from the experimental data are compared with 
theory in Fig. 7. 


IX. CONCLUSIONS 


The high frequency ionization coefficient has 
been calculated theoretically on the basis of the 
electron continuity equation, considering diffu- 
sion to the container walls as the only removal 
process. It is expressed in terms of EA, pd, and 
pA. The high frequency ionization coefficient 
has been derived theoretically in Eq. (19). The 
ionization coefficient had been previously related 
to breakdown fields through the diffusion equa- 
tion.! 

Equation (20), containing no adjustable gas 
discharge data or constants, and involving only 
the excitation potential and collision cross section 
of helium, enables us to predict breakdown 
electric fields. It has been derived from the 
electron velocity distribution function given by 
kinetic theory, and the diffusion equation. The 
agreement between theory and experiment over 
a wide range of pressure and container size 
variation verifies the correctness of the approach. 

The authors wish to acknowledge the many 
valuable ideas contributed by Professor W. P. 
Allis in numerous discussions leading to the 
solution of this problem. 


18M. A. Herlin and S. C. Brown, Phys. Rev. 74, 1650 
(1948). 
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Results of the recent proton-proton scattering experiments at the University of Minnesota 
in which measurements were made at angles in the laboratory system from 8° to 45° using 
incident proton energies of from 2.4 to 3.5 Mev, are used to calculate phase shifts for the inter- 
action. S-wave scattering is found which agrees with previous work in corresponding to the 
potential of an attractive rectangular well of radius e?/mc? and depth 10.5 Mev, or to a 
Yukawa-type potential with a meson of mass in the neighborhood of 300 electron masses. An 
anomaly which remains at the smaller angles is not removed by a careful treatment of the 
geometry of the scattering chamber, but is tentatively accounted for with a combination of 
repulsive p-wave scattering and a systematic experimental error of approximately one percent. 
The p-wave phase shifts are several times larger than those expected from a repulsive rectangu- 
lar well of the same dimensions as the well for the s-wave scattering. 





RECISE measurements of the intensity with 

which protons are scattered by gaseous 
hydrogen have been extended by Blair, Freier, 
Lampi, Sleator, and Williams! to higlier energies 
of bombardment and to smaller angles of scat- 
tering than those measured hitherto.2? The 
general method of the experiment, however, is 


the same as that used by Tuve e¢ al., at the 
Department of Terrestrial Magnetism, and 
Her. et al., at Wisconsin. 

This method is to direct a narrow beam of 
protons from an electrostatic generator through 
a scattering chamber filled with hydrogen gas 
and to count the protons that emerge from a 
small volume at the center of the chamber along 
a line forming an angle @ with the axis of the 
incident beam. Apertures are placed along the 
axis of the detector window so that only those 
rays forming a narrow ‘“‘beam’’ will be counted 
and the volume of gas effective in scattering is 
determined by the intersection of the incident 
beam with the detecting ‘beam.’ Since the 
scattering geometry can be very closely defined 
in this way and since the energy can be con- 
trolled quite accurately in the electrostatic ma- 
chines, the method used in these experiments 
leads to results that are valid to about one per- 
cent. In the work at Minnesota the energy of the 
bombarding protons has been advanced from 2.4 


1 Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 
74, 553 (1948). ; 

? Herb, Kerst, Parkinson, and Plain, Phys. Rev. 55, 998 
(1939). References to the earlier work are listed here. 


Mev, the highest energy used at Wisconsin, to 
3.5 Mev and the scattered intensity was meas- 
ured at 8°, 10° and 12.5°, as well as in the range 
15°-45° which was studied in preceding work. 

The method of theoretical reduction of data 
on proton-proton scattering appears in the litera- 
ture in the classic work of Breit’ and his col- 
laborators. This method is adopted here in its 
essential features but with certain modifications 
in application. In the first place, since new data 
were gathered at angles of scattering smaller 
than those previously used, we had to compute 
the Coulomb scattering and interference terms 
for arguments not appearing in existing tables. 
We did this by substituting directly into the 
formula for the differential cross section at the 
particular energies and angles concerned in the 
experiments of reference 1. Secondly, the great 
care taken by the experimenters to eliminate 
errors in alignment makes it unnecessary to 
consider corrections that are of first order in such 
errors. However, special attention is paid to 
“second order geometry,” the corrections arising 
from the finite width and height of the incident 
and scattered beams. 

The notation introduced in Breit’s work will 
be adopted, for the most part, in the presenta- 
tion of the fundamental scattering formula. The 
“phase shift” due to nuclear forces in singlet S 
collisions of two protons will be denoted by Ko, 


* Cf. especially G. Breit, H. M. Thaxton and L. Ejisen- 
bud, Phys. Rev. 55, 1018 (1939). A complete list of back- 
ground references appears in that paper. 
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and k and 7 have the meanings 
k=(Mo/2h) n=(e/hv) 


where M is the mass of the proton, v the velocity 
of the bombarding proton upon entering the 
scattering volume and & and e have their con- 
ventional significance. Using the fundamental 
constants reported by Birge* we obtain 


kn =1.7352 X10" cm! 7 =.15806/Emev? (1) 


where Emey is the energy per proton in millions 
of electron volts, in the incident beam. The 
velocities of bombardment are small compared 
with that of light and relativistic effects amount 
to only a few tenths of a percent. The differential 
cross section for scattering o(@) as measured in 
the laboratory at the angle 6, may be written 


o(8) = (cos8/k*)f(6). (2) 


Neglecting relativistic effects as well as nuclear 
phase shifts in collisions of angular moments 
greater than zero, the function f(6@) takes the 
well-known form: 


f(0) = 7? {csc*é+sectd 

—sec?6 csc?@ cos(n In tan?6)} 

— 2n{csc?@ cos(Ko+7 In sin?6) 

+sec?@ cos(Ko+7 In cos?@) }sinKo 

+4sin’Ko. (3) 

In computing f(@) for the various values of », 6 
and Ko it was found convenient to transform to 
a new notation: 


£ = (8n/1—cos46) 
a=n[.2+cos(n In tan?) ] 
b=cos’6 cos(7 In sin?@)-+sin?6 cos(n In cos?6) 
c= —cos’6 sin(y In sin?6) 
—sin?@ sin(n In cos*@) (4) 
so that: 


f(0) =#+-4 sin*Ko—é 
X {a+b sin2Ko+2c sin’Ko}. (5) 


Equation (5) can be solved for 2Ko with the 
result: 


— &(a+c)+2—f(6) 
£b 





2Ko=sin— | 


Xe0s( tan = a — (6) 


*R. J. Birge, Rev. Mod. Phys. 13, 233 (1941 : 
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The measurements required in order to deter- 
mine Ko from Eq. (6) are those of the energy, 
Emev, the angle of scattering 0, and a value of 
f(9), which is calculated from the observed o(@). 
In practice, however o(@) is not observed di- 
rectly since the differential cross section is a 
function of the angle of scattering and the latter 
is not defined exactly by the system of apertures. 
Since the correction for ‘‘second order geometry” 
becomes of increasing importance as the meas- 
ured angle of scattering is diminished, an attempt 
is made here to refine the formula for this 
correction. 

We assume that the incident beam of protons 
is accurately defined by the small circular (Ny- 
lon) “source” window that separates the scatter- 
ing chamber from the accelerating tube and by a 
second circular aperture placed between the 
window and the center of the chamber. The 
line of centers of the circles forms the axis of the 
incident beam and the planes of the circles are 
taken perpendicular to this axis. The optical 
rays forming the incident beam then form a 
family of conical bundles, each member of the 
family originating on a particular element of 
area, dudv, of the source window. This descrip- 
tion of the incidentebeam relies on the su_ posi- 
tion that the accelerator side of the Nylon 
window is bombarded by a uniform current 
density of protons and that the the protons in 
passing through the Nylon are scattered suff- 
ciently to supply all the conical rays that pass 
through the second aperture with the same cur- 
rent. In fact, multiple scattering in the window 
is adequate to give an essentially uniform dis- 
tribution of emergent protons within the angles 
concerned. However, subsequent scattering of 
the protons from the rectilinear paths by colli- 
sions in the gas is a possible source of departure 
of the description of the actual beam from the 
model we have assumed. Since the effect of 
multiple scattering in the gas decreases to zero 
as the density of the gas decreases to zero, we 
should rather assert that the ray description of 
the incident beam holds only in the limit of very 
low density of gas. The over-all effect of gas 
density on the observed cross section was tested 
(cf. reference 1) and found to be negligible at 
the pressures used in obtaining the data. On this 
basis, therefore, we assume that the description 





SCATTERING OF PROTONS IN HYDROGEN 


of the paths of the protons by straight lines is 
adequate for computing the geometrical cor- 
rections. 

A model similar to that for the incident beam 
is assumed for the family of trajectories that 
pass through the window of the detector. The 
detector window is circular and the normal at its 
center is assumed to intersect the axis of the 
incident beam at a certain angle, 6. This normal 
is the axis of the scattered beam and the inter- 
section with the axis of the incident beam is the 
center of the scattering volume. Between the 
detector window and the scattering volume is 
placed a rectangular aperture, normal to and 
centered on the axis of the scattered beam. The 
long sides of the rectangle are perpendicular to 
the plane of scattering, i.e., the plane formed by 
the incident and the scattered axis. The optical 
rays that may enter the detector then form a 
family of pyramidal bundles, each member of 
the family being designated by having the apex 
of the pyramid on a certain element of area, dédf 
on the detector window. The long side of the 
rectangular aperture is long enough so that 
every pyramid with apex on the detector window 
encompasses the entire section of the incident 
beam. Hence the scattering volume is defined by 
the intersection of cones with pyramids with 
axes inclined at an angle near @ and such that 
the lines of intersection form complete ellipses 
on the broad faces of the pyramids. 

If a proton in the incident beam collides with 
a proton in the gas within the volume of inter- 
section defined above it may be detected. The 
intensity of protons originating on the source 
window in an area dudv, scattered in the volume 
dxdydz and detected on the area dédf of the 
counter window is 


o(¢) 


I=IN as cosOgdudvdxdydadtdg = (7) 


where 


Io is the intensity (per cm*) emerging from source window 
R is vector distance from scattering volume dxdydz to 
detecting area dtdf 
No is the density of hydrogen nuclei in the gas 
S is vector distance from source area dudv to scattering 
volume dxdydz 
¢ is the angle of scattering for the particular paths R 
and § (i.e., co=R-S/RS) 
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o(¢) is the differential cross section at angle ¢ 
62 is the angle between R and normal to detecting 
window. 


The measured intensity for a given setting of 
the detector is the sevenfold integral of Eq. (7). 
In general, ¢ will be a function of all seven inde- 
pendent variables R=R(x, y, z, & £) and S 
=S(x, y, 2, u, v) and Or = Or(x, y, 2, é, $). How- 
ever, ¢ differs from 6 and 6g differs from zero 
only by infinitesimal angles, and R and § differ 
from Rp and So only by infinitesimal lengths, 
where Ro and So are the distances from the scat- ° 
tering center to the center of the detector window 
and to the center of the source window, re- 
spectively. Since the integral of Eq. (7) cannot 
be calculated in closed form it is necessary to ex- 
pand ¢, o(¢), cos@g, R?, and S in ascending 
powers of the infinitesimal departures from their 
principal values and perform the integration on 
the individual terms. For the purposes of analysis 
of the proton-proton scattering one requires only 
the leading terms and the terms of one and two 
higher orders of infinitesimals. 

The limits of integration of Eq. (7) are as 
follows: dudv is to be integrated over the circular 
area of the source window the radius of which will 
be denoted by c. Similarly, dédf is integrated 
over the detector window the radius of which 
is a. On the other hand, the limits on the dxdydz 
integration are complicated functions of wu, v, é, £, 
and are not, in the least way, convenient. In 
order to obtain an integration over the scattering 
volume for which the limits are formally inde- 
pendent of the source point and the detecting 
point we make a transformation so as to describe 
the scattering point x, y, z, as the intersection 
of one of the incident rays with a plane formed 
of detecting rays. The plane is taken parallel to 
the long side of the rectangular aperture and is 
then uniquely specified by the detecting point &, 
¢, and by giving its angle with the corresponding 
plane through the scattering axis. Actually, if 
the rectangular aperture stands the distance H 
before the detector window, a convenient way 
of describing the angle of the plane is through the 
parameter ¢ such that the angle is arctan ¢/H. 
The limits of integration of the variable ¢ are 
then evidently + the half-width of the rec- 
tangular slit, provided the thickness of the aper- 
ture walls may be neglected. (The effect of aper- 
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TABLE I. Calculation of S-wave phase shift Ko. 











E=3.04 Mev 


gobs(6) 
Barns 


E=2.42 Mev 


gobs(8) 
Barns t(8) Ko 


1.699 48°11'1 
1.778 48°37/2 
1.791 48° 9/6 
0.475 1.809 48° 1°6 
0.446 1.840 48°21/2 


Average Ko=48°16!1 


E=3.27 Mev 


gobs(4) 
Barns f(0) Ke 


2.057 53°34/1 
2.048 51°38'5 
2.122 52° 513 
0.410 2.100 51°3227 
0.380 2.118 51°3371 


#(0) Ke 


1.952 51°15'4 
1.984 50°51/4 
2.013 50°37'6 
0.425 2.033 50°18/7 
0.402 2.083 51° 1/8 


Average Ko=50°49/0 


E=3.53 Mev 


gobs(0) 
Barns (8) Ko 


2.075 52°38/1 
2.103 52°1314 
2.171 52°35/8 
0.397 2.205 52°44'0 
0.366 2.202 52°38!7 





0.483 
0.469 
0.450 


0.528 
0.528 
0.503 











0.442 
0.428 
0.418 


0.473 
0.450 
0.441 





Average Ko=51°52!7 


Average Ko=52°34/0 








ture thickness has been checked experimentally, 
cf. reference 1.) This half-width is called w. The 
incident ray needed to define an intersection 
point with the plane may be specified by giving 
the point (uv, v) on the source window and by 
giving the point in the plane of the circular 
aperture (that defines the incident beam) 
through which the ray passes. It was found con- 
venient to use polar coordinates for this point, p 
the radius from the center of the aperture and y 
the angle from the plane of scattering. The limits 
on p are zero and the radius of the circular aper- 
ture which is denoted by b. 

The procedure in integrating Eq. (7) is then 
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Fic. 1. S-wave phase shift Ko in degrees is plotted 
against energy E, of incident protons in Mev. Values of 
Ko determined from experimental cross sections for the 
proton-proton scattering are shown as open circles. The 
solid line represents the values of Ko corresponding to a 
nuclear potential well of depth 10.5 Mev and range 
e?/mc? as calculated by Thaxton and Hoisington. 


to substitute for x, y, z in terms of ¢, p, y, defined 
above and replace dxdydz by [0(x,y,2)/dp,y,t) ] 
Xdpdydt, whereupon the integration becomes 
straight forward. The type of calculation is so 
evident that we omit the details and present the 
result with a tabulation of the symbols: 


: IpN oo (0)2x*wab?c? ate wt 
. SSRs sind . 2L? 
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aoe 
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]-+hieher order terms 


where 


Lis distance from source window to circular 
aperture 
So is distance from source window to scattering 
center 
G = So)—L is from circular aperture to scattering center 
H is distance from detector window to rectangular 
aperture 
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Ro is distance from detector window to scattering 
center 
6 is measured angle of scattering 
2w is width of rectangular aperture 
a is radius of detector window 
b is radius of circular aperture 
¢ radius of source window 
o(@) is Eq. (2) evaluated at @ 
o’ (6) is first derivative by @ evaluated at 6 
a’’(@) is second derivative by 6 evaluated at 0. 


If we denote the curly brackets in Eq. (8) by 
{1-++A2(@)} and write the factor in terms of the 
number of protons registered per second in the 
incident beam, ”, 


n= (9b?c?/L?)Io 
the expression for the measured intensity becomes 
a? 


2rw 
I =nNo——0 (6) {1+A2(8)}. (9) 


9 sin@ 


Through Eqs. (9) and (8) the value of o(@) may 


be computed from the observed J and subse- 
quently f(@) and Ko can be determined. Owing 
to the fact that quite small apertures were 
used in the experiments reported in reference 1, 
the corrections for second order geometry are 
quite small, amounting to only 2 percent at the 
smallest angle of scattering. 

In Table I we present the results of calcula- 
tions for angles of scattering larger than 20°. 
These larger angles were used to obtain the 
values of Ky because they are most sensitive to 
the S-wave anomaly (cf. Breit reference 3) and 
because the lower angles are more sensitive to 
errors in voltage, etc., as well as to effects of 
higher angular momentum. The “observed”’ dif- 
ferential cross section is that computed from the 
yield without geometrical correction, i.e., 


Tors(9) = 0(8) {1+A2() }. 


In Fig. 1, the average values of Ko, shown in 
Table I are plotted against the energy of bom- 
bardment as open circles. The solid line shown in 
Fig. 1 represents the theoretical prediction for 
Ky as calculated by Hoisington and Thaxton® 
for a nuclear potential well of constant depth of 
10.5 Mev and range e*/mc®. The phase shifts 
due to a Yukawa potential corresponding to a 


(10) 


*L. E. Hoisington and H. M. Thaxton, Phys. Rev. 56, 
1196 (1939), Fig. 2. 





Ep* 242 Mev 
E,* 304Mev 
Ep= 3.27Mev 
E,= 3.53Mev 
































~e-° 





20° 
@LAB 


Fic. 2. Af(@)=f()ove—f(O)eate is plotted against 6:, the 
angle of scattering in the laboratory system, for each 
value Ey of incident proton energy. The calculated values 
of f(@) correspond to values of Ko determined from the 
cross sections at the scattering angles from 25° to 45°. . 


mass of around 300 electron masses are also in 
this region.* These potentials are those which fit 
the experiments on proton-proton scattering 
below 2.4 Mev. It is evident that the new ex- 
perimentally determined values of Ko are satis- 
factorily accounted for. 
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Fic. 3. 5Af(6), the change in the value of f(@) which 
would result from a change in the value of experimentally 
determined quantities, is plotted against scattering angle 
in the laboratory system for bombarding energies of 2.42 
and 3.53 Mev. f(@) is shown corresponding to systematic 
errots of 0.02 Mev in measurement of bombarding ene 
and of 1 percent in measured cross section. Other errors in 
experimental values will produce similar effects. 


* Private communication from Professor Gregory Breit, 
who has calculated the phase shifts corresponding to 
mesons of various masses. A paper of his on the subject is 
forthcoming. 
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Taste II. 








Values of P-wave phase shift in radians for: 
(a) rectangular potential well of range e?/mc? and depth 10.5 Mev, 
(b) corresponding to observed cross section. 


Ein Mev 2.42 3.04 3.27 
Ki (a) -—0.00302 —0.00413  —0.00460 
(b) —0.00794 -—0.0112 -—0.0125 





3.53 
—0.00515 
—0.0395 








The possibility that the p—p S-wave scatter- 
ing can be accounted for by a meson potential 
function with a meson mass of 326, in. was put 
forward in 1939 by Hoisington, Share, and 
Breit.? At that time, however, the only inde- 
pendent measurements of the mass of mesons 
in cosmic rays showed that mass to be about 
200M. Recently, independent evidence of a 
meson in cosmic rays with mass in the neighbor- 
hood of 300M has been found.*® Furthermore, 
these heavier mesons are created by nuclear 
bombardment with the 184-in. cyclotron at 
Berkeley indicating that they are probably asso- 
ciated: with nuclear forces. It is quite possible, 
therefore, that the proton-proton scattering is 
directly associated with the properties of a neu- 
tral + meson. 

. The values of Ko from Table I were used with 
Eq. (5) to compute feaie (8) due to Coulomb and 
s-wave scattering (Table II) at angles from 8° to 
20°. A comparison of the results with the values 
of f(@) obtained from the observations of oos(0) 
and Eqs. (10) and (2) is plotted as a function of 
angle in Fig. 2, The difference between the values 
is seen to increase with decreasing angle, and to 
show no marked energy dependence. Two pos- 
sible factors which might cause such a dis- 
crepancy are: the presence of scattering of par- 
ticles with higher angular momenta, and possible 
systematic experimental errors in energy, cross 
section or related measured quantities. The 
angular dependence of the effect of such errors 
in energy and cross section is plotted in Fig. 3 
for the E=3.53 Mev and 2.42 Mev. The amount 
of error is taken to be that of probable error 
estimated by the experimenters. The observed 
anomaly in f(@) is also shown for comparison. 


7L. E. Hoisington, S. S. Share, and G. Breit, Phys. Rev. 


56, 884 (1939). a 
8C. M. G. Lattes, G. P. S. Occhialini, and C. F. Powell, 


Nature 60, 453 (1947). ’ 
®E. Gardner and C. M. G. Lattes, Science 107, 270 


(1948). 
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It is seen that the effect of such errors decreases 
more rapidly with increasing angle than does the 
anomaly. 

On the other hand the discrepancy does not 
show the increase with increasing energy to be 
expected of nuclear p-wave scattering. Thus 
attempts to explain the difference in terms of 
either alone are not successful. It has been pos- 
sible, however, to choose a combination of 
p-wave scattering with phase shifts varying as 
E! and systematic experimental error to account 
for the anomaly with some consistency. The 
relative amounts of the two effects are not very 
precisely determined by the available data. 
However, the choice made gives results which 
are plausible. The systematic experimental error 
which seems to fit is one of about one percent. 
The ~-wave shifts are shown in Table II. Also 
shown are values of the p-wave phase shifts 
obtained by extrapolation of the calculations of 
Thaxton and Hoisington® on the basis of a rec- 
tangular repulsive well of range e?/mc? and 
depth 10.5 Mev. 

The results of the analysis presented above 
are that the S-wave phase shifts fit very well 
with the interpretations previously found for 
those at lower energy. Especially interesting 
among these interpretations is the one that ap- 
pears to connect the proton-proton forces with 
the new z-meson. However, the S-wave phase 
shifts are not adequate to account for the ob- 
served scattering at angles of 15° and below. 
In fact, the discrepancies at small angles do 
not appear to originate from any one source 
but can be understood as a systematic error in 
the energy scale of about one percent superposed 
upon a small, negative P-wave phase shift. The 
magnitude and sign of the P-wave shift are 
within reason but the error in energy or other 
related quantity is very difficult to understand. 
It must be kept in mind, however, that measure- 
ments of scattering at small angles are very 
sensitive to geometry so that the discrepancies 
might possibly arise through some undetected 
effect of this type. In any event the numerical 
values for K, are not accurate. 
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The metastable state of In™5 has been used as a detector 
of a narrow energy band in the continuous x-ray spectrum 
produced by a monoenergetic electron. beam on gold tar- 
gets. The thin target x-ray isochromat (hy=1.04 Mev) 
has been investigated in the neighborhood of the short 
wave-length limit. This isochromat is finite at the threshold 
and constant for at least 400 kev. This in agreement with 
Guth’s theory and verifies the assumption that the ex- 
citation of In™* is a line absorption. Both the thin target 
and thick target x-ray excitation curves for In" have 
been obtained in the region from 1.0 to 2.6 Mev. The thin 
target curve exhibits a step-like character from 1.0 to 1.9 


INTRODUCTION 


HE x-ray excitation of the isomeric state of 
indium (In"*") was first observed almost 
ten years ago.'? The early work of Collins and 
Waldman indicated that new information could 
be obtained about (a) the character of the con- 
tinuous x-ray spectrum (bremsstrahlung) pro- 
duced by a monoenergetic electron beam and 
(b) some nuclear energy levels of the excited 
nucleus. The latter is exemplified by the work of 
Waldman and Wiedenbeck‘* on indium and by 
Wiedenbeck‘ on many other elements. 
The first conclusive evidence of nuclear iso- 


merism in a stable nucleus was reported by Gold- . 


* The results of this paper were presented at the M.I.T. 
Accelerator Conference on June 8, 1948. 

1B. Pontecorvo and A. Lazard, Comptes Rendus 208, 
99 (1939), 

2 Collins, Waldman, Stubblefield, and Goldhaber, Phys. 
Rev. 55, 507 (1939). 
P : aa) B. Collins and B. Waidman, Phys. Rev. 59, 109 

4B. Waldman and M. L. Wiedenbeck, Phys. Rev. 63, 
60 (1943). 

5M. L. Wiedenbeck, Phys. Rev. 67, 92 (1945); Phys. 
Rev, 68, 1 (1945); Phys. Rev. 67, 267 (1945); Phys. Rev. 
68, 237 (1945). 


Mev. The thick target curve below 2.0 Mev exhibits 
straight line segments as expected from the thin target 
curve, but above 2.0 Mev there are no straight line seg- 
ments, in good agreement with the thin target data and 
theory. Activation levels have been found at 1.04+0.02 
Mev and at 1.42+0.02 Mev. The over-all cross section 
(per electron incident on a 34 mg/cm? gold target) is 10-* 
cm? in the region of the threshold. Evidence is presented 
for the existence of a lower activation level between 0.8 
and 0.9 Mev with an over-all cross section (for a similar 
target) of the order of 10-** cm?. 


haber, Hill, and Szilard.6 They found that the 
4.1-hour negative electron activity of indium 
could be produced by fast neutrons but not by 
slow neutrons; in fact, there seemed to be a 
threshold for the process. This activity was 
assigned to a metastable state of In™® excited 
by the neutron impact and designated by In™*, 
They postulated that this metastable state can 
be reached by a spontaneous transition from a 
higher energy activation level, and that the 
negative electron activity may be the internal 
conversion electrons from the gamma-ray transi- 
tion, In™5* to In™5, Lawson and Cork’ have 
shown that the energy of the gamma-ray is 338 
kev and the conversion coefficient is 0.5. 


A. Activation by X-Rays 


Pontecorvo and Lazard! produced In"* by 
irradiation with x-rays of 1.85-Mev maximum 


6 M. Goldhaber, R. D. Hill, and L. Szilard, Nature 142, 
521 (1938); Phys. Rev. 55, 47 (1939). See also M. Dode and 
B. Pontecorvo, Comptes Rendus 207, 287 (1938). 

1946) L. Lawson and J. M. Cork, Phys. Rev. 57, 982 
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energy from an impulse generator. Independ- 
ently, Collins, Waldman, Stubblefield, and Gold- 
haber? using x-rays from the Notre Dame electro- 
static generator found the threshold for the 
x-ray excitation to be 1.35+0.1 Mev. Later 
Waldman, Collins, Stubblefield, and Goldhaber® 
reported a more accurate threshold of 1.2+0.1 
Mev. Their excitation curve, i.e., activity vs. 
energy of electrons producing the x-rays, had a 
sharp break or change of slope at 1.55+0.1 
Mev, and they postulated the presence of a 
second activation level at this energy. Collins 
and Waldman’ studied the excitation of indium 
by x-rays produced in a thin (23 mg/cm?) gold 
target. This excitation showed a rise in activity 
at the threshold, followed by a flat plateau up 
to 1.55 Mev, followed by another sharp rise. 
Unfortunately, the errors were large in this ex- 
periment, and little confidence was placed in the 
results. The cross section was estimated to be 
10-* cm?. Waldman and Wiedenbeck*‘ carried the 
excitation to higher energies with a pressure 
electrostatic generator and found evidence for 
activation levels at 1.12 Mev, 1.55 Mev, 2.13 
Mev, and. 2.64 Mev. A decay curve for In™®* 
was followed for 24 hours, and the half-life was 
found to be 4.42+0.02 hours. In 1943, Korsun- 
sky, Walther, Ivanov, Zypkin, and Ganeko® 
published the results of their work on indium. 
They irradiated indium with x-rays up to 1.6 
Mev produced in a thin (8.9 mg/cm?) target of 
gold backed by a thick target of beryllium. The 
activity produced by the beryllium backing was 
subtracted from that produced by the composite 
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Fic. 1. Energy level diagram. 


8 Waldman, Collins, Stubblefield, and Goldhaber, Phys. 
Rev. 55, 1129 (1939). 

® Korsunsky, Walther, Ivanov, Zypkin, and Ganeko, 
J. Phys. 7, 129 (1943). 
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target to give the activity caused by the thin 
gold. The threshold was found at 1.07+0.05 Mev 
in good agreement with the Notre Dame value. 
However, their thin target excitation curve is a 
smooth curve showing neither plateaus nor 
straight segments. These results agree with the 
Bethe-Heitler theory, but this theory does not 
hold near the threshold. 


B. Activation by p, a, e, n, and d 


Barnes and Aradine!® produced In™* by 
proton bombardment and estimated the cross 
section to be 10-?? cm? at 5.8 Mev. Lark-Horo- 
vitz, Risser, and Smith" produced this activity 
with 16-Mev alpha-particles. Collins and Wald- 
man” excited In™5" with 1.3-Mev electrons and 
estimated the cross section to be ‘about 10-* 
cm?. Waldman and Wiedenbeck‘ determined the 
excitation curve for this electron excitation. Re- 
cently Cohen’ found evidence of a threshold for 
the neutron activation of In"* at approximately 
1 Mev and across section at 2.2 Mev of 3.6 10-5 
cm*. Following Guth’s suggestion" of the possi- 
bility of inelastically scattering deuterons by a 
“polarization” process, Miller and Waldman 
attempted to produce In™™* with 2-Mev deu- 
terons. This activity was not detected thus set- 
ting an upper limit for the cross section for this 
process at 10-*° cm’. 


C. Activation of In™* 


Indium has one other stable isotope, In", 
which also exhibits nuclear isomerism.!® Since its 
abundance is 4.5 percent, the 105-min. activity 
of In"" is not easily detected in the presence of 
the 4.4-hour activity. Recently, Dunworth and 
Pontecorvo,’ after irradiating indium with very 
intense 2-Mev x-rays, obtained the composite 
decay curve for both isotopes, from which the 

10S. W. Barnes and P. W. Aradine, Phys. Rev. 55, 50 


(1939). 
1K. Lark-Horovitz, J. R. Risser, and R. N. Smith, 


~ Phys. Rev. 55, 878 (1939). 


194} Collins and B. Waldman, Phys. Rev. 57, 1088 

18S. G. Cohen, Nature 161, 475 (1948). 

4 E. Guth, Phys. Rev. 68, 279 (1945); Phys. Rev. 68, 
280 (1945). 

18 W. C. Miller and B. Waldman, University of Notre 
Dame, January 15, 1947 Progress Report to Office of 
Naval Research, Contract N6-ori-83, Task Order II. 

16S. W. Barnes, Phys. Rev. 56, 414 (1939). 

17J. V. Dunworth and B. Pontecorvo, Proc. Camb. 
Phil. Soc. 43,123 (1947). 
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Fic. 2. Thin target isochromat. 


44-hour activity was subtracted leaving the 
105-min. activity. 

The aim of this investigation is to study the 
process of nuclear excitation by x-rays. This 
process consists of (a) the production of x-rays 
by monoenergetic electrons incident on a gold 
target and (b) the subsequent excitation of 
indium by these x-rays. In order to simplify the 
first process x-rays were produced in a thin 
gold target, however, thick gold targets were 
also used. 


THEORY 


Nuclear isomerism in a stable nucleus requires 
the existence of two energy states of the nucleus: 
one, the ground state; the other, the metastable 
state of measurable lifetime. This lifetime may 
be accounted for by a relatively large spin dif- 
ference between the metastable and ground 
states. For a change of spin of 4 units, the life- 
time may be from one second to many years and 
is a highly forbidden transition. The theory of 
the dependence of lifetime on energy and spin 
change has been reviewed by Wiedenbeck."* 
Since the transition from metastable to ground 
state is forbidden, so, also, is the inverse process. 
Thus, in order to excite a nucleus into its 
metastable level, it is necessary to raise it into 
an activation level by absorption of energy Ea, 
from which it can drop either to the ground 
level with emission of energy hvyz=E£, or to the 
metastable level with emission of energy Ea—En 
(Fig. 1). 

Guth’® has proposed an energy level diagram 
for indium in which the spin of the ground state 
is 9/2, the spin of the metastable state is 1/2, and 
the spin of the activation state is 5/2. Thus, the 
transition from metastable state to ground state 
involves a spin change of four units, whereas the 





18M. L. Wiedenbeck, Phys. Rev. 69, 567 (1946). 
‘9 E. Guth, Phys. Rev. 59, 325 (1941). 
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Fic. 3. Thin target excitation curve. 


transition from ground to activation state and 
that from activation state to metastable state 
both involve spin changes of two units. 

The excitation of indium to the activation 
level may be (a) a line absorption (b) a Raman 
effect (c) a photo-effect. It is assumed to be a 
line absorption (hvyz=E,) which is detected by 
virtue of the activity of the metastable level 
into which it may fall. If indium is irradiated with 
a continuous spectrum of x-rays, the activity is 
a measure of the intensity of that line in the 
spectrum equal to the activation energy. Since 
an isochromat is the intensity of a line of fixed 
energy (hva) as a function of electron beam 
energy E, the shape of the excitation curve in 
passing the activation energy reveals the shape 
of the corresponding isochromat. 

The wave mechanical theory of the production 
of bremsstrahlung in the non-relativistic region 
has been given by Sommerfeld,?° Sommerfeld and 
Maue,”* and Weinstock” and confirmed experi- 
mentally by Nicholas,” Kulenkampff,* and the 
Stanford group under Kirkpatrick.?* In the rela- 
tivistic region the Bethe-Heitler theory applies 
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Fic. 4. Thick target excitation curve. 


20 A. Sommerfeld, Ann d. Physik 11, 257 (1931). 
31 A. Sommerfeld and A. W. Maue, Ann. d. Physik 23, 

589 (1935). . 

(1943) Weinstock, Phys. Rev. 61, 584 (1942); 64, 276 
%8 W. W. Nicholas, Bur. Stand. J. Research 2, 837 (1929). 
*H. Kulenkampff, Handbuch der Physik 23, 2 (1933). 

(1942) Harworth and P. Kirkpatrick, Phys. Rev. 62, 334 
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Fic. 5. Rocking target assembly. 


within the Born approximation. Since it breaks 
down at the short wave-length limit (i.e., 
threshold) Guth’? has calculated a correction 
factor to be applied at the threshold. This re- 
sults in an isochromat which is finite at the 
threshold and independent of electron energy E 
in the immediate vicinity of the threshold. His 
calculations show that an isochromat of hyg=1.1 
Mev should be constant within 2 percent if E 
is raised from the threshold to 1.4 Mev. 

In the excitation of indium by thin: target 
bremsstrahlung, the energy of the activation 
level is the energy of the isochromat E,=hy,. As 
the beam energy is increased, this isochromat 
should remain constant (Fig. 2), and, conse- 
quently, the excitation curve should remain 
constant. If indium has a second activation 
level at a higher energy E,, a second isochromat, 
hy»=E,, will be detected; and it should have 
the same flat character. The excitation curve 
should show this isochromat superimposed on 
the first; or, in other words, a step-like curve 
consisting of two plateaus (Fig. 3). 

In the excitation of indium by thick target 
x-rays, the shape of the excitation curve reveals 
the shape of the thick target isochromat. If the 
thick target is assumed to be a summation of 
thin targets, then it is reasonable to assume that 
the thick target isochromat will be an integral 
of the thin target isochromat. The excitation 
curve should have a positive slope from the 
threshold up to the energy Ep, at which point the 
height of the infinitesmal thin target steps in- 


creases, resulting in a more positive slope as 
shown in Fig. 4. 

If @ is the cross section for the production of 
quanta of energy hv, by one electron of energy 
E’ in a target of thickness dx and N atoms/cm, 
then the number n(hyvz,E’) of quanta produced in 
a thick target is given by Eq. (1). 


(hve,E’) fen { — (1) 
n(hve,F’) thick = c= a, 

a thick g (—dE/dx) 
Assuming ® and (—dE/dx) are constant over 
the energy interval hy, to EZ’ then (1) can be 
integrated 


n(hyvg,E’) thick = 


(E’ —hv,). 


(—dE/dx) 


Thus the thick target isochromat is a straight 
line of positive slope. 


EXPERIMENTAL PROCEDURE 
A. Irradiation 


The thin target x-rays were produced by 
bombarding a gold foil 34 mg/cm? thick with the 
electrons accelerated by the Notre Dame Pres- 
sure Electrostatic Generator. The activity pro- 
duced in the indium was sufficiently low that it 
was advantangeous to place it close to the gold. 

The fact that the electrons after passing 
through the gold could activate as well as melt 
the indium presented a serious difficulty. A 
strong magnetic field was placed between the 


Fic. 6. Brown record of beam current. Full scale is 125 
microamperes, and each horizontal line represents 20 
seconds. The square wave appearance is due to the re- 
flection of the incident electrons by the gold foil. The 
small numbers at the right are the estimations of the cur- 
rent for integration. 
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gold and the indium to prevent the electrons from 
reaching the indium. This was unsuccessful be- 
cause the electrons were deflected before reach- 
ing the gold in spite of the fact that a magnetic 
shield was used. A second attempt consisted in 
placing the indium on the outside of a long evacu- 
ated thin-walled aluminum cylinder, coaxial with 
the beam, the gold foil forming one base of the 
cylinder, the electron collector forming the other 
base. This would allow the electrons to be col- 
lected at some distance from the indium which 
was placed near the gold end of the cylinder. 
The gold scattered enough electrons so that the 
walls of the cylinder became hot and melted the 
indium. A water jacket placed around the alumi- 
num cylinder prevented this, but the indium 
activity was then too small, and the x-rays pro- 
duced in the aluminum could not be taken into 
account. 

The method finally used was a subtraction 
process in which the electrons passing through the 
gold were absorbed by a carbon disk one-half 
inch thick backed by a one-sixteenth-inch sheet 
of aluminum. Two such carbon-aluminum ab- 
sorbers were placed in a water cooled mount 
with the gold foil on the face of one and indium 
foils on the backs of both. An electromagnet, 
energized automatically, rocked first one and 
then the other of these absorbers into the elec- 
tron beam with a twenty-second period (Fig. 5). 
The activity of the indium irradiated by 
the x-rays produced in the carbon was sub- 
tracted from the activity caused by the x-rays 
produced in the gold plus carbon. The irradiation 
times were measured by Standard Electric 
Timers controlled by micro-switches on the 
rocker, and both samples received the same 
irradiation time within one percent. The cross- 
irradiation, i.e., the irradiation of the non- 
exposed indium foil by the x-rays produced in 
the exposed target assembly, was negligibly 
small. 

A criterion for a “thin” target is that activity 
be proportional to thickness. When the 34- 
mg/cm? gold foil was replaced by a 20-mg/cm? 
foil, the activity was decreased to approxi- 
mately 60 percent. 

In the thick target experiment the x-rays were 
produced by stopping the electron beam in a 
1.6-mm gold target at the bottom of a copper 
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Fic. 7. Thin target excitation curve for indium", 
Errors in activity and in voltage are less than size of circles 
unless otherwise indicated. To convert activity to over-all 
cross section multiply ordinate by 210-** cm? for 34- 
mg/cm? gold target. Dotted curve is first portion of thick 
target curve (Fig. 8) to same scale. 
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Faraday cage. The indium foils were placed on 
the outside of this cage in line with the beam. 


B. Counting 


Pure indium metal was rolled into sheets of 
thickness 0.01 inch, and disks of diameter 33 inch 
were punched from this sheet. This thickness 
(185 mg/cm?) is greater than the range of the 
conversion electrons to be detected. The activity 
of the two indium foils was measured simul- 
taneously by two similar thin end-window 
Geiger tubes and scalers. Each foil was counted 
first on one scaler for 1000 seconds and then on 
the other scaler for 1000 seconds. This cross-over 
technique has the advantage that it is unneces- 
sary to know the sensitivity or the geometry of 
each counter before subtracting the data. It is 
only necessary that these factors remain constant 
during the course of the experiment. It can be 
shown that the difference in activity of the two 
foils is proportional to the difference between 
the geometrical mean of the counts from one 
foil on both scalers and the geometrical mean of 
the counts from the other foil. The propor- 
tionality constant depends on the irradiation 
time and the delay times as well as the sensi- 
tivities of the Geiger tubes. These times were 
held constant and the same Geiger tubes were 
used for the entire experiment. 
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This cross-over counting scheme was checked 
by irradiating both indium foils with x-rays 
from the carbon absorbers only—that is, the gold 
foil was removed from its usual place. The 
difference between the indium activities was 
zero within the statistical counting errors. 

For the thick target experiment the indium 
foils were counted with one of the counting units 
described above. 


C. Current 


The electrons accelerated by the electrostatic 
generator passed through a slit system consist- 
ing of two circular apertures, the first a }-inch 
hole, the second a 3-inch hole, about 9 inches 
apart and through a one-mil aluminum window 
onto the rocking target assembly. The current to 
the target must be measured by a low impedance 
device since the ionization of the air presents 
a relatively low impedance leakage path to 
ground. A multirange sensitive microammeter 
has a resistance of about 2000 ohms, and this 
introduces an error of about 10 percent in meas- 
uring the target current. This difficulty was 
overcome by using a Brown recording po- 
tentiometer (three-millivolt full scale) to meas- 
ure the voltage developed by the target current 
in flowing through a small precision resistor of 
about 25 ohms. A further advantage of this 
device is the record obtained. As a result of the 
motion of the rocker and the reflection of the 
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electrons from the gold foil, it is quite apparent 
which target is being irradiated at a particular 
time (Fig. 6). 

The record of the current to each target was 
integrated by estimating each ten-second inter- 


_val and summing for each target to obtain the 


total charge incident on that target. The charge 
for the gold-carbon target was adjusted for the 
reflection mentioned above. The mean counts 
obtained from each indium foil were normalized 
by the appropriate charge before subtracting the 
data. 

For the thick target experiment the Brown 
record was integrated with a planimeter whose 
accuracy was checked on a standard area and 
found to be +0.3 percent. The counts obtained | 
from the foil were normalized by this charge. 


D. Voltage 


The energy of the electrons depends on the 
potential of the high voltage terminal of the 
electrostatic generator. This potential was meas- 
ured by a null type generating voltmeter in which 
the electric field resulting from the terminal is 
balanced by a field produced by a battery. The 
battery voltage was measured to 0.1 percent by 
a potentiometer. The off-balance of the terminal 
potential was detected by a gated vacuum tube 
voltmeter and recorded on an Esterline-Angus 
recorder. With this device a change in sphere 
potential of +5 kv can be detected. The volt- 
meter was calibrated?* by determining the photo- 
disintegration thresholds of beryllium and deu- 
terium and accepting Stephens”? values of 1.63 
and 2.187 Mev, respectively. These values have 
an accuracy of about +20 kev so the absolute 
accuracy of our voltmeter is no better than this. 

The output of the voltmeter operates a stabiliz- 
ing control of the belt charging supply. This 
stabilizer consists of two parts, a variable im- 
pedance circuit similar to Hanson’s*® to com- 
pensate for fast changes and a motor driven 
Variac to compensate for slow changes. With 
this device a stability of +5 to 10 kv can be 
maintained for long irradiations. 


(1948) Waldman and W. C. Miller, Phys. Rev. 74, 1225 
7 W. E. Stephens, Rev. Mod. Phys. 19, 19 (1947). 
#8 A. O. Hanson, Rev. Sci. Inst. 15, 57 (1944). 














RESULTS AND DISCUSSION 


From the above discussion it can be seen that 
the errors, except statistical errors in counting, 
have been reduced to less than one percent. For 
the thin target experiment where the activity is 
low, these statistical errors are large. These are 
increased by the subtraction process so that the 
total errors are between four and ten percent 
(standard deviation). For the thick target ex- 
periment, the statistical errors are not greater 
than 2.5 percent and in most cases are about 1 
percent. 


A. Thin Target 


Figure 7 is a plot of the thin target excitation 
in the region from 1.0 to 2.6 Mev. This shows the 
sharp threshold and a plateau followed by an- 
other sharp rise and a subsequent plateau. The 
flat portion of this curve indicates that the thin 
target x-ray isochromat is also constant, at least 
within 400 kev of the threshold. This is in ex- 
cellent agreement with Guth’s theory and veri- 
fies his assumption that the excitation of indium is 
a line absorption. The threshold is at 1.04++0.02 
Mev, and the sharp rise indicates an activation 
level at 1.42+0.02 Mev. These values are lower 
than those of Waldman and Wiedenbeck‘ (1.12 
+0.03 and 1.55+0.03 Mev, respectively) be- 
cause of the lower background counters (8 
counts per minute) used in this experiment. The 
activity just above threshold would not be de- 
tected with higher background counters. Above 
1.9 Mev the data do not warrant drawing a 
curve. There is an indication of other steps, but 
it is not strong. Possibly there are many levels 
lying close together which cannot be resolved by 
the method used in this experiment. Or perhaps 
the thin target isochromat is not flat for more 
than 500 kev. If it does not remain flat, the 
sharp rises due to other activation levels would 
be somewhat masked. 

The over-all cross section (i.e., per electron 
incident on a 34-mg/cm? gold target) at the first 
plateau is 10-* cm? within an order of magni- 
tude. This over-all cross section o is the product 
of two factors 


c= n(hv,E) thin * Thvg (3) 


where n(hvo,E)tnin is the number of quanta of 
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energy hv, produced by one electron of energy E 
in a target of thickness dx and N atoms/cm!, 
and gn», is the cross section for the production of 
the metastable nuclei by a quantum of energy 
hvg. The number of 1.04-Mev quanta, u(hyv,,E), 
as given by Guth"? is 


Zr? d(hv) 
n(hva,E) thin =A h 
Vo 


where A =3.44 at 1.1 Mev and d(hv) =the width 
of the level. Since n(hv,,E) is a linear function 
of the target thickness dx (for a thin target), 
the over-all cross section, ¢, is also a linear func- 
tion of the x-ray target thickness. Using this 
value of « Guth has calculated the width of the 
1.04-Mev activation level to be 4 millivolts. 
Using Eq. (4) one finds that the number of 
quanta of energy 1.04 Mev in a 0.004-ev width 
is 10-. Thus on,, is of the order of 10-” cm?,.a 
value to be expected for a resonance process. 

The experimental verification of Guth’s theory 
(Eq. (4)) permits one to calculate the number of 
1.04-Mev quanta per incident electron in the 
energy range 1.0 Mev to 1.4 Mev. This can be 
extended to thick targets by Eq. (1). In order 
to determine numbers of quanta of energy other 
than 1.04 Mev, the slowly varying factor A in 
Eq. (4) must be evaluated. 








Ndx, (4) 


B. Thick Target 


Figure 8 is a plot of the thick target excitation 
in the same energy region. As would be expected 
from the thin target curve and Eq. (2), this 
excitation curve is a straight line of positive 
slope from the threshold at 1.04+0.02 Mev to 
1.42+0.02 Mev. At this point there is a sudden 
change of slope corresponding to the sharp rise 
in the thin target curve. Above this energy the 
evidence for straight line portions is no more 
striking than that for more steps in the thin 
target curve. There are three reasons why one 
should not expect more straight line segments: 
(a) the stopping power (—dE/dx) in Eq. (1) is 
not constant and independent of electron energy 
in the region above 2 Mev; (2) the thin target 


_isochromat may not be independent of electron 


energy for more than 500 kev, and the integra- 
tion of Eq. (1) would not yield a straight line of 
positive slope; (3) there may be many levels 
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lying close together which cannot be resolved. 
Thus, even if there were no levels above 1.42 
Mev, and even if the thin target isochromat 
were completely independent of energy, one can- 
not expect a straight line excitation curve above 2 
or 2.5 Mev. 

The cross section for the thick target excita- 
tion is given by an expression similar to Eq. (3) 
where n(hvc,E)thin is replaced by n(hva,E’) thick 
from Eq. (2). In the region where the thick 
target excitation is a straight line, the ratio of 
the thick target cross section to the thin target 
cross section is , 


Othick (hva,E2’) thick * On 





nN (hvg,E) thin * Thy 


f N@dx 


where Ax is the thickness of the thin target. 
Using the average value of the stopping power in 
the region from 1.0 to 1.4 Mev of 10? volts/cm 
and (Z’—hv.) equal to 400 kev, one finds this 
ratio should be about 19. A portion of the thick 
target excitation curve is plotted (dotted line) 
in Fig. 7 to the same scale as the thin target 
excitation. At 1.4 Mev the ratio is about 11, 
which is good agreement with theory when one 
considers the difference in angular distribution 
of the x-rays from thick and thin targets. 


Othin 


E'—-hy, 


" hiaeae’ 





(5) 


C. Lower Activation Level 


Since the completion of the above experiments, 
further attempts were made to activate indium 
below 1 Mev. Five-hour irradiation with a 100 
microampere beam of 880-kev electrons on the 
thick gold target resulted in very weak activity 
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(twice background) of approximately 4.4 hours 
half-life. Correspondingly higher activity was 
found at 930 kev. The activity at 800 kev was 
not greater than 10 percent of background. This 
is an indication of another activation level below 
1.0 Mev, and it may be the level at 873 kev re- 
ported by Lawson and Cork.’ Assuming that 
this level is at 873 kev, one can estimate the 
cross section for thin target x-rays using the 
method of Eq. (5). This results in an over-all 
cross section of the order of 10-** cm? per elec- 
tron incident on a 34 mg/cm? gold target. Ac- 
tivation in this energy region is being investi- 
gated at the present time. 


D. Self-absorption 


Since the excitation of indium is a line ab- 
sorption, one might expect to observe self- 
absorption. This was attempted using indium 
absorbers up to 1-cm thick. Replacing indium 
by a neighboring element, tin, resulted in an 
equivalent absorption. Thus, the absorption in 
indium can be completely accounted for by the 
usual Compton and photoelectric effects. 

The very weak self-absorption is due to the 
large doppler width (0.7 ev) as compared to the 
radiation width (0.004 ev). This point has been 
discussed by Guth.!® 
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Total cross sections for 88- Mev gamma-rays have been measured in 6 elements by absorption 
methods to a statistical accuracy of about 1.5 percent. The results expressed in cm?/gram 
are 0.0107, 0.0252, 0.0471, 0.0665, 0.0909, and 0.0973 for the elements Be, Al, Cu, Sn, Pb, 
and U, respectively. Values appear generally lower than predictions of existing theory by a 


factor proportional to Z?. 


Ratios of pair formation cross sections in different elements have been obtained in a few cases; 
these data can be used together with the total cross section to obtain non-pair cross sections 
(presumably Compton scattering). The cross section so obtained at 88 Mev agrees within the 
experimental accuracy of about 15 percent with the Klein-Nishina prediction for Compton 


scattering. 





INTRODUCTION 


XPERIMENTS have been performed with 
the gamma-radiation of the 100-Mev beta- 
tron in an effort to determine the cross sections 
for gamma-ray absorption and scattering and to 
determine the energy spectrum of the radiation. 
In this paper, the results of some experiments 
undertaken to determine accurately the cross 
sections at approximately 90 Mev will be pre- 
sented; detailed surveys of spectra will be left 
to future reports. 

When this work was started over a year ago 
it was clear that at least in some cases the 
theoretical cross section for gamma-rays was in 
rough agreement with experiment. Semiquanti- 
tative information existed from cosmic-ray 
shower experiments, but perhaps the best evi- 
dence came from cloud-chamber experiments by 
Delsasso, Fowler, and Lauritsen! who not only 
obtained rough information on the total cross 
section for absorption of 17-Mev radiation but 
on the individual pair and Compton scattering 
cross sections. An attempt was therefore made 
in this work to obtain good statistical accuracy 
within reasonable limits of effort and to extend 
the observations to the highest practicable 
gamma-ray energy currently available. 

The total cross section for gamma-rays ' is 
probably best determined by measuring the 
transmission and hence absorption coefficient in 
particular materials. The measurement of this 
absorption coefficient at high energies is not as 


1L,. Delsasso, W. Fowler, and C. C. Lauritsen, Phys. 
Rev. 51, 391 (1937). 


easy as might first be suspected. If one considers 
the Bremsstrahlung radiation produced by a 
high energy electron accelerator; e.g., the 100- 
Mev betatron, one must devise a detector which 
is sensitive only to the portion of the radiation 
having the required energy. The pair-detecting 
spectrum analyzer mentioned below is such a 
device; the total number of pairs found in a 
given (small) energy interval is a linear measure 
of the total number of gamma-quanta in that 
interval. However, the reduction in intensity 
near the middle of the Bremsstrahlung energy 
spectrum caused by intervening absorbing ma- 
terials is mot a measure of the true absorption 
coefficient for that energy. It is a measure of the 
combined effects of true absorption and scatter- 
ing (total cross section) and the increase of 
intensity in that interval caused by the scattering 
of higher energy quanta. This latter effect of 
the degrading of the spectrum is difficult to 
evaluate ; it depends upon many factors including 
the particular geometry chosen, etc. However, 
if one measures the reduction in intensity suffi- 
ciently near the upper end point of the Brems- 
strahlung spectrum, the degradation of the 
spectrum can be neglected. This is equivalent to 
saying that any process for scattering or absorb- 
ing the radiation appreciably will reduce the 
energy enough to fall outside the selected energy 
region. One needs to know how much of the 
upper end of the spectrum can be safely used; a 
large amount is desirable for statistical and 
stability reasons, but a small amount is desirable 
to keep degradation correction low. An upper 
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TABLE I. Fractional reconverted energy E, for 100-Mev 
Bremsstrahlung. 








Pair-Bremsstralung 
0.001 
0.001 


0.004 
0.015 


Compton effect 


0.004 
0.012 
0.019 
0.027 











limit to the correction due to degradation can be 
estimated by making certain assumptions. We 
shall assume the Bremsstrahlung spectrum given 
by Heitler? with an upper energy limit of 
approximately 100 Mev. Two processes of ab- 
sorption ; e.g., Compton effect and pair produc- 
tion, are assumed to be appreciable near the 
upper end point. It will be assumed that the 
detector responds to radiation above a critical 
cut-off energy, E.. We calculate specifically the 
fraction of initial Bremsstrahlung intensity lying 
above E, that is reconverted to radiation of 
energy greater than E, for the two absorption 
processes under consideration. This is a direct 
indication of the error to be expected in using 
intensity observations for a calculation of the 
absorption coefficient. In the case of Compton 
scattering, one merely calculates the differential 
cross section for scattering into various energy 
intervals and compares this with the appropriate 
total cross section. For the pair process, however, 
one first must consider the spectrum of electrons 
and positrons produced from the Bremsstrahlung 
spectrum. Then one calculates the radiated 
intensity from these charged particles. 

The result of these calculations, shown in 
Table I, gives specifically the fraction of incident 
radiation above £, taking place in the process 
which is reconverted to energy also above E,. 
The table has been constructed for an initial 
Bremsstrahlung spectrum having an upper limit 
of 100 Mev. 

The permissible cut-off energy for the detector 
depends upon the final accuracy desired, the 
ratio of Compton to pair cross section and, of 
course, on the validity of the above calculations. 
It is believed that the above figures represent 
larger errors than are actually found because 
they neglect the effect of ionization loss (which 


tends to reduce the energy of the charged | 


2W. Heitler, The Quantum ree, A Radiation (Oxford 
University Press, London, 1944), p. 
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particles and hence eliminate them from the 
energy region under consideration) and they 
neglect the very important influence of geo- 
metrical factors. For example, in the experiments 
to be described, an angular deflection for a 
scattered photon of greater than 0.01 radian 
results in its loss by ‘‘geometrical capture;’’ this 
effect turns out to greatly reduce the errors 
shown in Table I; e.g., for a cut-off of 80 Mev 
the fractional reconverted energy for the Comp- 
ton effect is reduced to 0.0023 or less than 
one-tenth the value shown. 

These considerations indicate that if one 
chooses the detector cut-off energy at 80 Mev 
(for 100-Mev radiation) one can use the results 
to compute the absorption coefficient with a 
systematic error of less than } percent. This is 
substantially what has been done in the following 
experiments ; the actual effective cut-off has been 
placed at about-82 Mev, and it is believed that 
the suatomnatic error from spectral degradation 
is less than $ percent. 

In addition to the measurement of total cross 
section by this absorption method the determi- 
nation of the individual contributions due to pair 
formation and Compton scattering has been 
attempted. This was done very nicely in a cloud 
chamber by Delsasso;. Fowler, and Lauritsen at 
lower energies! by measuring the ratio of elec- 
trons to positrons ejected from a radiator illumi- 
nated by a monochromatic gamma-ray. This 
technique cannot be applied directly in this: 
work because the efficiency of collection for a 
Compton electron is not only different from that 
of an electron member of a pair but extremely 
hard to determine. Consequently, the approach 
has been to measure the ratios of pair cross 
sections for different materials; this is done by 
determining the relative numbers of pairs ejected 
from weighed targets of different materials with 
known relative gamma-ray dosages. This infor- 
mation allows one to approximately separate the 
pair formation and Compton scattering; this 
can be easily seen by writing the ratio of total 
cross sections in two materials, 


ao =a,’ (1+a’) 


—=—_—_—, 1) 
ol e,"* (1+ a!) ( 


In this equation the superscripts refer to the 
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particular material chosen, o is the total cross 
section and g;, the pair cross section. The symbol, 
a, denotes the ratio of non-pair to pair cross 
section (theoretically the ratio of Compton scat- 
tering to pair formation). Of course this equation 
is energy dependent, but at a given energy the 
individual total cross sections can be measured 
by absorption and the ratio of pair cross sections 
by the ratio of pairs ejected from pair-forming 
targets. Furthermore, if one makes material IJ 
of high atomic number, Z, and chooses a high 
energy, e.g., 90 Mev the quantity a” can be 
almost neglected. For example, for Pb at 90 Mev 
a?> is theoretically about 0.02; this figure can 
be assumed without much discomfort even 
though the theory is in question. Therefore, one 
can determine essentially a! by Eq. (1), and if 
material J is of low Z, this quantity can be 
determined with fair accuracy. This clearly 
allows, with the measured value of o/, a check 
on the value of o,! and, of course, the non-pair 
part of the cross section. It is obvious that even 
a rough indication of Compton scattering at an 
energy of 90 Mev is a sensitive check on the 
Klein-Nishina formula. 


EXPERIMENTAL TECHNIQUE 


The radiation used in these experiments is 
that given by the 100-Mev betatron operated at 
full energy; this is presumably the Brems- 
strahlung radiation whose spectrum is shown in 
Heitler? and with an upper energy limit of 100 
Mev. The radiation is emitted in short bursts 
lasting a few microseconds which are repeated 
at a uniform rate of 60 per second. The fact 
that the peak gamma-ray intensity is so large 
compared with the average rate imposes severe 
limitations on the detecting equipment; these 
limitations fortunately can be overcome by 
careful design and (generally) complicated and 
extensive circuitry. 

It has been shown that the total cross section 
for gamma-ray absorption can be obtained by 
measuring the attenuation of the 100-Mev 
Bremsstrahlung radiation in various materials; 
the important consideration is to detect only 
that part of the radiation lying above perhaps 
80 Mev in energy. At these energies it is cur- 
rently believed that the incident photons are 
absorbed either by (Compton) scattering by 
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electrons or by forming electron-positron pairs 
in the fields of the nucleus and electrons.*? The 
Compton effect could be used as an energy- 
selective means of detection but, unfortunately, 
the energy of the ejected electron is not a 
unique indication of the gamma-ray energy.‘ 
On the other hand, the total energy of a pair is 
substantially the energy of the gamma-ray re- 
sponsible for its production; this feature makes 
the detection of pairs quite suitable for energy 
selection.°® 

The easiest system for the detection of high 
energy pair particles appears to be a set of 
counters suitably arranged in or around an 
energy-separating magnetic field. With only a 
pair of counters, oné generally runs into confu- 
sion of multiple pairs unless one operates the 
system at a distressingly low recording rate. An 
array of counters allows an enormously increased 
recording rate for two reasons. First, a much 
greater fraction of all pairs formed are recorded 
and, second, if the efficiencies are high enough, 
multiple pairs formed in the target can be 
detected (by the simultaneous discharge of more 
than two electron or positron counters) and 
therefore eliminated in the final recording. A 
qualitative calculation shows that the use of a _ 
multiple counter array in the experiments to be 
described has resulted in a time saving for data 
collection of several years. Furthermore, it has 
resulted in a much clearer understanding of the 
various ‘‘dirt” effects in the apparatus. 

The experimental procedure which has been 
used is to measure the relative intensity of high 
energy radiation by means of the high energy 
pairs formed in a thin gold radiator (usually 
0.002-inch thick). The intensity attenuation ob- 
tained by interposed blocks of various materials 
is then used to compute the cross sections. The 
average effective energy of the radiation is 


* The photoelectric effect is negligible in all elements at 
these energies. 

4 The angle of ejection could be used also, but the angles 
involved are so small that they appear difficult to evaluate. 

5 The pairs formed in the field of the electrons may 
actually emerge as #riples, i.e., the electron causing pasr 
formation may itself be ejected with considerable mo- 
mentum. However, the usual case is that the energy of 
this third particle will lie below mc*, and can be screened 
out by appropriate stopping materials. Furthermore, in 
the experiments using pair-forming materials, high atomic 
number Z is chosen so that nuclear pair formation greatly 
predominates. 
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Fic. 1. Schematic diagram of equipment. 


computed from the theoretical shape of the 
Bremsstrahlung spectrum and the expected 
energy resolution of the pair-forming spectrom- 
eter. The assumption of Bremsstrahlung shape 
can be checked by the intensity ratios found 
experimentally in adjacent energy channels; the 
agreement is good enough to assure proper 
average energy determination to about one 
percent. This average energy in the experiments 
to be reported is 88-1 Mev. This inaccuracy in 
energy is unimportant as cross sections probably 
do not vary rapidly in this range. 

The radiation from the betatron is subject to 
intensity fluctuations and also requires collima- 
tion; the complete experimental equipment is 
shown schematically in Fig. 1. The beam passes 
in order through an ionization radiation meter, 
absorber track, collimator, and pair-detecting 
spectrum analyzer. The radiation meter in front 
of the absorber rack is designed to measure the 
total incident dose during a typical run. It will 
be noticed that the meter is situated just outside 
the main beam and also that between the meter 
and absorbing rack there is placed a thick lead 
absorber. The purpose of this arrangement is to 
make the radiation meter insensitive to radiation 
scattered back from the absorbing blocks; this 
requirement is obvious if one wishes to have a 
reading proportional to the incident dose in 
which the proportionality constant is indepen- 
dent of the presence of absorbing blocks. For 
the particular geometry chosen the influence of 
absorber scattering on the meter reading was 
tested by using a given dense absorber in the 
two extreme positions on the rack. The ratio of 
pairs (see discussion below) in the spectrum 


analyzer to the radiation meter reading was 
essentially independent of absorber position ; this 
measurement was sufficient to insure a maximum 
meter correction of less than 0.5 percent for any 
absorber in the track. 

The collimator furnishes a clean gamma-ray 
beam which does not appear to produce appreci- 
able secondary effects from the various parts of 
the spectrum analyzer. 

The pair-forming spectrum analyzer consists 
of a thin pair-forming target and a curious array 
of Geiger-Miiller counters about a (circular) 
magnetic field region. There are many possible 
field and counter arrangements; the one which 
has been chosen was designed for pair spectrum 
measurements up to energies of 200 Mev and is 
so arranged that each electron (or positron) 
group of counters represents 15-Mev energy 
intervals. It is important to note that the region 
of magnetic field must be large enough that the 
magnetic deflection between adjacent intervals 
exceeds comfortably the angular electron or 
positron scattering in the pair-forming target. 
This condition requires a magnet structure whose 
size is not greatly influenced by the highest 
energy under surveillance; an adequate magnet 
weighs 5 or 10 tons.® 

One of the troublesome features of the entire 
experiment was the nature of the betatron 
radiation itself. Considerable time was spent in 
getting a clean x-ray beam; in the early stages 
of operation the radiation would arise from two 


*For lower energies where semicircular focusing is 
feasible, wide-angle particle scattering is permissible; this 
desirable feature, however, cannot be extended into the 
several hundred-Mev range without monstrous magnet 
structures. 








or three well separated spots in the betatron. 
It is clear that the excellence of collimation 
depends upon a small initial source of radiation. 
Fortunately, this difficulty finally disappeared 
when the proper target was installed in the 
betatron. Secondly, the intensity of the beam 


would fluctuate enormously from pulse to pulse.. 


There was no obvious cure for this defect, but 
careful dosage monitors were used for calibra- 
tions.’ Thirdly, the position of the collimated 
x-ray beam would slowly change due to betatron 
temperature. These changes, while ordinarily 
considered negligible, materially altered the ratio 
of pairs produced from a given target to the 
monitor dose reading. Therefore, it was necessary 
to make interpolated short runs (usually 10 min.) 
for most measurements. Finally, in the measure- 
ment of pairs near the upper limit of the spec- 
trum, it is obvious that small changes in betatron 
energy would cause serious fluctuations in num- 
ber; actually a one percent change in energy 
would generally give about a six percent change 
in pair counting rate. The betatron energy 
fluctuates with the power supply line voltage 
and, because of the high Q circuit, also with the 
line frequency. It was fortunately possible to 
control the energy to about 0.1 percent by 
continuously watching the mega-voltmeter and 
providing appropriate manual corrections. 

In the actual use of the spectrum analyzer, 
one is always confronted with the background 
correction. The determination of background 
rates is a very important consideration. At very 
low recording rates, the background of chance 
“pairs” from coincident random single events 
may be negligible, but the statistical accuracy 
available from these low pair-recording rates is 
correspondingly poor. At reasonable rates, the 
background corrections are quite important, and, 
in the experiments reported’ here, have been 
determined usually to within 10 percent. The 
various background effects have been separated 
in two or three ways. First, the measured 
quantities during a normal run are not only the 
spectrum of pairs, but the spectrum of single 
events and the number of multiple events. A 


™The fluctuations are still troublesome because the 
calibrated monitor reads only the average intensity. For 
many of the measurements, one needs to know the mean 
intensity, mean square intensity, mean cube intensity, etc. 
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“single” is defined as an event in which only one 
counter of given sign (positron or electron) is 
discharged; a “‘multiple” is an event where at 
least two counters of the same sign are dis- 
charged. From this information, it is possible to 
calculate the background correction for pairs. 
This can be seen as follows. 

Let us assume that counters are discharged by 
one of two mechanisms—either by true pair 
particles from the pair-forming target or by 
random single events, whether or not these 
singles be caused by room background of scat- 
tered radiation, cosmic rays, or by fragments of 
true pairs (the other member of the pair does 
not, for some reason, produce a corresponding 
discharge in a counter—it may be lost by 
geometry, absorption, or scattering): Denote for 
these two mechanisms probabilities (per betatron 
pulse) p; and s;~ and s,*, where ~; is the proba- 
bility for a recorded pair in the /th energy 
interval, sj~ is the probability of recording an 
electron single in the jth energy channel and s,+ 
is the corresponding probability for the kth 
positron channel. The actual recorded rates for 
“zero” events (no discharges), Z, electron singles, 
S;~, positron singles, S,*, and pairs, P;, will then 
evidently be ; 


Z=e* (2) 

where ¢ denotes the sum of all the ;, sj~ and s,*. 
Sj =Z(e*? —1) (3) 

Sy+ =Z(e%* —1) (4) 
Pi=Z[prt d+ L(e* —1)(e**—1)] (5) 


where 6; involves higher terms in ~;. Equations 
(3) and (4) contain the curious exponential 
factor; this is necessary to take into account the 
events in which two or moré random events 
occur in the same counter channel actually 
registeriag as a single. The summation term in 
Eq. (5) is the “background” term for pairs; the 
summation must be made over all energy combi- 
nations j and k adding up to the energy interval 
l, From these equations, it is clear that the 
probabilities p, s~,and s* can be easily calculated 
from the observed rates Z, S~, St and P. 

This mathematical formulation can be trusted 
only as far as the original assumptions can be 
justified, i.e., that only the two stated processes 
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contribute towards counter discharges. This has 
actually been tested by a sample experiment 
without the pair-forming target and determining 
a calculated chance pair spectrum (the summa- 
tion term of Eq. (5)). This has been compared 
with the measured ‘“‘pair’’ spectrum and the 
agreement has been excellent for all high energy 
pair channels. Tests have also been made of the 
way in which the net ; varies with target 
thickness, and, although this is complicated by 
particle scattering in the target, it is found that 
fi is proportional to target thickness. Never- 
theless, in the cross-section experiments to be 
reported, the background correction has been 
held to less than 10 percent of the true pairs; 
this is done simply by limiting the intensity of 
x-ray beam. 


DESCRIPTION OF EQUIPMENT 


A detailed description of the equipment in this 
paper is not necessary ; however, a few points of 
interest can be mentioned. The dose integrating 
meter at the front of the absorber rack consists 
of an argon-filled ion chamber connected to a 
vacuum condenser having a capacitance of about 
10-® farad. The storage time constant of this 
condenser is noteworthy; even with a one-mg 
radium source one foot away the leakage’ time 
constant was measured to be greater than 50 
years. Connections to the storage condenser are 
made in the vacuum at the beginning and end 
of the run. For reading the condenser potential 
a Dersham electrometer is used as a null device; 
the condenser voltage is balanced by an external 
accurately measured potential. In this way an 
accuracy of 5 mv is obtained even when reading 
potentials up to 10 volts. The ion chamber is 
specially made to have constant sensitivity even 
when the collector changes potential. 

The collimator consists essentially of two 
thick (about 10 inches) lead slits with an inter- 
vening region of magnetic field. The first slit 
defines the beam aperture and the magnetic field 
sweeps all charged particles aside. The second 
lead slit does not quite touch the beam; it is 
designed to remove only the (wide) secondary 
radiation produced at the first slit. The entire 
collimator is, of course, evacuated. 

The spectrum analyzer tank is shown sche- 
matically in Fig. 1; the actual box is shown in 
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Fig. 2. It is essentially a large evacuated box 
containing the Geiger-Miiller tubes and pair- 
forming target. While the Geiger-Miiller tubes 
can be operated very easily in an induction of 
5000 gauss® the tubes associated with the elec- 
tronic amplifier must be located well out of the 
magnetic field. The leads in the evacuated tank 
to the individual Geiger-Miiller channels must 
be mutually shielded ; low capacity coaxial tubes 
are satisfactory. The target consists of a thin 
8-mm ribbon of the selected material; actually 
a target rack containing several elements is 
used. Selection of the desired element is made 
by an external control. 

An important part of the spectrum analyzer 
is the magnetic field. In this model a moderate 
flux density (4000 gauss) was used with a large 
(2-foot diameter) pole face. The field was con- 
trolled automatically by a device using the pro- 
ton resonance principle described by Purcell 
et al.® In this control apparatus the frequency 
of the radio signal instead of the value of 
magnetic field was modulated over the resonance; 
this necessitated the construction of a balanced 
bridge nearly insensitive to frequency and micro- 
phonics. Such a bridge was actually made and is 
in use but the author cannot recommend this 
procedure for general*use. Nevertheless the con- 
trol apparatus was finally made reliable and 
could easily control the field to 0.01 percent 
over long periods of time. The chief trouble 
encountered in its actual use with the betatron 
was the microphonics from the high noise. level 
(about 105 db) in the betatron room during 
x-ray generation. 

The Geiger-Miiller counter information from 
preamplifiers located at the spectrum analyzer 
tank is fed to an analyzing circuit by means of 
several coaxial cables. The analyzing circuit 
only gives an output coincident with the betatron 
x-ray pulse. The circuit puts directly on registers 


8 The operation of the Geiger-Miiller tubes in a magnetic 
field was investigated by shining light through an end 
seal liberating photoelectrons from the cathode. The 
counting rate and pulse shape from this source was found 
independent of magnetic induction at least up to 5000 
gauss. The b green sag are ideal for this test. They 
are liberated in numbers independent of magnetic flux 
and are at the same time of very low energy and far from 
the anode, so that they are most easily influenced by 
magnetic fields. 

*E. M. Purcell, H. C. Torrey, and R. V. Pound, Phys. 
Rev. 69, 37 (1946). 
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the spectrum of single events of both signs, 
spectrum of pairs, and number of multiple 
events. This operation unfortunately requires 
about 200 vacuum tubes and associated parts. 
In spite of the large number of tubes required 
(about 500) for proper operation of the entire 
equipment the overall electronic reliability has 
been very gratifying. Electronic failures have 
prevented operation for less than one percent of 
scheduled time; the chief reasons for this record 
are conservative ratings on components and 
built-in test equipment. : 


EXPERIMENTAL RESULTS 
Total Cross Section 


The total cross section for 88-Mev gamma-rays 
has been obtained by absorption methods in 6 
elements—Be, Al, Cu, Sn, Pb, and U. The 
preparation of the absorbing samples was found 
quite difficult because of the purity requirement 
(varies with the element but ought to be at 
least 99.5 percent) and the degree of homogeneity 
required. For example, in one of the early 
aluminum castings which had been rolled to 
decrease porosity, the measured sample density 
was about 0.5 percent too low; this led to the 
discovery of an internal longitudinal cavity 
which would have completely invalidated an 
absorption measurement. The final samples have, 
however, been carefully checked for density, 
uniformity and purity; in all cases except that 
for Be the purity has been higher than 99.85 
percent. In the case of Be, the purity is not 
known precisely ; the chief contaminant is oxygen 
and is believed to contribute about 0.5 percent 
by weight. All other contaminants total less 
than 0.5 percent, including the effective porosity 
factor. The exact oxygen content is now being 
determined. 

The absorbing samples were designed to pro- 
vide two transmission factors of about 0.3 and 
0.1. The smaller figure gives more accurate 
statistical results, but the larger figure was used 
in a few instances to provide a check. In no 
case was there observed a discrepancy in meas- 
ured absorption coefficient with the two absorber 
thicknesses. 

The determination of an absorption coefficient 
at one energy for a given material to an accuracy 
of about two percent requires an operating time 
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of about one day. During this run, the intensity 
is usually adjusted in the betatron so that at 
least one counter in the array is discharged on 
about one-half of the betatron bursts; of these 
events about one-third are true pairs and the 
rest are background single events. The back- 
ground singles are largely caused by scattered 
low energy radiation (perhaps one to 10 Mev) in 
the betatron room. It is perhaps surprising that 
the amount of this softer radiation in the room 
is so high; however, it probably is caused chiefly 
by the betatron electron beam after striking the 
target which causes the main x-ray beam. In the 
figures which have already been quoted, the 
spectrum analyzer counter array is already 
shielded from the room by about one ton of lead 
arranged to give the lowest effective singles 
background per recorded pair. ) 
The results of several measurements made o 

various absorbing samples is shown in Table II, 
and a weighted average of the individual meas- 
urements on each material is given. The cross 
section is quoted for convenience both in cm? per 
gram and in cm? per atom. The errors which are 
quoted are in all cases the probable statistical 
error and do not include possible systematic 
errors. It is believed, however, that for all cases, 
except that for Be, the systematic error is so 
small that it will not affect the result. In the 
case for Be, a correction of —0.70.3 percent is 
shown because of contamination ; it is clear that 
a small contamination of a heavy element in a 
light element is much more serious than a small 
contamination of a light element in a heavy 





Fic. 2. Spectrum analyzer. 
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TABLE II, Experimental My of total cross section at 
ev. 








Probable 
statistical 
error 


1.2% 
1.5% 
13.5% 


Approx. 
trans- 
Sample mission 


Be 0.28 


(corrected for 
contaminant) 0.0106, 


Al 0.4 0.0247 

0.4 0.0271 

0.18 0.0256 

0.18 0.0249 

0.075 0.0251 
weighted 

average 0.0252 

0.0471 


Cu 0.12 
0.0662 


Sn 0.08 
0.0695 


0.08 
0.08 0.0664 
0.08 0.0654 
weighted 
0.0665 
0.0868 


average 
Pb 04 

. 0.1010 

3 0.0720 


0.0910 

0.0919 

\ 0.0900 

‘ 0.0910 
weighted 

average 0.0909 

0.0973 


U 0.1 


Date 
7/15/48 


cm?/atom 


0.161 x 10-* 
0.160 X10-*4 


1.10 x10-* 
1.21 107% 
1.15 107% 
1.11 x10-* 
1.12 x10-*4 


1.128 X10-* 
4.971 X10-* 


13.1 
13.7 
13.1 
12.9 


13.11 


29.8 
34.7 
24.8 
31.3 
31.6 


cm?*/g 


0.0107. 





11/24/47 
11/25/47 
12/15/47 
5/11/47 
1.8% 5/13/47 
15% 
1.5% 


2.2% 
2.4% 
1.7% 
1.6% 


0.95% 


13.0% 
13.0% 


5/21/48 


5/13/48 
5/21/48 
5/27/48 
5/28/48 


x 107% 
xX10-* 
x<10-** 
x<10-* 


< 10-4 


x 10-4 
xi0-* 
x10-* 
x10-* 
x 10-*4 
30.9 x10 
31.3 X10-* 


31.27 X10-* 
38.46 X10-* 


11/24/47 
11/24/47 
11/25/47 
11/25/47 
12/10/47 
12/12/47 

5/11/48 


7/16/48 








element. It can be seen that the results are 
internally consistent even though they were 
obtained with a variety of absorbers. Some of 
the early results were obtained in the latter part 
of 1947 with a different counter geometry in the 
spectrum analyzer. The change in geometry was 
not required for absorption measurements but 
was necessary in order to improve the low energy 
interval efficiency for spectrum measurements. 

It does not appear profitable to attempt a 
much more accurate statistical result except 
perhaps for a single test case. In order that the 
systematic errors be kept smaller than the 
statistical error one must operate at a corre- 
spondingly low intensity; the result appears to 
be that in order to halve the listed errors an 
increase in operating time of about tenfold is 
required. 


Ratios of Pair Cross Sections 


The ratios of pair cross sections at 88 Mev in 
different elements has been measured by counting 
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directly the ratios of 88 Mev pairs ejected from 
weighed targets of the test elements with equal 
x-ray bombardment. The accuracy with which a 
ratio is determined is not as high as for the total 
cross section chiefly because the statistics are 
not as favorable, energy fluctuations in the 
betatron are more serious, and scattering cor- 
rections in the spectrum analyzer are more 
important. The statistics can be improved 
slightly by considering larger energy intervals; 
this procedure is probably quite safe since the 
ratio of pair cross sections in two elements is not 
expected to be violently dependent on energy. 
The chief expected variation with energy comes 
from the different screening corrections applied 
principally at the high energies. For this reason 
the experimental results will be quoted in two 
ways; no subscript will signify the value obtained 
directly at 88 Mev, while the subscript, w, will 
signify the result at 88 Mev of the best theo- 
retical curve through the experimental. points 
above 50 Mev. This theoretical curve is not a 
constant only because of screening; however, in 
practice the screening corrections are very small. 

In this experiment one must be quite sure 
that the measured number of pairs is propor- 
tional to the pairs actually produced. For targets 
of different thicknesses; the angular distribution 
of pair fragments varies because of multiple 
scattering in the target itself; unless the efficiency 
of the spectrum analyzer is independent of this 
scattering one can easily obtain incorrect pair 
cross-section ratios. The procedure used in the 
following experiments has been to first choose 
targets sufficiently thin that these scattering 
corrections are small; this is tested by observing 
directly the correspondence between observed 
pairs and target thickness. Second, the test. 
targets were made thick enough to give about 
the same theoretical multiple scattering; this 
thickness incidentally gives nearly the same 
yield of pairs. This was not quite possible in 
the case of a heavy element for mechanical 
reasons, but was sufficiently well approximated 
that corrections are negligible. 

It was hoped that information could be ob- 
tained on the same elements for which total cross 
sections were obtained, but it was clear from 
Eq. (1) that the principal information was to be 
obtained on light elements in comparison with a 











TABLE III. Ratio of pairs ejected from equal target weights. 
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TABLE IV. Experimental values of a at 88 Mev. 











Combination Date R error Re error 


Be/Au 8/ 5/48 0.089 3% 0.093 2.0% 
Al/Au 8/18/48 (0.2665 2.6% + ©=—-0.274 «1.0% 
Cu/Au 8/12/48 + 0.482, 33% 0.505 1.5% 
Be/Cu 8/ 6/48 ~—0.1875 3% 0.192 1.2% 























Element Combination a error Ow error 
Be Be/Au 0.38 0.05 0.32 0.04 
Al Al/Au 0.082 0.05 0.052 0.04 
Cu Cu/Au 0.116 0.06 0.07 0.04 
Be Be/Cu 0.29 0.05 0.26 0.04 











single heavy element. An attempt was made to 

construct a thin radiator of lead for the com- 
parison heavy element, but for the required 
thickness of about 10-* cm the mechanical 
properties of such a foil were inadequate. Conse- 
quently a foil was made of pure gold (99.97. 
percent) of about the proper thickness. This foil 
is strong and fairly uniform. Pure foils were also 
made of Be, Al, Cu, and Sn for these experiments. 
The chief problem in the construction of a 
suitable foil appears to be the determination of 
thickness in a specified region. This was done by 
cutting a large sheet of the material into uniform 
pieces around the region under consideration 
and plotting the measured density contours. In 
this way the effective thickness of the target 
was determined to about one percent even 
though some of the foils were thin as 0.001 cm. 

The results of several measurements are shown 
in Table III which lists the ratios, R, of pairs 
ejected per unit weight of target. As already 
explained, the symbol R, represents the 88-Mev 
value obtained by the best fit for data above 
50 Mev. 

This information can be used in Eq. (1) to 
determine the experimental ratio of non-pair to 
pair cross sections at 88 Mev if one first finds 
the total cross section in Au and then assumes a 
value for a for the heavier element. The total 
cross section in Au can be inferred from the 
value found in Pb; the only assumption is that 
the cross section in cm? per atom is a smooth 
function of atomic number, Z. This interpolation 
procedure yields an “experimental” total cross 
section in Au of 0.0896 cm? per gram +1.6 
percent. For the two heavier elements, Au and 
Cu, appearing in Table III, the theoretical 
values of a at 88 Mev have been assumed (see 
discussion below); these are 0.024 for Au and 
0.06 for Cu. The result is shown in Table IV, 
where for convenience the combination is shown 
from which the determination was made. 





COMPARISON OF EXPERIMENTAL RESULTS 
WITH THEORY 


The theory of gamma-ray absorption is not 
yet complete so that precise comparison with 
experiment is impossible. However, the theory of 
Compton scattering is complete and yields the 
Klein-Nishina formula! easily evaluated for any 
energy and material. The theory of pair forma- 
tion in the field of the nucleus exists," but the 
numerical values available are limited by the 
accuracy of reading some curves not designed 
for high precision.!’2 Furthermore, this theory 
has led to curves of cross-section values as a 
function of Z ;!* these curves are, however, calcu- 
lated under the assumptions of the Fermi- 
Thomas atomic model and the Born approxima- 
tion. It is unfortunate that in the case of heavy 
elements one distrusts the Born approximation 
and in the case of light elements one distrusts 
the Fermi-Thomas atom. In fact, Wheeler and 
Lamb have shown" that in the elements hydro- 
gen and nitrogen the results using the Fermi- 
Thomas model can differ appreciably from those 
obtained using the exact wave functions. Conse- 
quently, there does not appear to be any theo- 
retical numerical values for pair formation which 
can be compared precisely to the experimental 
results. Therefore, for definiteness in the follow- 
ing discussion the theoretical pair cross section 
will be defined as that obtained by the Fermi- 
Thomas atom and Born approximation; it is 
hoped that in the future some pertinent numer- 
ical theoretical values for exact wave functions 
become available. 

In addition to pair formation in the field of 

10 See, for example, reference 2, p. 157. 

11H, Bethe and W. Heitler, Proc. Roy. Soc. 146, 83 
(eee. for example, reference 11, p. 93. 

18See, for example, reference 2, p. 201. These cross- 
section curves are apparently not very accurate; the 
have recently been recalculated and plotted by P. V. C. 
Hough who has furnished the author with the new curves. 


144], A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 
(1939). 
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TABLE V. Theoretical cross sections at 88 Mev.* 











Be 
cm?/g cm?/atom 


cm?/g 


cm?/atom 


cm?/g 


Cm 
cm?/atom 





0.005928 
0.001565 
0.00240 


0.00989 


0.0888 x 10-* 
0.0234 x 10-*4 
0.0359 x 10-* 


0.1482 x 10-* 
0.321 


Pairs (nucleus) 
Pairs (electron) 
Compton scatt. 





Total 


Qtheor. 


0.02035 
0.00167 
0.00261 


0.9113 X10-* 
0.0748 x 10-4 
0.1169 x 10-* 





0.02463 


1.103 <10-* 
0.118 


0.04186 
0.00153 
0.00247 


4.418X10-™ 
0.161 x 10-* 
0.261 X10-* 





0.04586 


4.840 X10-* 
0.057 








cm?/g cm?/atom 


cm?/g 


Pb 
cm?/atom 


cm?/g. 


cm?/atom 





12.83 X10" 
0.27. x10 
0.45 X10-* 


13.55 x10-* 


0.06511 
0.00138 
0.00228 


0.06877 


Pairs eel 
Pairs (electron) 
Compton scatt. 


Total 





0.09803 
0.00127 
0.00214 


$3.72 X10" 
0.44 X10-* 
0.74 X10 





0.1014 


34.90 X10" 


0.1068 
0.0012 
0.0021 


42.21 10-4 
0.49 X10-* 
0.83 X10-* 





0.1101 


43.53 X10-* 


Q&theor. 


0.0343 


0.0237 0.0193 








* There is also shown in this table, labeled a¢peor,, the ratio of cross sections for Compton scattering and pair production. 


the nucleus there is, especially in light elements, 
pair formation in the field of the electrons. 
Wheeler and Lamb" have calculated the cross 
section for this process, with the usual assump- 
tion of Fermi-Thomas atom and Born approxi- 
mation (which should be very good for electrons), 
and in addition neglecting the effect of high- 
momentum transfers to the electron. They have 
also furnished exact results for hydrogen which 
deviate appreciably from the Fermi-Thomas 
hydrogen atom. There appear in the literature 


RATIO OF THEORETICAL TO EXPERIMENTAL TOTAL CROSS SECTION 


5000 
Zz 


1000 


Ratio of theoretical to experimental cross section 
vs. the square of atomic number. 


other papers dealing with pairs formed in the 
field of the nucleus! but for definiteness the 
Wheeler and Lamb treatment will be considered 
here. In addition to the Compton effect and pairs 
formed in the fields of the nucleus.and electrons, 
there are conceivably other processes which 
might contribute to the total cross section. 
Hamilton and Peng'*® have found that the scat- 
tering of a light quantum by the nuclear meson 
charge cloud can give a substantial cross section 
up to 1000 Mev; however, effects of this type of 
scattering at 90 Mev are not calculated!’ and in 
the following discussion will be assumed negli- 
gible. The possible contribution of gamma- 
nucleon cross section is not known, but informa- 
tion exists on some absolute cross sections which 
indicates that at energies near the resonance the 
cross section can be as large as the Compton 
effect.1® However, it appears likely that in most 
elements the contribution above 50 Mev is small. 

We have therefore three processes which 
theoretically contribute appreciably to the total 
cross section. The cross sections for these at 88 


16 First mention was by F. Perrin, Comptes Rendus 197, 
1100 (1933); K. M. Watson, Phys. Rev. 72, 1060 (1947) 
(results do not agree with Wheeler and Lamb); P. 
Nemirovsky, J. Phys. U.S.S.R. 11, 94 (1947) (considers 
only energies <3 Mev); A. Borsellino, Helv. Phys. Acta 
20, 136 (1947); V..Vortruba, Phys. Rev. 73, 1468 (1948). 
(94 _— and Peng, Proc. Roy. Ir. Acad. 49A, 197 

17 Such calculations would probably not be very signifi- 
cant anyway because of present uncertainties in) meson 
theories. 

18 J. L. Lawson and M. Perlman, Phys. Rev. 74, 1190 
(1948). 
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Mev are shown in Table V; for convenience the 
cross sections are listed both in cm? per gram 
and cm? per atom.’® 

We may now compare the experimental and 
theoretical total cross sections from Tables II 
and V. Discrepancies clearly exist especially for 
heavy elements ; this fact leads one to suspect the 
failure of the Born approximation in giving the 
proper theoretical result. One would expect the 
failure of the Born approximation to be propor- 
tional to (Z/137)?; consequently a plot of the 
ratio of theory to experiment vs. Z? should be 
linear.2° Such a plot is shown in Fig. 3 where the 
ordinate is expanded for easy visibility. The 
errors shown on the points are the probable 
statistical errors of the experimental results only ; 
the error associated with the theoretical values 
is probably caused mainly by the theoretical 
approximations used. It is clear that the curve 
in Fig. 3 is mainly linear in Z? indicating that 
the present theory gives a larger cross section 
than is actually measured by about Z?/500 
percent. It is surprising that at lower energies 
(<3 Mev) the result of exact calculation” gives 
a correction of opposite sign. It is not clear 
whether or not at high energies the size and sign 
of the correction can be inferred from the low 
energy results, It is hoped that when exact 
calculations of pair production in heavy elements 
are made available this discrepancy can be 
understood. 

The intercept of the curve in Fig. 3 for small 
Z* is approximately unity indicating that the 
theoretical predictions for pair production and 
Compton scattering are approximately correct. 
The experimental results are actually somewhat 
larger than those from theory possibly because 
of slight theoretical failure, experimental inaccu- 


19The author is indebted to Miss E. Coe who has 
performed the appropriate numerical integrations of the 
screening functions given in Bethe and Heitler and in 
Wheeler and Lamb. The numbers shown in this table are 
accurate integrations but probably cannot be trusted to 
better than one percent because of ible inaccuracies 
in the screening functions. They differ slightly from the 
values calculated independently by P. V. C. Hough, e.g. 
for lead a difference of nearly 2 percent exists. 

* The plot should strictly not be quite linear because 
the failure of the Born approximation applies only to the 
part of the cross section caused by pairs in the nuclear 
field. However, it happens that where Z? is appreciable 
the contribution to cross section by other processes is 
very small (see Table V). 

1 Hulme and Jaeger, Proc. Roy. Soc. 153, 443 (1936). 
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racy, or perhaps because of some other contrib- 
uting process. The experimental point for Be is 
unfortunately distinctly off the linear plot. It 
was suspected that this might be in part caused 
by the Fermi-Thomas model. Exact calculations 
have now been made by R. Ehrlich and H. 
Hurwitz,” using the known wave functions for 
Be, to check this possibility. The exact results 
increase the theoretical cross section to 0.00996 
cm? gram which accounts for only about 0.2 of 
the discrepancy. 

With respect to the ratio of non-pair to pair 
cross sections, the values of a obtained by 
experiment in Table IV can be compared to 
those obtained theoretically in Table V. In no 
case does a large discrepancy occur; indeed it is 
highly reassuring that even for the most sensitive 
case of beryllium agreement within the experi- 
mental error exists. This is an indication that the 
Klein-Nishina formula for Compton scattering 
is correct within perhaps 15 percent at energies 
of 88 Mev. 


CONCLUSIONS 


It has been shown that at an energy of 88 Mev 
the experimental cross sections for gamma-ray 
absorption are nearly those predicted by theory. 
Discrepancies occur of magnitude proportional 
to Z? and, in addition, some discrepancy exists in 
the measured case of beryllium. The Compton 
scattering cross section at 88 Mev has been 
approximately verified by the combined use of 
total cross sections and ratios of pair cross 
sections. It is encouraging that observed dis- 
crepancies have been small; in fact they are 
probably caused mainly by known approxima- 
tions in present theory. 

It is a pleasure to acknowledge the cooperation 
of the betatron group, and especially the services 
of the operators, McNamara and Martin. The 
sample of uranium was kindly fabricated and 
furnished by the Metallurgical Section of the 
Knolls Atomic Power Laboratory. It is a privi- 
lege to acknowledge the help of R. Ehrlich and 
H. Hurwitz, who not only have shown continued 
interest and activity in the theoretical treatment 
of radiation problems, but have materially 


2 R. Ehrlich and H. Hurwitz, private communication. 
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assisted in computations pertinent to the spec- 
trum analyzer equipment itself. Finally, it must 
be obvious that the success of experiments 
involving extensive equipment depends upon 
painstaking tests and circuit development; with- 
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out the able assistance of C. M. Bishop, the 
equipment used in these experiments would not 
have been built and operated satisfactorily. 
This work was made possible through the 
Office of Naval Research Contract N7-ONR-332. 
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The mean square angular and lateral spreads in showers have been evaluated for electrons 
as well as photons as functions of their energy. Analytical expressions have been obtained for 
high and medium energies down to the critical shower energy. The calculations have been 
extended by numerical methods for air down to low energies (~4 Mev). Radiative effects and 
ionization losses have been taken into account simultaneously for all energies, and we believe 
that no factors of physical significance have been omitted. 


1, INTRODUCTION 


HE calculation of the sidewise spread of a 

shower constitutes a problem of impor- 
tance comparable to the evaluation of its de- 
velopment in depth. Particularly, the discussion 
of the nature of large air showers cannot be 
catried out without knowledge of their lateral 
evolution. 

The first treatment of this problem has been 
given by Euler and Wergeland.! These authors 
discussed the mechanism of the spreading and 
its general features. Their numerical results, as 
pointed out by Bethe? and by the present authors*® 
were, however, quite unsatisfactory and gave an 
extension of showers far too small. L. Landau‘ 
set up diffusion equations for the sidewise de- 
velopment in extension of the well-known 


*This paper is based on the Ph.D. Thesis by Jane 
Roberg, Duke University, 1942. Its publication has been 
delayed because of the war. The results have been an- 
nounced previously at several meetings of the Am. Phys. 
Soc. and have been communicated privately on request. 

** Now at Yale University. 

1H. Euler and H. Wergeland, Astrophys. Nor. 3, 165 


(1940); Naturwiss. 28, 41 (1940). 

2H. A. Bethe, Phys. Rev. 59, 684 (A) (1941). 

*L. W. Nordheim, Phys. Rev. 59, 929 (A) (1941); Jane 
Roberg, Phys. Rev. 62, 304 (A) (1942). 

‘L. Landau, J. Phys. U.S.S.R. 2, 234 (1940). 


Landau-Rumer® treatment of shower theory. 
However, his results are invalidated by numer- 
ical errors. The most extensive investigation was 
made by G. Moliére.* Unfortunately, only an ab- 
breviated version of+ his work is available. 
Moliére uses an extension of Landau’s method 
and carries it through to an actual evaluation of 
the radial density distribution in a shower. Be- 
cause of the complications of the process, he is 
forced to neglect ionization losses for energies 
higher than the ionization limit and he takes low 
energy electrons into account according to a 
rather inadequate method, as he points out him- 
self. His function will thus be subject to later 
revision. An evaluation of the mean square angu- 
lar spread of electrons as function of energy has 
been given by S. Z. Belenky.’ He starts with the 
Landau diffusion equations and obtains from 
them a set of integro-differential equations for 
various moments of the distribution. They are 
evaluated with the help of the method of Tamm 


a 938) Landau and G. Rumer, Proc. Roy. Soc. A166, 213 
¢G. Moliére, Naturwiss. 30, 87 (1942); more fully re- 
ported in W. Heisenberg, Cosmic Radiation (Dover Publi- 
cations, New York, 1946). 
7S. Z. Belenky, J. Phys. U.S.S.R. 8, 9 (1944). 
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and Belenky.® His values differ rather markedly 
from those obtained here, as will be discussed 
later. 

The presently reported investigation was 
carried out simultaneously and independently 
from Moliére’s and Belenky’s work and is, in 
some respects, complementary to the previous 
investigations. We have not attempted to evalu- 
ate the distribution function itself, but concen- 
trated our efforts on the determination of the 
mean square momenta under adequate considera- 
tion of the low energy region. We believe that no 
effect of significance has been omitted in our 
calculations, and that they can serve thus as 
standard against which calculations of the dis- 
tribution function can be measured. 

In addition to the momenta of electrons, we 
have also calculated the momenta of photons of 
all energies which differ significantly from the 
electron distribution. Our formulas can be con- 
sidered as applicable to all materials for energies 
above the characteristic energy of shower theory. 
Calculations for lower energies have been carried 
through for air for reason of its particular impor- 
tance for the discussion of large showers. We 
have extensively used the results of Richards and 
Nordheim,’ quoted henceforth as R.N., and we 
refer to this paper for a discussion of units and 
cross sections. 


2. GENERAL THEORY 


We choose the customary units of shower 
theory. The unit of energy is the energy £;, at 
which radiation and ionization losses are equal. 
The unit of length is the radiation length, that is, 
the distance at which one electron would lose the 
energy ;, if it were subject only to ionization 
losses. The specific energy losses for radiation and 
for ionization are then 


(dE/dt) rua =E£; (dE/dt) ion =B=1. (2.1) 


The values of these units for some materials are 
given in Table I. 

We denote the energy of an electron by E, the 
energy of a photon for easy distinction by K. 
We write further the function that describes the 
longitudinal development of a shower under 


as a and S. Z. Belenky, J. Phys. U.S.S.R. 1, 177 
*J. A. Richards and L. W. Nordheim, Phys. Rev. 74, 
1106 (1948). 
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TABLE I. Units of shower theory for various materials. 





7 





Air Water Al Fe Pb 
Radiation length 300m 43cm 9.8cm 1.8cm 0.51 cm 
Critical energy 86 Mev 111 Mev 5S2Mev 25Mev 6.7 Mev 








neglection of its sidewise spread as 


S(E, E’, t)\dE’ =number of electrons at a depth ¢ 
in the interval dE’ due to a 
primary of energy E£, 

g(E, K, t)dK =corresponding number of pho- 
tons. 


According to Euler and Wergeland,! the only 
important source of deflection is the multiple 
Coulomb scattering of the shower electrons by 
the nuclei of the traversed material. This effect 
gives on a path dt a mean square angular deflec- 
tion in one particular direction of magnitude 


d¥ = (E,/E)*dt, (2.2) 


where £,, a characteristic scattering energy, is in 
good approximation, for all materials!® 


E,=mc?(24137)*=15 Mev. 


We refer all our calculations to one coordinate 
normal to the longitudinal direction of the 
shower. Due to the axial symmetry, the total 
mean square deviation in a radial direction will 
be twice the value thus calculated. Otherwise E, 
has to be assumed to have a value v2 times as 
large as in Eq. (2.3) or 21 Mev. 

The extension of the path of particles due to 
their deviation from straight lines can be neg- 
lected for small angular deflections, i.e., in this 
approximation the influence of scattering on the 
functions f(£, EZ’, t) and g(E, K, t) does not have 
to be considered. This has been verified by an 
extensive investigation by S. Belenky." 

The angular mean square deviation of electrons 
of energy E at a distance ¢ from the origin of the 
shower due to a primary electron of energy Eo 
can then be evaluated as follows. The contribu- 
tion of an electron of energy £’ in an intermedi- 
ate position, a distance ¢/ backwards from the 
end point, to the total at ¢ will be 


d#*(E, t) = (Z,/E’)*dt’ f(E’, E, t—?’), 
10 Compare B, Rossi and K. Greisen, Rev. Mod. Phys. 


13, 262 (1941). 
11S. Belenky, J. Phys. U.S.S.R. 8, 347 (1944). 


(2.3) 
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and the average over all possibilities then gives 


t Eo 
S(Eo, E, t)#(E, t) = f f f(Eo, E’, t-t’) 
0 Ez 


X (£,/E’)*f(E’, E, t)dt'dE’. (2.4) 


An exactly similar argument gives for the mean 
square lateral deviation 


1 t Eo 
E, ee Eo, E’, —t 
0a, J, MORO 


X (E,/E’)*tf(E', E, t’)dt'dE’. (2.5) 

The angular distribution of quanta is equal to 
the distribution of their parent electrons. Since 
all photons are ultimately produced by electrons 
and can be considered as being destroyed by ab- 
sorption, we can express the photon distribution 
g(Eo, K, to) in terms of the electron distribution 
as follows: 


g(Eo, K, a= ff se E, t-?’) 


Xo(E, K)e*"dEdt’, (2.6) 


where o(E, K) is the cross section for production 
of a photon of energy K by an electron of energy 
E, and 6 is the total absorption coefficient for the 
photon. The angular mean square deviation of 
the photons is then obtained by averaging over 
the contributions of the parent electrons accord- 
ing to the genetic relationship Eq. (2.6), i.e., 


#(K, j= f(Eo, E, t—?’) 


t Eo 
g(Eo, K, t) f << 


Xo(E, K)e*"’8?(E, t—t')dEdt’. (2.7) 


For the calculation of the lateral spread of pho- 
tons one has to take into account the extension 
of the path length of the parent electron by the 
photon. We can still express the lateral deviation 
by an average, as in Eq. (2.7), 


1 t Eo 
2 K, NS eee E ’ E, —t 
_ soe A onestatiin 
Xo(E, K)e*’x2(E,t—t’, t’)\dEdt’, (2.8) 


but we have to replace the deviation, Eq. (2.5), 
by the “‘prolonged”’ scattering 
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x(E, t, t”) 


E.\3 
Xf(E’, E, (=) (+0')*dE'dt’, (2.9) 


with the difference to Eq. (2.5) that the lever 
arm for sidewise deflection is increased by a 
constant addition ¢’’. 

The above equations are exact, but unwieldy. 
A considerable simplification can be achieved for 
high energy showers. The principal contribution 
to the scattering of an individual shower particle 
will come from the last few radiation lengths of 
his ancestors, due to the factor (E,/E)? in the 
scattering cross section. In a large shower this 
depth will be small compared to the total longi- 
tudinal extension of the shower. Thus, the de- 
pendence on the upper limit of the integration 
will disappear asymptotically in taking the aver- 
age of all quantities over the longitudinal coordi- 
nate of the shower according to the definitions 


f(E)= J ” {(Es, E, tat, (2.10) 
0 


1 ts) 
v?(E) =——_ WP (Eo, E, t)f(Eo, E, t)dt, (2.11) 
a J (Eo, E, t)f(Eo; E, dt, ( 


and so on. 

The function f(£), Eq. (2.10), is called the 
track length distribution, or normal distribution. 
It has been determined for all energies in R.N.° 

Our formulas for the scattering averaged over 
the longitudinal extension of the shower can now 
be written as 


1 @ @ 
=— E’/f(E’, E, 
— aH js re 


X (Z,/E’)*dE'dt, (2.12) 


o(K)= [ f(E)o(E!, Kyo E)aB! 


K 


x1 / J ” flENo(B’, Kaz | 


1 -) C) 
2(E, t) =—— E’)f(E’, E, t 
2(E, t) sot iu )f(E’, E, t) 
X (E,/E’)*(t +4)*di'dE’. 
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The mean square angular scattering of a shower electron is then 
x?(E) =x°(£, 0). (2.14a) 


Finally we have a prolonged lateral photon scattering, 


[of saree, Hee, r+ peewee 
“(K, t) =$——_— a (2.15) 
ff senoe, mewawar 
0 K 





The use of these longitudinally averaged values corresponds to the physical situation insofar that 
we will not know, in general, where an observed shower originated. Since the energy distribution in 
a large shower near its maximum is the same as the track length distribution, the above formulas 
will also be correct for the shower maximum, where there is the best chance of observing it. 

It is possible and useful for later considerations to express the scattering of electrons in terms of 
their photon ancestors. We introduce the track length distribution of photons, 


siit= f a(K, t)dt, (2.16) 


and, further, the straggling function f(EZ’, E, ¢t), which denotes the probability that an electron of 
energy £’ arrives at the distance ¢ with the reduced energy E. The angular deflection of the shower 
electrons can then be expressed as follows: 


f dK f ° dE! f F dt'g(K)o(K, E’)[0?(K)+08,°(E’, E, ’) ]f(E’, E, t’) 
Ez’ £ 0 


9(E) = - (2.17) 
dK | dE’ | dt'g(K)o(K, E)f(E',E,t) 
J | J fo dveoK, BV, B, ) 


0 





Here 00?(EZ’, E, t) stands for the angular deflection the electron obtains as an individual from its 
birth at energy E’ to observation with energy E at distance ?’. 

In order to describe the lateral deflection in an analogous manner, we have to introduce the pro- 
longed deflection both for photons and for electrons. The expressions obtained are 


f arf dt’ f(E’)o(E’, K)x(E’, b’ +-é)e-*" 
0 





s(K, )=<— - ; (2.18) 
: f dE! J dt’ f(E’)o(E!, K)e*" 
E 0 
dK | dE’ f dt'g(K)o(K, E’)[x*(K, -+t)-+x0°(E’, E, ¢+2)]f(E’, E, t*) 
Ez’ E 0 





x*(E, t) = ~ ~ ~ (2.19) 
f dK f dE! f dt'g(K)o(K, E’)f(E’, E, t’) 
E' E 0 





Here again x o?(E’, E, t/+#) denotes the lateral E in the distance ¢’ with the extension of the lever 
deviation obtained by an electron as an indi- arm by a fixed constant ¢t. The actual mean 
vidual when slowed down from the energy E’ to square deviations in the shower are again given 
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TABLE II. Normal energy distribution in a shower; air. 
S(E)= ¢(E)/E’. 








E/E; C) 10 7 5 3 2 1.5 1 





F(E) _ 0.0086 0.0166 0.030 0.073 0.145 0.23 
¢(E) 0.86 0.81 0.75 0.65 0.58 0.52 








E/E; 
S(E) 


0.75 0.5 0.3 0.2 
0.62 0.97 1.61 


0.15 0.1 
2.25 2.8 3.7 











by x7(K,0) and x7(Z,0). The two equations, 
(2.18) and (2.19), form a simultaneous system of 
integral equations, which can be solved by an 
iteration process, as will be shown in Sections 
5 and 6. 

The mean square angular and lateral devia- 
tions for electrons as well as photons have now 
been expressed in terms of the functions which de- 
scribe the longitudinal development of a shower, 
i.e., the normal distribution f(£) and the general 
shower functions f(E, E’, t) and g(K, K’, t). The 
problem reduces thus to the finding of suitable 
approximations for these functions that permit 
the evaluation of Eqs. (2.12) to (2.15) or (2.18) 
to (2.19). We divide the whole energy spectrum 
into three regions: (a) high energies, where ion- 
ization losses can be entirely neglected, (b) inter- 
mediate energies where ionization can be con- 
sidered as a small correction, and (c) low energies 
where ionization predominates over radiation ef- 
fects. The division between (b) and (c) is made 
at the critical energy of shower theory, where 
ionization and radiation losses are equal. 


3. HIGH ENERGIES 


We consider firstly the high energy region 
where ionization losses can be completely neg- 
lected. The track length distribution is then 
given” by 

f(/) =1/E. (3.1) 


We require further the shower functions f(E’, E, t) 
for small values of the distance ¢ and for values 
of the primary energy E’ which is not much 
larger than E. The only available form which 
gives a good approximation for the beginning of 
small showers is the development of Bhabha and 
Heitler,!* quoted henceforth as B.H. Their for- 


12 35). W. Nordheim and M. H. Hebb, Phys. Rev. 56, 494 
1939 

13H. J. Bhabha and W. Heitler, Proc. Roy. Soc. 159, 
432 (1937). 
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mulas, as described in appendix I, are based on 
an adequate approximation for high energies, 
The evaluation of the actual distribution func- 
tions by the Bhabha-Heitler method is compli- 
cated and can only be done approximately. It is 
remarkable, however, that the scattering inte- 
grals containing their functions can be integrated 
in closed form. 

B.H. decompose the distribution function into 
a series 


f(E’, E, t) == fr(E’, E, t). (3.2) 


The first term fo represents the probability that 
the primary electron £’ itself has reached a depth 
t with an energy E. The term fi represents the 
number of second generation electrons, i.e., par- 
ticles that have been created by an intermediate 
photon, and f, represents electrons of the n’th 
generation, i.e., with m intermediate photons. 
The series (3.2) will obviously converge since the 
total number of electrons above a given energy 
remains finite. 

Inserting Eqs. (3.1) and (3.2) into the integrals 
(2.12), (2.14), we obtain for the angular and 
prolonged lateral scattering 


E*9*(E) = J , f * @E'/E") 2 flE', E, ¢) 


X(E,/E')'dt’, (3.3) 


E%2(E, t) = f f (dE'/E”) © f,(E', E, ¢*) 
0 E 0 


X (E,/E’)?(t’+2)*dt’. (3.4) 


They are composed of terms of the general form 


(1/8) (8) = J : J  (GE'/E") 


Xf’, E, t’)t’"dt’. (3.5) 


The integration gives, as shown in the appendix, 


Ij =1/(2X12"), 
I =(1/(2 X12") J[((n+1)/2)+(n/8)], 
I =((m+1)/(2 X12") ] 
X [L(m+2)/4]+ (0/6) + (n/#)], 


where 5=7/9 is the absorption coefficient for 
photons. 


(3.6) 














The summation over n can be carried out in 
closed form, according to Eq. (A16) with the 
result that 


In=> 18 =0.545, 
0 


h=> [{=0.362, (3.7) 
0 


I,=>> [3=0.642. 
0 


Inserting the values into Eqs. (3.3) and (3.4), we 
obtain 
0?(£) =0.545(E,/E)?, 


x°(E, t) = (0.642 +0.724¢+0.545#) (E,/E)?. 


(3.8) 
(3.9) 


The lateral scattering of electrons is obtained, 
of course, by taking t=0. The scattering inte- 
grals for photons, Eqs. (2.13) and (2.15), can 
now be evaluated with the help of Eqs. (3.8) 
and (3.9) with the result 


3(K) =0.181(E,/K)’, (3.10) 
x(K) = (1/3) (I2+ (2/6)I1+ (2/8) Io) 
X (E,/K)?=1.126(E,/K)?. (3.11) 


4. INTERMEDIATE ENERGIES 


Our next step will be the consideration of inter- 
mediate energies, where ionization losses have 
to be taken into account, but are not yet pre- 
dominant. We solve this problem again by the 
standard integrals, Eqs. (2.12) to (2.15), but we 
introduce suitable modifications in the shower 
functions f(£), g(K), and f(£’, E, 2). 

The normal distribution f(£’) has been deter- 
mined numerically for all energies by R.N.° 
There it was written as 


S(E’) = o( E’)/E”, 
where ¢(Z’) is a slowly varying function of E’. 
It is tabulated for air in Table II. The form (4.1) 
is not practical here, since ¢ is only given nu- 
merically, and we try to find an analytical ap- 
proximation. It is most essential that the latter 


is good in the neighborhood of the energy E for 
which the scattering is to be evaluated. We write 


SE’) = (1/E”) +q(B)/E", (4.2) 


(4.1) 


with 


q(E) = — E[1— 9(E) }. (4.3) 
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This means that we take a different formula for 
every E value, so that we have always the correct 
value for E’=£. It would, in principle, be pos- 
sible to improve the approximation by adding 
terms with higher negative powers in E’. How- 
ever, the error in Eq. (4.3) is already less than 
10 percent for all values of E’, even if we take E 
as low as Ej. 

We have, furthermore, to correct the func- 
tions f,(£’, EZ, t) in the development, Eq. (3.2). 
Let us first consider the straggling function fp. 
We assume now that the electron looses through 
ionization the energy 8 (or £;) per radiation 
length or @t on the length ¢. If this loss is small 
compared to the loss by radiation, then we may 
neglect the change in radiation loss resulting 
from the electron energy is also reduced by 
ionization. We take thus as corrected straggling 
function 


fo(E’, E, t) corr = fo(E’, E+68t, t). 


In other words, the function fo is to be calculated 
not for the final energy value, but for the energy 
E” =E+8t which the electron would have had 
without ionization loss. 

In the higher functions f,, which represent the 
contribution of m’th generation particles, the 
ionization losses of the ancestor electrons will be 
relatively unimportant due to the large reduc- 
tion of energy at every transformation. It will 
be sufficient, therefore, to consider this effect 
only over the last lap of the path, i.e., for the 
final electron after its production by a photon. 
We call this distance ¢’ and decompose the func- 
tion f, as follows: 


(4.4) 


t 
f.(E!, E, t) = f d'h,(E', E,t’,t), (4.5) 
0 


where the function h,(E’, E, t’, t) gives the dis- 
tribution of m’th generation electrons at ¢ which 
have been created at a distance ¢’ backwards. 
The function h, can also be obtained by the 
Bhabha-Heitler method, as shown in the appen- 
dix. In analogy to Eq. (4.4) we take as the 
corrected function 


falE’, E, t)oors = f dt'h(E', E+Bt',t’, 1). (4.6) 
0 


In order to have uniform formulas we write Eq. 
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(4.4) in the same form with 
h(E’, E,t', )=fol(E’, E, is(t-t’). (4.7) 


Equations (2.12) and (2.14) for the angular and 
prolonged lateral scattering for electrons*** be- 
come now, on substitution of Eqs. (4.2), (3.2), 
and (4.6), 


(o(E)/E*)8*(E) = J * at f at 


. 1 q(£) 
x f dE'{ —+ every 
E+pe’ me 3 


XD A(E’, E+ Bt, Uv"), (4.8) 
0 


(y(E)/E*)x*(E, t) = f dt"(v' +4)" f di! 


i) 


xf aE (/E9)+@(B)/E9) 
E+pt’ 
X (Z./E’)? > h(E’, E+ Bt, t,t’). (4.9) 
0 
The general term of this integral is of the form 


re) t’’ 
E-¢+?) *Ji,(£) = f et lee J dt’ 
0 


[s) / 


x f h,(E', E+pt', t', t”’), (4.10) 
E+pt! 4a+2 


where m=0, 1, or 2 and s=2 or 3. They are 
evaluated in the appendix. On introduction of 
the definition 


°Ty (4.11) 


we obtain 


0°(E) = (E./E)?(1/e(E)) PJo(E) 
— (1— g(E)) *Jo(E) J, 


x*(E, t) = (E./E)*(1/¢(E)) 
x {PJ2(E) — (1— e(E)) *J2(E)] 
+ 2t?Ji(E) — (1— e(E)) *Ji(E) J 
+#[°Jo(E) —(1—(E)) *Jo(E)]}. (4.13) 


The photon momenta are again obtained from 
Eqs. (2.13) and (2.15). Upon introduction of 


(4.12) 


*** In the subsequent equations the letter s is used in 
two different connotations. As a subscript to the energy, 
i.e., E,, it signifies the characteristic scattering energy, 
while as a superscript, i.e., E*, it signifies an exponent. 
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Eqs. (4.12) and (4.13), they take the form 


o(K)=(ze if i ; f(E)dE ) J "(E/E 


x [2Jo(E) —(1— e(E)) *Jo(E)], (4.14) 


x°(K, t)= (e:/f fE)az ) 7 (dE/E*) 


x (?J2(E) — (1 — o(E)) *J2(£) 
+ (2/6)[?Ji(E) — (1— e(B)) *Ji(E)] 
+ (2/8?) [?Jo(E) — (1— e(E)) *Jo(E)]}. (4-15) 


The evaluation of these integrals has been 
carried out numerically, except for the high 
energy tail (above E>10£,) where a series de- 
velopment has been used. The results of these 
calculations are contained in Table III. 

It may be remarked that the methods de- 
veloped here would also make possible the evalu- 
ation of the higher moments of the distribution. 
It also would be possible, in principle, to carry 
out similar calculations for other longitudinal 
positions than the maximum in the shower, as 
long as the variation of the primary distribution 
f(E) can be neglected within the distance from 
the point of observation which contributes to the 
scattering. Such talculations have not been 
carried out. 


5. LOW ENERGIES, ANGULAR SCATTERING 


The approximations made in the preceding 
section are satisfactory for energies down to 
about the ionization limit Z;. Below this energy 
our functions f,(E’, E, t) (Eq. (4.5)), loose their 
validity. Also, the cross sections for most proc- 
esses become different functions of energy, and 
new effects, such as the Compton effect, come 
into play. 

In order to offset these difficulties, we may 
here neglect the straggling of electrons, i.e., we 
can assume that every electron with E<£; loses 
its energy in a continuous fashion according to 
the law 


dE/dt=E+E;, (5.1) 


where the first term E represents the radiative 
losses and the second the ionization losses. This 
means that the path length, or range between 
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two energies E’ and E£, is given by 
R(E’, E) =log[(E’+£))/(E+£))], (5.2) 


or that the energy expressed as function of dis- 
tance is 


E(t) =(E'+Eje-® —E;. 


The function fo(Z’, E, ¢) reduces to a function of 
two variables only (Z’ and E£, or E’ and #). An 
approximation that is more easily handled is 
obtained by development of the log in Eq. 
(5.2), i.e., 


R(E’”, E)=(E'-£)/(E+£)), 
=E+(E+E)R. (5.2a) 


The assumption of a definite range-energy 
relation as in Eq. (5.2) or (5.2a) permits the 
direct evaluation of the scattering of an indi- 
vidual electron, i.e., of the functions #o?(E’, E, ¢’) 
and x°?(E’, E, t’+¢) in Eqs. (2.17) and (2.19). 

It is then possible to solve directly the integral 
equations (2.12), (2.17), and (2.18), (2.19) by 
an iteration process similar to the method used 
by R.N.° for the determination of the energy 
distribution. We refer to this paper for a discus- 
sion of cross sections and for the values of a 
number of auxiliary functions. 

The method will be best illustrated by the 
discussion of the actual procedure. 

We decompose the electronic distribution into 
two groups 


f(E)=flE)\+fi(Z), EXE; (5.3) 


where fo is the number of electrons which have 
been decelerated as individuals from higher 
energies and f; is the number which have been 
created by photons at energies below E;. fo and 
fi are numerically given by R.N.° 

The angular scattering can be decomposed in 
a similar manner, i.e., in obvious notation: 


&(E) =(1/f(E) ILfor(E)+fidi(Z)]. (5.4) 


The contribution #¢? will be the sum of the devia- 
tion the electron acquires on its path from E; to 
E plus the known amount it inherited at £;j. 
Thus, 


R(E;, E) 
8.°(E) = f (E,/E(i))*dt+0(E,). (5.5) 


The first part can be evaluated as follows: ‘ 
R Ej 
f (E,/E())'dt= [ (E,/E’)*(dt/dE)dE 
0 E 
Ej 
= (E./E’)*[dE/(E’+£;)] 


E 


= (Z./E;)*[(E;/E) —-1 
—logl(E+£;)/2E]]. (5.6) 


The function #,°(Z) can be expanded in a 
similar manner: 


oe@)=[1 / f “weyae’| GENE!) 
E 


E 
| f (E,/E")[dE"/(E" +E) | 
E 
+0()}. (5.7) 


Here h(E’)dE’ denotes the number of electrons 
produced in dE’ by quanta, a function computed 
in R.N.® The first term on the right-hand side 
of Eq. (5.7) represents thus the deviation ac- 
quired on their path by electrons which have been 
created with energies E’<E;. The second term 
0,?(Z’) is the angular deviation inherited by these 
electrons from their parent quanta. 
We note that by definition 


Ej 


fi(E) =[1/(E/dt)] h(E’) dE’ 


=[1/(£+£,)] "(EDGE (5.8) 


E 


The first term of Eq. (5.7) can then be brought 
into the easily integrable form 


E; 


eieeads | "oe /E")*(dE"/(E" +E;)] 


Ej 
ft (E,/E")"[dE"/(E" +E] {h(E dE’ 
: (E,/E")*f\(E")dE”. 


yf 


The evaluation of 3,?(Z’) requires the knowl- 
edge of the scattering of the parent quanta, which 
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TABLE III. Mean square angular and lateral spread of shower electrons and photons as function of energy. 








E/Ej or 
K 2 


/Ei x?(E) X*(E) x*(K) 


X2(K) 


82(E) @(E) 82(K) @(K) 





0.4 

0.46 
0.43 
0.40 


ws 
=—=NwUaIdsg 


wn 


0.285 
0.260 
0.220 
0.195 
0.175 


0.17 
0.16 
0.140 
0.33 0.125 
0.30 0.105 


0.642(E./E)? 0.214(E,/E)? 1.13(E,/K)? 0.38(£./K)? 0.545(E,/E)*? 0.182(E./E)? 0.181(£./K)? 0.060(E,/K)? 
9 0.18 0.95 0.32 0.47 0.16 0.16 0.054 


0.050 
0.047 
0.040 
0.036 
0.034 


0.15 
0.14 
0.12 
0.11 
0.095 


0.15 
0.14 
0.13 
0.11 
0.095 


0.44 
0.42 
0.38 
0.34 
0.31 





0.25(E;/E;)? 0.085(E,/E;)? 
0.28 0.120 


ssososss-| 
Roane ere 


aon 


0.155(E./E;)? 0.27(£./E;)? 0.085(E,/E;)? 0.085(E./E;)? 0.029(£,/E;)? 
0.255 34 35 0.110 0.043 


0.1 

0.062 
0.076 
0.100 
0.145 
0.185 
0.26 
0.40 


0.145 
0.97 0.170 
1.40 , 0.23 
40 : 0.38 
} 0.50 
0.68 
1.25 


0.69 








in turn is determined by 


f ” {(E)o(E, K)8*(E)dE 





§(K) = (5.9) 


f ” {(B)o(E, K)dE 


The contribution to 3?(Z£) from #2? must evi- 
dently be small, since the angular deviations of 
photons are small and #,?(£) refers in addition 
to photons of energies larger than E;. We can 
carry out the simultaneous determination of 
0?(K) and ‘of #2(£) by an iteration process, i.e., 
we evaluate 3?(K) with a #(£) not yet contain- 
ing the #,?(£) terms, and then use this function 
to determine #,2(£). The evaluation of Eq. (5.9) 
could then be corrected again and so on. It was 
found, however, by estimates based on this pro- 
cedure that the contribution from #,?(E’) is 
entirely negligible. 

The evaluation of Eq. (5.9) was carried out 
with the cross sections given by R.N. The results 
of the calculations are contained in Table III. 


6. LOW ENERGIES, LATERAL SCATTERING 


The lateral scattering of electrons and photons 
can be treated by the method of the preceding 
section, with the added complication that the 
“prolongation’’ of the lever.arm by subsequently 
added path lengths has to be taken into account. 
We will deal throughout with the “prolonged” 
scattering expressions x7(E,t), x?(K,?¢) from 


which the actual scattering is obtained by taking 
t=0. 

We write the expression for the prolonged 
photon scattering as follows (cf. Eq. (2.15)): 


| ” {(B)o(E, KBE, dE 
(K, i= : ' ' 
f f(E)o(E, K)dE 
K 


(6.1) 





where we introduced the “‘averaged”’ prolonged 
electron scattering, 


x°(E, =f x°(E, t'+t)be-*"'dt’. = (6.2) 
0 


We decompose x?(E, ¢) again as in the preced- 
ing section: 


x°(E, t) =[1/f(E) Lforo(E, t) + fier(E, 0], (6.3) 


where the first term contains the contribution of 
electrons decelerated from E; as individuals and 
the second term those produced with energies 
below £;. For the first part one finds 
Ej 
xoe(E, t) = [(R(E’, E)+4)?/(E’+£);)] 
E 


X (E,/E’)*dE'+x?(E;, R(E’, E)+1t), (6.4) 


where R(E’, E) is the range of the electrons be- 
tween the energies E’ and E (cf. Eq. (5.2)). It is 
clear that xo(Z, t) is a quadratic function in-t. 
It follows then from Eq. (6.2) that 


x0°(E, t) = (E./E;)*[a(E)+2b(E)t+c(E)?], (6.5) 
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where a, b, c, are functions of E that can be ob- 
tained from Eqs. (6.2) and (6.4). 

For the actual computation we have used 
the approximation, Eq. (5.2a). We find, with 
Ry=(Eo—E)/(E+£,;j), for the prolonged scatter- 
ing of an electron between the energies Eo and E: 


xo?(Eo, E, t) 


-| " C(R(E’, E) +0)?/(E’+E,) \E,/E/*aE! 


-f " (R+1)(E,/E(R))*dR 





mr  R+t 7- 
~E;? f | dR 
» LE+(E+E,)R 


= (E,/E;)?LE;/(E+£)) P 
x {[1 — (E?/Eo?) — 2(E/Eo) log(Eo/E) J 
+ 2t[log(Eo/E) — (1—(E/Eo)) ] 
+?(1—(E/Eo))(1+(E;/E))}.. (6.6) 


As the next step we evaluate a first approxima- 
tion to the photon momentum x;?(K, ¢t) from 
Eq. (6.1), using the previously found expression 
(6.5) for E<£; for the electron scattering at 
E<E,; in place of the not yet determined full 
expression (6.3). For E> £,;, of course, the results 
from Section 4 have been used. We obtain again 
a quadratic function in ¢, 


xo°(K, t) = (E./E;)? 
X[A(K)+2B(K)t+C(K)?], 


where A, B, C, are numerically obtained func- 
tions of the photon energy K. It turned out that 
these functions do not have to be corrected again, 
and the results of this calculation for t=0 are 
given in Table III as our final results. 

It remains to compute the contribution x;(£, ¢) 
of the electrons which have been produced with 
energies E’<E;. It can be written as 


(6.7) 


? dKg(K)o(K, E’) 


E’ 


Ej 
x°(E, y= f dE’ 
E 


X [xo(K, R(E’, E) +2) +x07(E’, E, t)] 
E 


x1 / J ” ap J -a(K)o(K, E)dK. (68) 
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TaBLE IV. Comparison of shower spreads at high enaaiee 
obtained by various authors (notations as in Table III) 








(E/E.)*2*(E) (E/E.)*x*(K) (E/E.)*3*(E) (E/E.)*3*(K) 





0.074 © 0.33 
835 1.314 0.6 0.2 


0.570 
0.545 


Euler-Wergeland 
Moliere 0. 
Belenky 0.94 
Janossy 0.724 
Roberg-Nordheim 0.642 1.13 








Here g(K) is the energy distribution of photons, 
o(K, EZ’) the production cross section for elec- 
trons, for which we have to add pair production 
and Compton effect, and xo?(E’, E, t) the con- 
tribution to the scattering of the electron after 
it has been created, as determined in Eq. (6.6). 
All functions in Eq. (6.8) are then known. 

In order to simplify the evaluation of Eq. (6.8), 
we have assumed that every electron E’ is created 
in the average by a quantum of definite energy K. 
For Compton electrons of not too low energies 
we can assume without much error that they 
have the same energy as their parent photons. 
The average energy Kw of the photon which 
gives the correct scattering inheritance to a pair 
electron E’ is defined by the relation 


i) 


f o(K)o,(K, E’)x?(K)dK 
x?(Kw) = - : 
f g(K)o,(K, E’)dK 


, 





where ag, is the differential cross section for pair 
production. If we assume that x?(Ky,) is propor- 
tional to K-" and g(K) to K-”, we find, since 
o,(K, E’)~K", 


(Ky)-"= f K-mmsnaK | f K-@+U0dK 
E 0 


=[m/(m-+n) ]E-*, 


Kw=[1+(n/m) ]}"E=ak. (6.9) 
The value of a is fairly insensitive to the ex- 
ponents. At very high energies, we would have 
n=2, m=2, and a=v2. At very low energies 
n~1, m~1, a=2. We choose as a suitable aver- 
age value a=v3=1.73. The evaluation of Eq. 
(6.8) reduces then to single integrals of the 
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general form 


Ej 
hy(aE’)xo?(ak’, R)dE’, 


aE 


(6.10) 


where h,(£’) is the number of pair electrons pro- 
duced per interval dE’, a function determined by 
R.N.°, and x¢? is to be taken from Eq. (6.7). 

The process could be repeated, i.e., one could 
go back with the new value of x;°(Z) into Eq. 
(6.3) and then re-evaluate the photon scattering 
from Eq. (6.1). However, as mentioned before, 
this turned out to be unnecessary. We also have 
left out of our calculations the knock-on electrons 
and post-Compton photons, since their contribu- 
tion to the mean square deviations could be 
estimated to be negligible. 

Our calculations have been extended down to 
energies of 0.05£; or ~4 Mev, the lower limit to 
which the auxiliary functions f(Z), g(K) have 
been given by R.N.° For the final results see 
Table III. 


7. DISCUSSION 


Our results are collected in Table III which 
gives the mean square deviations of electrons 
and photons as function of their energy. The 
symbols have the following meaning: ~ 


x*(E) = mean square lateral spread of electrons of energy E, 

x?(K) =mean square lateral spread of photons of energy K, 

#?(E)=mean square angular spread of electrons of en- 
ergy E, \ 

0?(K)=mean square angular spread of photons of en- 
ergy K. 


The capitalized letters denote the same quan- 
tities averaged over all energies in a shower larger 
than a given lower limit, for instance, 


X*(E) = f x2(E!) f(E)GE 
E 


x1 J J ” {(ENdE!. (7.4) 


X*(E) gives thus the total spread of a shower as 
measured by an arrangement that records only 
particles above a given energy E. 

The units of energy and length are those of 
shower theory (cf. Table I). Angles are measured 
in radians. The critical scattering energy £, (cf. 
Eq. (2.3)) has to be taken as 21 Mev for evalua- 
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tion of radial deviations, and equal to 21/vJ 
Mev=15 Mev for deviations in one particular 
direction normal to the shower axis. 

The mean square deviations are obtained from 
Table III by multiplying the figures in the upper 
half (E/E;21) by (E,’/E)?, in the lower half 
(E/E;§1) by (E,/E;)’. 

Table III should be used in conjunction with 
Table I of R.N.,° which gives the corresponding 
energy distribution functions in a large shower. 
The energy distribution for electrons is also re- 
produced in Table II, Section 4, of this paper. 

The first row in Table III represents asym- 
ptotic values for high energies under complete 
neglection of ionization losses. They have been 
obtained (cf. Section 3) without any further 
neglection from the shower theory in the form of 
Bhabha and Heitler.1* The values down to 
E/E;=1 have been obtained from the formulas 
of Section 4, using asymptotic cross sections for 
high energies. The results are valid as far as these 
cross sections are a satisfactory approximation. 
The low energy part has been calculated for air. 
The results should, however, have at least quali- 
tative validity for other materials. 

It is to be noted, of course, that the forward 
progress of a shower will be stopped for energies 
such that the rodt mean square angular deflec- 
tion of electrons becomes of order unity. Our 
calculations are actually based on the assumption 
that the scattering angles are small. (8(£))! 
reaches the value 0.5 for air at E/E;=0.2 or 
E=16 Mev, and for lead at E/E;=3.7 or E=25 
Mev and the value unity for air at E/E;=0.05 
or E=4 Mev, and for lead at E/E;=1.8 or E=12 
Mev. We can take the latter values as a rough 
measure of the energy below which electrons do | 
not show any preference for the forward direc- 
tion. Using the results of R.N., we find that for 
air about % of the electron track length is con- 
tained in this low energy, non-directional part 
while this fraction increases to 80 percent for 
lead.t 

The root mean square lateral deviation of elec- 
trons with 3?(Z)~1 can be considered as a rough 
measure of the total radius of a large shower. 
This radius is for normal air about 120 m, for 


’ {The position of the shower maximum will not be 
affected much, since it depends mainly on the particles of 
high energy, compare S. Belenky, reference 11. 
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lead about 0.45 cm. The root mean square devia- 
tion for all shower electrons above these energies 
is less, namely, ~60 m for air or 0.3 cm for lead. 
Spreads of this order of magnitude are sufficient 
to explain observations on large air showers; 
compare f.i. the investigation by Cocconi’ and 
collaborators. 

The general behavior of the spread as function 
of energy is similar to that found by Euler and 
Wergeland' and by Moliére,® and it gives, as 
shown by these authors, a qualitative explana- 
tion of the general features of showers. For 
example, photographs of showers penetrating 
several lead plates often show quite clearly that 
electrons with larger angular spread are more 
easily absorbed. Furthermore, electrons emerging 
from lead with a pronounced forward direction 
must have energies at least of order 20 to 30 
Mev. The root mean square radial deviation of 
all electrons of this and higher energies is only 
about 1.5 mm. Thus, lead showers seem to 
diverge virtually from single points. 

An interesting feature of our results is that 
the angular deviations of photons are smaller 
than those of electrons of the same energy while 
their radial deviation is larger. The reason for 
this behavior is that a photon inherits its angular 
deflection from a higher energy electron parent. 
For the lateral deflection this effect is overcom- 
pensated by the comparatively long mean free 
path of photons. 

During the last years, calculations on the 
spread of showers have been given by various 
authors, and it seems to be of importance to com- 
pare their results with ours and to assess their 
accuracy. 

Table IV gives the results for the mean square 
deviation at high energies under total neglection 
of ionization losses. 

The original Euler-Wergeland! theory contains 
a serious underestimate of the spread. The results 
of the other authors are in rough agreement, the 
differences being due to the use of different forms 
of the shower theory and different approxima- 
tions for the cross sections. Moliére uses simpli- 
fied cross sections and his method, based on 
Landau’s‘ general equations, cannot be judged 
completely from the short available abstracts. 


% G. Cocconi, A. Loverdo, and V. Tongiorgi, Phys. Rev. 
70, 846 (1946). 





Belenky’s’ value has been obtained after cor- 
rection of a factor in his equations which made 
the mean square deviation four times too large. 
He uses the Tamm-Belenky® formalism to evalu- 
ate correct diffusion equations. 

Janossy, in his recent book, evaluates our 
Eqs. (2.12) and (2.14) in an elegant and simple 
way, using the full asymptotic cross sections. His 
values have to be considered as the best ones 
today. His method, unfortunately, does not seem 
to yield itself to the inclusion of ionization losses. 
Our values are obtained from a rigorous evalua- 
tion of the Bhabha-Heitler theory, the difference 
to Janossy being due to the basic approximations 
underlying their formulas. 

Data on x?(£) for lower energies under inclu- 
sion of ionization losses have been given by 
Belenky and Janossy. Belenky’s curve, as judged 
from a very small graph, gives approximately the 
correct reduction due to ionization at the critical 
energy. It is, however, considerably too flat, i.e., 
it gives too little reduction at higher energies and 
too small a spread at lower energies. The sharp 
upturn of our values for very low energies is the 
result of the comparatively long range of low 
energy photons, an effect that is neglected in the 
Tamm-Belenky formalism. Janossy gives plausi- 
bility arguments for the rough interpolation 
formula 


x2(E) =0.724(E,/(E+E;))*. (7.2) 


This formula gives a reduction somewhat too 
high at energies in the neighborhood of £; and 
also fails to give the upturn at very low energies. 

The only serious attempt to obtain the full 
density distribution averaged over all electron 
energies as function of distance from the shower 
axis is due to Moliére.* He neglects ionization 
losses for all energies above the critical energy 
E;, while our Table III shows that this effect 
reduces x?(Z) by a factor ~2.5 at E;. The num- 
ber of electrons in the neighborhood of £; is also 
reduced by a similar factor. The contribution of 
electrons with EXE; is thus very considerably 
overestimated by Moliére. On the other hand, 
he considers in the low energy region only those 
electrons that have been slowed down from 
higher energies (our contribution fi, compare 


%L. Janossy, Cosmic Rays (Oxford University Press, 
London, 1948). 
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TABLE V. Values of *Kn(E) for s=2 and 3; m=0, 1, 2. 








2K2(E) 


0.0679 
0.105 
0.134 
0.173 
0.308 
0.330 


3Ko(E) 


0.315 
0.363 
0.404 
0.471 
0.602 
0.66 


3Ki(E) 


0.109 
0.143 
0.175 
0.234 
0.375 
0.384 


3K2(E) 


0.0415 
0.0607 
0.0810 
0.122 
0.235 


2Ko(E) 


0.370 
0.421 
0.463 
0.531 
0.656 
0.730 
0.835 0.69 0.55 0.792 0.619 
0.93 0.86 0.81 0.91 0.83 
1 1 1 1 1 


2Ki(E) 


0.151 
0.187 
0.222 
0.282 
0.438 
0.551 





0.705 
1 








Section 5). This underestimates the number as 
well as the individual deviations in the low 
energy range. It would seem thus that a more 
accurate calculation should give a somewhat 
stronger compression of the shower core coupled 
with a larger sidewise dispersion from the lower 
energy region. The outmost part of the shower is, 
according to Moliére, due to single scattering 
through comparatively large anglestt which gives 
asymptotically for large distances r from the 
shower axis a decrease of density as r~*. This 
latter result cannot be strictly correct since it 
would result in a divergent mean square devia- 
tion and it is also physically clear that finally 
there must be an exponential cut-off. 

It is thus difficult to judge how good an ap- 
proximation Moliére’s density function repre- 
sents. In order to obtain a rough criterium, we 
have calculated the mean square radial moment 
of Moliére’s distribution, cutting it off at about 
two radiation lengths, from where on he hasa pure 
1/r? law. The result is an X?(E) =1.14(E,/E,)*, 
while our value for a lower energy cut-off of 4 
Mev has the numerical factor 0.64. Moliére thus 
overestimates somewhat the extension of showers 
and his curve has more qualitative than quanti- 
tative significance. The theoretical interpreta- 
tion of experimental data on large showers is, 
however, inherently of very rough character. 
Use of Moliére’s results will thus probably not 
lead to a seriously distorted picture. 


APPENDIX 


The Bhabha-Heitler formula and evaluation of the scattering 
integrals. Bhabha and Heitler'® (abbreviated as B.H.) use 
for the probability of emission, of a quantum K by an 


tt In the evaluation of the mean square as in this paper 
the single scattering is included through proper choice of 
the scattering constant E,. 
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electron E the formula 
o(E, K)dKdl=log2(dK/K)dl. (Al) 


Their unit of length is thus connected with the one used 
here through 
1 log2 =t. (A2) 


They write for the probability of pair production in di 
o(K)dl =adl. (A3) 
Their value for the absorption coefficient of photons is then 
a= (7/9) log2 =6 log2. (A4) 
B.H. express their energies by a logarithmic variable 
y=log(E’/E), (AS) 
where E’ is an initial and E a final energy. The total 
number of electrons plus positrons produced by a primary 
E’ having an energy 2>£E at a depth / is then expressed 
in a series 
F(E’, E, 1)= F(y, 1) = Fot+ a F,,. (A6) 
Fy is the probability that the primary electron has ar- 
rived with an energy >E. It is given by the “straggling 
function” W(i, y) of B.H. (Eq. (6) or Eq. (34) of refer- 
ence 12). 


Fo(y, 1) = f° (em1/PO))da. (A7) 
0 

The terms F,, give the numbers of electrons at / with energy 

> E which had been produced.from the primary with n 

intermediate quanta. According to B.H.’s formula (refer- 

ence 13, top of p. 442), it can be written as 


l 
F,(y, l) = (2a log2)ne~@! J, dl! 


Im dyes ny nl — Yr 
xf (m—1)\(n—1)! 





x i Oa Poly V+1"+n)dy’. (A8) 


In comparing this expression with the one in B.H., it is to 
be noted that our F, is twice the B.H. f, which represents 
the number of electrons of one charge only. Further, the 
formula quoted above (B.H., p. 442) represents fn4i. 
Tracing the deviation of this formula back to B.H., Eq. 
(21), and the developments on p. 440, one verifies that the 
variable:/’ in Eq. (A8) denotes the distance an electron of 
the n’th generation has traveled as an individual after it 
had been created by the immediate ancestor photon. In 
order to express this dependence explicitly, we write 
l 
Fry, =f Hay, Hal’, n21. (A9) 
For n=0, i.e., the straggling of an individual electron, /’ 
is, of course, equal to the total path /, and we write 


Holy, U’, l) = Fo(y, l’ 6-1’). (A10) 


The scattering integrals. In Section 4 we had introduced 
the differential distribution function of electrons 


frl(E’, E, t)=0F,(E’, E. t)/dE. 
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In order to take into account ionization losses, we approxi- 
mated the fn by Eq. (4.6) 


fulE!, E, Deore = " ha(E!, E+Bt, t', t)dt. 


Here h,(E’, E”, t’, t) is the probability under neglection of 
radiation losses that an electron of the n’th generation 
arrived at ¢ with the energy EZ” after having been created 
the distance ¢’ backwards. The functions h, are given by 


h,(E’, E’’)=0H,/dE" = (1/E")(0H,/dy). (A111) 


The identification E= EH’ —8t gives then the modification 
of the distribution by ionization losses. 

The mean square scattering deviation requires the 
evaluation of the integrals 


Ewin syn m fat f* de! 
x fr, GEE" *)hn(E’, E+B0', t,t), (A12) 


where mis 0,1 or 2, s is 2 or 3, and m goes from 0 to ~. 
Upon introduction of the unit length, Eq. (A2), we obtain 


*Jn= (log2)m*t f™ Imat f° * al! 
xf" [e~©*+)u (0H, /dyn )dy/(1+(6l’/E) log2)**#], (A13) 


where the H, are given by Eqs. (A7) to (A10). The ex- 
pressions (A13) are sixfold integrals. They can be evaluated 
by one of the so-called ‘‘simple calculations’”’ by suitable 
changes of the order of integration and introduction of 
new variables.t{{ The results are as follows: 


*J° =(m!/2™*1)b "Kn, 
‘Ja=[b"1/2[(s+1)(s+2)P] *Ko, 


bn +1 


~ 2s +1)(s+2)]" 


(m any value), 


n=1,2, +++, 





Ff 


b 
{n(5-+3 *Kot7 "Kir, 


ttt See J. Roberg, Ph.D. Thesis, Duke University, 1942, 
for all details of this and subsequent calculations. 


bet 


~2E(s+1)\(s+2))" 


{a 1, Pp Mint 5) "Ko 
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me e-*x™dx 
Kn(E)=— fr [1+ (x8b/2E) }*” 


b=log4/log(s+2). 


All the K(E) go to unity in the limit E>«. The *J*, 
reduce for 8=0 to the J®, given in Eq. (3.6). The integrals 
*Km can be evaluated for large E by expansion of the 
denominator which leads to a semiconvergent series. They 
can also be expressed in terms of the exponential integral 
and thus be computed. Values are given in: Table V. 

The summations over n can be carried out in closed form 
with the help of the summation formulas 





(A15) 


S=mi/(i—s); Sa=s/(1—s): 
0 1 
>> n*z" =2(3+1)/(1—2)%. 
1 
We denote the sums so obtained by 


In= EJ", 


n=0 


(A17) 


The expressions of these quantities in terms of the integrals 
K follow. 


For s=2: 
2Jy9=0.545 *Ko, 
2J,=0.273 7K, +0.0885 *Ko, 
2J,=0.273 *K2+0.0885 2*K1+0.281 *Ko. 


35J9=0.450 *Ko, 
357, =0.194 *K,+0.0348 *Ko, 
3J,=0.167 *K2+0.030 *K1+0.100 *Ko. 
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A thin magnetic lens spectrometer for the investigation of gamma-ray spectra is described. 
The effect of the thickness of the radiator used for the production of photoelectrons and the 
influence of the earth’s magnetic field are reported. Based on a calibration of the instrument 
by means of annihilation radiation and the F line of ThB, energy values of 1.10. Mev for the 
gamma-ray of Zn®5, and 1.155 and 1.317 Mev for the two lines of Co® are obtained. The probable 


error is estimated as 0.5 percent. 





I, INTRODUCTION 


HE use of a thin magnetic lens spectrom- 

eter for the study of beta- and gamma- 
radiations has been reported by several investi- 
gators.'-* The flexibility of such an instrument 
and, if iron-free, the convenience of its linearity 
have been previously indicated.! It is the pur- 
pose of this paper to describe briefly a magnetic 
lens spectrometer which we have constructed, to 
present the results of studies to determine the 
corrections which should be made to data ob- 
tained with it, and to give the energies found 
for the gamma-radiations from Zn® and Co®, 


Il. DESCRIPTION OF SPECTROMETER 


The spectrometer is shown in Figs. 1 and 2. 
The design is similar to that employed by previ- 
ous workers,!-* save that the instrument is 
mounted with its axis parallel to the magnetic 
field of the earth and, to minimize scattering, 
the chamber proper has been constructed of 
aluminum tubing. To preserve linearity, nonfer- 
romagnetic materials have been used throughout. 

The spectrometer chamber is 7 inches in 
diameter and 40 inches long, evacuated by means 
of a two-stage oil diffusion pump backed by a 
mechanical pump. The baffles, shown in Fig. 2, 
are of micarta, }-inch thick, except for the 

* Paper No. 42 from the Institute for Atomic Research. 


Work performed at the Ames Laboratory of the Atomic 
Energy Commission. 

1M. Deutsch, L. G. Elliott, and R. D. Evans, Rev. Sci. 
Inst. 15, 178 (1944). 
gay). Rall and R. G. Wilkinson, Phys. Rev. 71, 321 

3L. C. Miller and L. F. Curtiss, J. Research Nat. Bur. 
of Standards 38, 359 (1947). 

*E. A. Quade and D. Halliday, (a) Phys. Rev. 72, 

181(A) (1947); (6) Rev. Sci. Inst. 19, 234 (1948). 


gamma-ray shields, which are of lead sheathed 
with aluminum. Baffle C, which is adjustable by 
means of a brass rod passing out of the chamber 
through a Wilson seal, serves to delimit the 
electrons analyzed and so, for a given diameter 
of source and counter window, determines the 
intensity and resolution obtained. The lead 
shield surrounding the counter is primarily for 
the purpose of absorbing scattered gamma- 
radiation and was designed to lie within the 
shadow of the lead shield in the center of the 
spectrometer. An indication of the small extent 
of electron scattering obtained with the arrange- 
ment described is,seen from the fact that, with 
no current in the coil, the counting rates ob- 
tained with and without a 10 microcurie beta- 
ray source in the instrument were, respectively, 
21.1+0.4 and 20.7+0.2 cts/min. 

Radioactive sources are mounted on Lucite 
holders at the end of a brass tube which enters 
the upper end of the spectrometer through a 
Wilson seal and through a 23-inch gate valve 
modified to be suitable for vacuum service. The 
counter is mounted within a similar brass tube 
at the lower end of the instrument, where Wilson 
seals are again used to facilitate assembly and 
adjustment. The counter was originally used 
with a mica window of 4 mg/cm? surface density ; 
for the ThB measurements a 1.1 mg/cm? window 
was used and for the most recent work a thin 
Formvar-polystyrene film (0.3 mg/cm?) was 
employed. 

The coil for producing the magnetic field con- 
sists of 2799 turns of No. 12 single cotton- 
covered enameled copper wire, wound on a 
form consisting of a brass hub and two aluminum 
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castings. Every fourth layer of wire is followed 
by a copper sheet, 0.030-inch thick, provided 
with 12 tabs which are soldered to water-cooled 
brass blocks mounted on the exterior surface of 
the castings. The completed coil has an inside 
radius of 9.9 cm, an outside radius of 28.3 cm, 
and an axial length of 10 cm. When the full 
number of turns is used with 220 volts across the 
coil, a focal length of 25 cm is obtained for 
electrons of approximately 3.4 Mev energy. 

The focusing current for the coil is provided 
by a 2 kw motor-generator set. To stabilize the 
current, a portion of it is passed through a 
bridge circuit which has as one of its elements a 
60-watt tungsten lamp bulb to serve as a non- 
linear resistance. Changes in the coil current 
affect the balance of the bridge and the resulting 
error-signal, when amplified, is used to correct 
the generator field. The magnetic field is thereby 
maintained constant within a probable error of 
0.1 percent. The coil current is measured by 
means of a series resistance and a potentiometer. 


Ill. DETERMINATION OF GAMMA-RAY ENERGIES 


A. General Method. In the work described in 
this paper, the gamma-ray energies were deter- 
mined by a study of the spectra of photoelectrons 
produced in radiator foils. For calibration, use 
was made of photoelectrons produced by the 
annihilation radiation from Zn® and of con- 
version electrons from ThB (F line). Each 
gamma-ray source S (Fig. 2), a few mm thick, 
was mounted in a Lucite holder H and covered 
by an aluminum cap G, which carried the 
radiator R. 

The spectra obtained from Zn® and Co® 
sources are shown in Figs. 3 and 4. In addition 
to the photoelectric conversion lines generated in 
the lead by gamma- and annihilation radiation, 
a broad distribution of Compton electrons is also 
obtained. 

To permit an accurate determination of the 
energies of the photoelectrons ejected from the 
radiator, attention must be given to the effect of 
radiator thickness and to the influence of the 
earth’s magnetic field, which is in the direction 
of the spectrometer axis. 

B. Effect of the Magnetic Field of the Earth. 
For a focusing field of a given shape the momen- 
tum of the focused electrons will quite generally 
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Fic. 1. The magnetic lens spectrometer, aligned with its 
axis parallel to the magnetic field of the earth. 
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Fic. 2. Diagram of spectrometer chamber. 
Insert: Source holder. 


be proportional to the strength of the field and, 
if the field in question is proportional to the coil 
current, we may write for this momentum 


P=I-F, (1) 


where I is the current in the coil and F is de- 
pendent upon the shape of the field. In the 
presence of an additional magnetic field H, super- 
posed upon that produced by the coil current, F 
may be regarded as a function of the ratio H/TJ, 
since the shape of the field would remain un- 
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Fic. 3. Spectrum of Zn, showing the photoelectric- 
conversion peaks produced in a lead radiator by annihila- 
tion radiation and the 1.11 Mev gamma-ray, in addition 
to the broad distribution of Compton electrons. The sharper 
peaks shown separately were obtained with an adjustment 
which permitted the K and L lines to be resolved. The 
annulus is the width of the electron beam at the center of 
the spectrometer. 


changed if H and J were to vary in a mutually 
proportional manner. The relation between the 
current J; required to focus electrons of a given 
energy in the presence of the field H, and the 
current J) required in its absence may therefore 
be written, 


I, F(H/I;) =IoF(0). (2) 
One then finds, to a first approximation, that 


I,—In= —HF"(0)/F(0), (3) 


indicating that this difference is independent of 
the energy of the electrons. This is in agreement 
with the conclusions of Quade and Halliday,” 
who have shown experimentally that for their 
spectrometer very little error is made by apply- 
ing Eq. (3) to electron energies as low as 10 kev. 

In the use of the spectrometer, it is the current 
necessary to focus electrons in the absence of an ex- 
ternal field which is to be taken as proportional to 
the momentum, so the difference J;— Jo must be 
determined and applied as a correction. This 
correction is riost readily,found by observing 
the change in the focusing current required 
when the current in the coil is reversed. It is, 
however, of interest to note that an approximate 
calculation, described in the Appendix, leads to 
a value for the correction which is independent 
of the energy and is in good numerical agreement 
with that found empirically. When all the turns 
on the focusing coil are employed, the current 
required to focus a particular conversion line 
is found to change by 0.012 amp when the cur- 
rent is reversed, so the correction then to be 


applied because of the presence of the magnetic 
field of the earth has been taken as +0.006 amp. 
C. Effect of Radiator Thickness. The photo- 
electrons ejected from a radiator will, for a 
particular gamma-ray energy, have energies 
which depend upon the depth of the point from 
which they originate. The momentum distribu- 
tion of the emergent electrons will, to a first 
approximation, be rectangular, with a width 
equal to the momentum loss associated with a 
full traversal of the radiator foil.** Figure 5(A) 
shows a momentum distribution of this type, 
which extends from a momentum P, .to the 
maximum momentum P,. The result of the 
combination of this distribution function with 
the transmission curve of the spectrometer must 
be considered and will indicate the manner by 
which the experimental data may be corrected 
in cases for which the effect of radiator thickness 
is not completely negligible. The result of an 
analysis of this character will be applicable with 
equal validity to internal conversion lines which 
arise from a source of non-vanishing thickness. 
The transmission curve of a magnetic lens 
spectrometer has been investigated by Deutsch 
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Fic. 4. Spectrum of Co®, showing the photoelectric- 
conversion peaks produced in a lead radiator by the two 
gamma-rays present. 


** To a higher order of approximation it might be sup- 
posed that, because of the change of the rate of momentum 
loss as the electrons lose energy in the foil, a trapezoidal 
distribution should be considered. In addition, the scatter- 
ing of electrons in their passage through the foil would 
cause the distribution to drop and tail off on the low mo- 
mentum side. An approximate analysis of these phenomena, 
as well as the experimental results reported here, indicates, 
however, that these effects are not of importance in the 
energy range with which we are concerned in the present 
paper. At lower energies scattering will certainly play a 
prominent role [cf. Bethe, Rose, and Smith, Proc. Am. 
Phil. Soc. 78, 573 (1938)]. 
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et al. and has approximately the shape of an 
isosceles triangle for the case in which the image 
and counter windows have the same size. As the 
current is changed in the coil of the spectrometer, 
the width of the transmission curve will vary in 
direct proportion to the momentum of the elec- 
trons which it passes. For a triangular transmis- 
sion curve, we therefore take the half-width b 
as equal to a constant K multiplied by the mo- 
mentum P» corresponding to the point of maxi- 
mum transmission. This is illustrated by Fig. 
5(B). The constant K evidently serves as a 
measure of the resolution of the instrument. 
When, in order to obtain the expected line shape, 
we pass such a transmission curve across the 
momentum distribution for the electrons, there 
are two cases to consider. The first of these is 
that for which the momentum spread of the 
electrons is less than the full width of the trans- 
mission curve, as illustrated by Fig. 5(C); the 
other is that for which the momentum spread is 
greater than the width of the transmission curve 
and is shown in Fig. 5(D). 

In the case of a thin radiator, specifically one 
for which the momentum spread P,,—P, is less 
than 2), the maximum transmission is found to 
occur when 


Po=(PatPn)/2, (4) 


neglecting terms small compared to Pm—Pa. 
Thus 
Pm=Po+a/2, (S) 
where 
a=P,,—P,. (6) 


The effect of radiator thickness is, therefore, 
to give maximum transmission at a momentum 
which is less than the maximum momentum of 
the electrons by an amount which is equal in a 
first approximation to one-half the momentum 
loss experienced by electrons which traverse the 
full thickness of the radiator. 

For a thick radiator, for which P,,—P,> 2b, 
maximum transmission is to be expected when 
the transmission curve lies just inside the mo- 
mentum distribution, if terms in K? are neg- 
lected. Thus 


Pm&Po(1+K), (7) 


where 


K=b/P». (8) 
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Fic. 5. Momentum distribution and transmission curve 
of spectrometer, as assumed for the purposes of the 
analysis given in the text. 


In determining, from the current correspond- 
ing to maximum transmission, the upper limit 
of the momentum distribution of electrons gen- 
erated by an unknown gamma-ray, the factor 
(1+K) may.be absorbed into the calibration 
constant of the spectrometer provided the radia- 
tor thickness is such that Eq. (7) is applicable. 
It should be noted that, owing to the variation 
of the rate of momentum loss, a radiator which 
can be correctly regarded as.a thin foil for high 
energies may, on the other hand, be effectively a 
thick foil at lower energies. We shall, therefore, 
apply the correction indicated by Eq. (7) in an 
explicit fashion in those cases to which it applies. 
In analyzing the data reported in this paper, we 
have based the energy determinations on the 
positions of the maxima of the curves obtained, 
subject to the corrections indicated above, since 
the maximum appears to be the point most 
accurately located for every line. 

The complete line shape which results from a 
combination of a rectangular momentum dis- 
tribution and a triangular transmission curve 
has been calculated for the case that a/Pm, the 
relative momentum spread from the radiator, is 
0.03 and the resolution of the spectrometer is 
such that K=0.021. The calculated curve is 
represented by the broken line in Fig. 6 and may 
be compared with the solid line, which gives the 
results experimentally obtained under these con- 
ditions with photoelectrons produced in lead 
by Zn® radiation (Pn=4800 gauss-cm). The 
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Fic. 6. Resultant line shape obtained with electrons 
for which P,,—4800 gauss-cm. The dotted curve represents 
the line shape calculated for a/Pm=0.03 and K=0.021; 
the solid curve represents the shape obtained experi- 
mentally under comparable conditions. 


two curves were made to fit at their peaks and 
it is felt that their shapes are in satisfactory 
agreement. The somewhat larger counting rate 
obtained experimentally on the low momentum 
side of the line may be ascribable to straggling 
and scattering phenomena, the importance of 
which is indicated, for example, by the work of 
White and Millington. 

An experimental study was made of the posi- 
tions of the points of maximum intensity when 
various radiator thickness are used. For this 
purpose the 1.1 Mev gamma-ray of Zn® was 
again used, with the results shown in Figs. 7 and 
8. It is seen that, in agreement with our previous 
discussion, the shift of the peaks obtained with 
thin foils is proportional to the thickness of the 
radiator, but becomes constant when the foil 
thickness exceeds a value of approximately 
65 mg/cm*. The slope of the initial part of the 
curve in Fig. 8 corresponds to 1.7; gauss-cm/ 
mg-cm~’. The theoretical rate of energy loss in 
lead, as obtained from a formula given by 
Heitler,® is 1.0 Mev/gm-cm~? for electrons of 
the energy with which we are concerned here. 
This theoretical energy loss corresponds to a 


5B. A. White and B. A. Millington, Proc. Roy. Soc. 
(London) A120, 701 (1928). 

°W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1936), p. 219. 
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momentum loss of 3.5 gauss-cm/mg-cm~ and, 
when compared with the slope of the experi- 
mental curve, affords confirmation of the state- 
ment that the peaks should be shifted by an 
amount which is half the momentum loss associ- 
ated with a full traversal of the radiator foil. 

The horizontal portion of the curve of Fig. 8 
occurs at a current value which is 2.3 percent 
below the extrapolated value for zero foil thick- 
ness. This implies that K =0.023, which is con- 
sistent with the expected resolution for the 
spectrometer at the time the data were obtained. 
The break in the curve of Fig. 8 occurs, as ex- 
pected, at a radiator thickness for which a= 28. 
Similar data obtained with a lower energy 
gamma-ray, for which the photoelectrons have 
an energy of 0.177 Mev, indicate that the break 
occurs for a foil thickness between 6.6 and 11.3 
mg/cm?. In this case the condition a=26 would 
imply a thickness of 10 mg/cm?. 


IV. RESULTS 


The photoelectric conversion lines obtained 
with lead radiators were measured for the Zn® 
and Co® radiations at each of two settings of 
the adjustable baffle. For these baffle positions, 
the radial width of the effective aperture at the 
center of the spectrometer assumed the values 
2.1 and 1.4 cm. The resolution of the spec- 
trometer was characterized by K=0.023 and 
K=0.021 in these two cases. As may be seen 
from Figs. 3 and 4, lines were obtained from 
both the K and ZL shells of the lead in the second 
series of measurements. 

For calibration, the F line of ThB and the 
photoelectric line produced by the Zn® annihila- 
tion radiation were measured at each of the two 
adjustments of the instrument. For the two ad- 
justments the calibrations from the annihilation 
radiation and the F line of ThB agree to 0.1 
percent and 0.3 percent, respectively. The ThB 
sample was deposited on an aluminum foil 
0.00025 inch thick and mounted on the Lucite 
source holder by means of a thin Formvar- 
polystyrene film. The line obtained with this 
source is shown in Fig. 9. 

The results of the measurements are summar- 
ized in Table I. Lines which are similar in char- 
acter and for which the intensity measurements 
are made with equal precision can, presumably, 
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be located with the same relative accuracy, 
although the lines are of different momenta and 
occur at different current values. In the work 
reported here, however, the data obtained were 
such that the location of the various lines could 
not be determined in all cases with the same 
relative accuracy; accordingly, the estimated 
weighting factors. indicated in Table I were 
applied to the current/momentum ratios. 

In calculating, from the data of Table I, the 
momenta of the photoelectrons generated in the 
lead radiator by the Zn® gamma-ray, a correc- 
tion of 74 gauss-cm was taken as appropriate to 
the foil thickness employed. For the Co® deter- 
minations the correction was assigned the values 
51 and 64 gauss-cm for the thinner and thicker 
Pb radiators, respectively. The correction made 
for the Th radiator was 48 gauss-cm and that 
for the U foil was 70 gauss-cm. Upon converting 
from the resulting momenta to the corresponding 
energy values and adding the binding energy 
appropriate to the photoelectric process in- 
volved, the gamma-ray energies shown in the 
final column of Table I resulted. Averaging for 
each line the energy values so found, taking into 
account the weights assigned to the individual 
determinations and to the calibration measure- 
ments, the following gamma-ray energies are 
obtained : 

1.10. Mev; 
1.15; Mev; 


Zn®, 

Ca”. I. 
and 

Co®, II, 


A conservative estimate of the probable error for 


1.317 Mev. 
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Fic. 7. Photoelectric lines obtained from the 1.11 Mev 
gamma-ray of Zn* with various thicknesses of the lead 
radiator. 
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Fic. 8. Current values corresponding to the peaks of 
the lines of Fig. 7, as a function of radiator thickness. The 
results of additional data, not shown in Fig. 7, are included. 
In determining the slope of the line, the points designated 
by the heavy solid circles were given half the weight of 
those marked by open circles. 


the values of the gamma-ray energies is +0.5 
percent. The constant of the spectrometer has 
the values 1063 and 1074 gauss-cm/amp. for the 
two adjustments used. 

It is that seen the value found for the energy 
of the Zn® radiation is below the energy for either 
of the Co® gamma-rays. Because of the possible 
interest’ in the use of these radiations as stand- 
ards, a direct comparison of the energies was felt 
to be desirable. To this end a source with both 
activities was put into the spectrometer. As re- 
ported’ previously, the individual peaks in the 
composite spectrum were readily identified and 
indicated that the gamma-ray from Zn® is of 
lower energy than either of the Co® lines. 

The energies found for the Co® gamma-rays 
are in good agreement with those given by 
Miller and Curtiss,’ although somewhat higher 
than the values of Deutsch et al.’ The energy 
found for the Zn® gamma-ray is lower than the 
value given. in an early report by Deutsch, 
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Fic. 9. The F line of ThB. 
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TABLE I. Positions of conversion lines measured in 
magnetic-lens spectrometer. 
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wi mma- 
Coil (of curr./ ray 
current momentum energy 
(amp.)* _ ratio) (Mev) 


2.401 (av.) 5 
1.303 10 
4, ~~ 

5. 174 


2.374 
1,291 


Aperture Radiator 
Momentum width thickness 
(gauss-em) (cm) (mg/cm?) 


2608/1.023** 2.1 42.5 Pb 
1385t Negligible 
42.5 Pb 
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* 0.006 amp. has been subtracted from the observed current values to correct 
for the magnetic field of the earth. 

** Since the tor is thick, in the sense a>2b, for electrons of the energy with 
which we are concerned here, the momentum value of 2608 gauss-cm correspon: 
to 0.5108 Mev must be divided b: 1+K to correct for radiator thickness. 

¢C. D. , Proc. Roy. Soc. (London) A138, 318 (1932). 

tt Obtained from the sloping portion of the curve of Fig. 8, so that data ob- 
tained with several foil thicknesses are, in effect, included. 


Roberts, and Elliott® and that obtained by 
Mandeville and Fulbright!® through a study of 
Compton electrons. 
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APPENDIX: APPROXIMATE CALCULATION OF THE 
CORRECTION FOR THE MAGNETIC FIELD 
OF THE EARTH 


The solution of the differential equations for 
the trajectories of paraxial electrons in an axial 
magnetic field H,=H /[1+(z/a)?] has been 
given by Glaser.!! When the objeet distance and 
image distance are equal (u=v=2f), the focal 
length f may be written 


pa atto# / f “Heads, ( 


where A is a numerical coefficient, calculable in 
terms of f/a, which takes on values extending 
from A=4 for f/a large (thin lens) to x? for f/a 
small (solenoid). Here [Hp] serves as a measure 
of the momenta of the electrons in question in 
terms of their radius of curvature in a uniform 
magnetic field. 

Assuming that to a field of the shape men- 
tioned above, there is added a small constant 
axial field H, one can attempt to fit the resultant 
field in an approximate way to an equation of 
the original form and so obtain new values, Hy’ 
and a’ for the parameters. In this way we find 
that Ho’ —H)&8H/7 and a’ —a&(12a/7)(H/A)). 

Introducing a constant A which connects the 
current in the coil with the magnetic field pro- 
duced, so that 


(ii) 


i F942 =A 


—uU 


we then write the approximate relation for the 
total field as 


f H/dz=AlP’+2H J Hoodz. _—_ (iil) 


—u 


The currents J; and Jo, which are respectively 
required to focus electrons of a given momentum 
in the presence and absence of the external field, 
are then, by Eq. (i), connected by the relation 


Al, 1 
A(f/a) A(f/a’) 


From this it follows that the difference I» 


= |4 I?v+ 2H f Huds] (iv) 


-—T; is 


11 W. Glaser, Zeits. f. Physik 117, 285 (1941). 
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approximately 


1h (+) fttan/Dde 


6/1)(1/H, d\nA 
+(6/7)(L/ er 


(v) 


Through the use of Egs. (i) and (ii) an approxi- 
mate value of A is readily estimated experi- 
mentally by fucusing electrons of known energy, 
while Ho/I and J, (Heoiu/J)dz may be calcu- 
lated from the geometry of the coil, the latter 
quantity being given closely by 47/10 times the 
number of turns on the coil. 

For the spectrometer described in the present 
paper, the following values apply when all the 
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turns on the coil are employed: 
f=25cm, a=13.6cm, //a=1.84, 
InA 


d 
A=5.1, dA/d(f/a)=—0.65, ———-=-—0.23, 
/d(f/a) ZinGj/a) 


A =2.27 X105 gauss?-cm/amp.?, 
H)/I=93.5 gauss/amp., 


f (Heoii/D)dz = 3230 gauss-cm/amp., 
‘ and H=0.56 gauss. 
With the substitution of these values in Eq. (v) 


we find J>—J,=0.007 amp., in close agreement 
with the correction found experimentally. 
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The molal magnetic susceptibility of pure BeO is found to be —11.93 X10-* (c.g.s. units) at 24.8°C. 


I. INTRODUCTION 


HE value of the molal magnetic suscepti- 
‘bility of BeO is given in the standard 

reference sources as 0.0 X10-° based on the work 
of Meyer.'! (The values —2.8X10-* and —1.9 
X10-* at two field strengths have also been 
found by Huttig and Kittel.?) However, it has 
been pointed out by Angus? that application of 
Slater’s* screening constants in slightly modified 
form to the calculation of the diamagnetic sus- 
ceptibilities of Bet? and O-? ions gives —11.39 
X10-* 5 as the sum of the two. Since there was 
no apparent reason for this discrepancy, a meas- 
urement of the susceptibility of BeO has been 
made. 

1 Meyer, Ann. d. Physik 69, 236 (1899). 

*G. F. Huttig and H. Kittel, Gazz. Chim. Ital. 63, 
833 (1933). 

* W. R. Angus, Proc. Roy. Soc. London A136, 579 (1932). 

‘ John C. Slater, Phys. Rev. 36, 57 (1930). 

’Angus’s value of —11.60X10-* has been corrected, 


taking into consideration newer values of certain con- 
stants. 


Il. EXPERIMENTAL PROCEDURE 


The Gouy method has been employed for the 
measurement of the magnetic susceptibility of 
BeO powder. 

The sample of ‘Fluorescent. Grade” BeO 
powder was prepared by the Clifton Products 
Company, Inc., Painesville, Ohio, by ignition of 
a mixture of Be(OH)2 and BeSQ, in a process 
designed to give a product with a very low im- 


TABLE I. Impurities in BeO sample. 








Parts per million 


A 1 
AL 10 
Ca <50 
Cu <10 
Fe <€i 
Mg 10 
Mn <€ @5 
Ni <10 
Pb <3 
Si 20 
Sn <2 


Impurity 














CLYDE A. HUTCHISON, JR. 


TABLE II. Magnetic susceptibility of BeO. 








XBeO X10® 
c.g.s. units 


F Beo X108 Temp. 


pgems g "Cc Xmolal X10* 





—0.479 
—0.476 
—0.495 
— 0.462 
—0.475 


—0.477 
+0.008 


— 11.98 
—11.91 
— 12.38 
— 11.56 
— 11.88 


— 11.93 
+ 0.19 


0.500 5466 24.9 
0.533 5825 24.7 
0.540 6173 24.8 
0.559 5954 24.8 
0.561 6156 24.8 


Average 








TABLE III. Magnetic susceptibility of BeO. 








Approximate field 
strength X10~4 FBeo X10 Temp. 


x 106 
oersted zg °C seg 


c.g.s. units 


—0.475 
— 0.481 
— 0.483 


Xm X106 


— 11.88 
— 12.03 
— 12.08 





1.24 6156 24.8 
1.07 4715 25.1 
0.81 2703 24.9 








purity content. Table I gives the results of 
spectrographic analysis of the sample used. 





re XH20pH20 
XBeo = BeO 


Mpeo | p FH20 
where the meanings of the symbols are as 


follows: 


xXBeo =gram susceptibility of BeO. 
Mpeo = fraction BeO in the sample (0.9878). 
p=density of BeO-air mixture in sample tube. 
Feo =the force exerted by the field on the BeO 
sample corrected for the force on the tube 
(—0.000042 g as determined by weigh- 
ings in which the upper half of the tube 
was filled with No). 
xXH20 =gram susceptibility of H,O at 24.7°C. 
pH20=density of H:O at 24.7°C. 
Fu.0=force exerted by field on H2O-at 24.7°C 
(—0.018094 g). 
Kair=cm?® susceptibility of air [(2.52 K10-*/T?) 
where T is the absolute temperature ]. 
m,0 =fraction H,O in the sample (0.0122). 


3.01 g cm= is the theoretical x-ray density of 
BeO and is employed to correct for the presence 
of air in the sample tube. 

The results of measurements on five separate 


The sample was found by ignition at 800- 
850°C to contain 1.22 percent HO. 

The powder was packed in a Pyrex tube, the 
lower half of which was evacuated. The weigh- 
ings were made in an atmosphere of Ne at tem- 
peratures from 24.7 to 24.9°C. The sample tube 
had an inside mean cross-sectional area of 
0.323 cm? with a ~2 percent variation over the 
length of the tube. The mean density of the 
sample was determined by weighing combined 
with cathetometric measurement of the length 
of the sample. The length used was ~16 cm. 
The tube was calibrated magnetically by weigh- 
ing when filled with degassed water at 24.7°C 
and at a magnet current (thermionically con- 
trolled) of 8.83 amperes (approximately 1.24 
X10‘ oersted), the value used for the measure- 
ments on BeO. The values of Auer® for the sus- 
ceptibility of water were employed. 

The magnetic susceptibility of BeO was calcu- 
lated by use of the following expression : 


p 
(: aa ) si] —xtt0mt20 
3.01 





fillings of the tube are summarized in Tables II 
and III. . 

Two additional measurements on the fifth 
sample were made at magnet currents of 7.00 
amperes (approximately 1.0710‘ oersted) and 
5.00 amperes (approximately 0.81 X 10‘ oersted). 


Ill. CONCLUSIONS 


The lack of appreciable variation of sus- 
ceptibility with field strength and the results of 
spectrographic analysis indicate that the meas- 
urements were made on a quite pure sample. 
The value, —11.9310-°, of the molal suscepti- 
bility is in relatively good agreement (4.7 percent 
deviation) with the value —11.39X10-® which 
results from the calculation of the sum of the 
susceptibilities of Bet? and O~ by use of Angus’s 
modification of Slater’s screening constants for 
determining the mean squares of the orbital 
radii. 

®E. C. Stoner, Magnetism and Matter (Methuen and 
Company, Ltd., London, 1934), p. 552. 
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An experimental and theoretical investigation has been made of the y-radiation in water 
produced by a uniform distribution of radioactive cobalt. The intensity and spectral dis- 
tribution of the radiations are determined essentially by the multiple Compton scattering that 
takes place in the liquid. An approximate quantitative treatment is presented in which the 
multiple scattering is considered as a succession of steps which are the same for every emitted 
y-ray. Although the method is quite crude, the numerical results both for the absolute counting 
rate of a submerged counter and for the effect of shielding around the counter are in close agree- 


ment with experiment. 





I. INTRODUCTION 


HILE much experimental work! has been 

done on the scattering of y-radiation, the 
study of multiple scattering has been neglected. 
In the arrangements usually considered, a plane 
parallel beam falls upon a target. The geometrical 
factors thereby introduced make an analysis of 
the results difficult.? 

A substantial simplification is possible by use 
of a y-ray source which is homogeneously dis- 
tributed throughout an infinite medium. The 
effect of multiple scattering then manifests itself 
in the intensity and spectral distribution of the 
radiation which is the same at every point in 
the medium. In the next section of this paper, 
we will show that these quantities can be re- 
lated, in a simple way, to the strength of the 
source and the density of electrons in the me- 
dium. In Section III an equally simple experi- 
mental arrangement is described which ef- 
fectively provides a y-ray source distributed 
throughout an infinite medium. In Section IV 
the measurements of intensity and spectral dis- 
tribution are compared with the theoretical 
values. 


Il. THEORY 


Suppose that there are 4-y-ray sources per 
cubic cm distributed throughout a uniform 
medium and that each source emits A-quanta of 
energy Eo per second. Each quantum is scat- 
tered many times by the electrons of the me- 


1 A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 
1930), Ch. III. 

* Hirshfelder, Magee, and Hull, Phys. Rev. 73, 8 (1948). 


dium,’ losing energy in each scattering process 
according to the familiar Compton formula, 
until it is finally absorbed photoelectrically. The 
quanta existing in the medium can then be 
divided into groups which are determined by 
the number of scatterings experienced, i.e., 
quanta in the k’th group have been scattered k 
times. The quanta in each group will be dis- 
tributed in energy about some mean energy, EF. 

Every quantum will travel a mean distance, /, 
between scattering processes. This distance de- 
pends upon the energy and can be computed 
from the well-known Klein-Nishina formula.‘ It 
is plotted as a function of the energy for the elec- 
tron density of water (3.37 X10” electrons/cm#) 
in Fig. 1. It is inversely proportional to the elec- 
tron density. 

The Klein-Nishina cross section, o, can be de- 
composed into the sum o,+o, where a,/o is the 
fraction of incident energy given to the scattered 
quantum while o,/o is the fraction of incident 
energy given to the recoil electron. The ratio 
o,/o can be obtained by integrating the scattered 
intensity as given by the Klein-Nishina formula 
over all angles and dividing the result by the 
product of the total cross section and the in- 
cident energy. A graph of this ratio against 
energy is shown in Fig. 2. 

We will now assume that each quantum 
passes through a succession of energy values 
given by the mean energies of the various groups. 
Thus the actual problem is replaced by one in 


3 It is assumed that the energy Eo is sufficiently low that 
pair production is negligible. 

4W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1944), Ch. III. 
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which all quanta of the kth group have the 
mean energy E,;. The accuracy of this procedure 
will be discussed in Section IV. With this assump- 
tion the mean energy of the k+1st group is de- 
termined from the energy of the kth group by 


Ex4i1=(os/0)Ex, (1) 


where g,/o is evaluated for the energy E;,. The 
succession of energy values determined by Eq. 
(1) for an initial energy Eo=1.2 Mev is given in 
Table I. 

A detector immersed in the medium will, 
according to an obvious definition of efficiency, 
€, register quanta of the kth group at ‘a rate R; 
given by 


R= J ae f F,-dé, (2) 


where F, is the incident flux of quanta of the 
k’th group, and AE, is an energy interval that 


TABLE I. Scattered energies. 








Energy 
Mev 


a:/o 
1.2 0.545 
0.654 0.63 
0.412 0.64 
0.284 0.73 
0.207 0.79 
0.164 0.825 
0.135 0.845 
0.113 0.86 
0.098 0.875 
0.086 0.89 





161.4 141.1 








Fic. 1. Mean distance, J, 
between scatterings. 


contains all quanta of the k’th group. The sur- - 
face integral is extended over the active surface 
of the detector. It may be readily evaluated for 
a detector of axial symmetry whose area pro- 
jected perpendicularly to the axis of symmetry 
is A. Let N,= /nidE where n; is the number of 
quanta of the kth group per unit energy interval 
generated in each cubic cm per second. Then it 
is readily shown that 


fPeda =m. (3) 
4 


Substituting Eq. (3) in (2) and summing over k, 
we find 


oo T re) 
R => it R. = —A a f enjldE 
0 4 AE; 


0 


TA @ 
=— > Miliex. (4) 
4 0 


In the last step the assumption that all quanta 
of the kth group have the same energy has been 
used, and the subscripts on / and e mean that 
values of these quantities at the energy EF; are 
to be used. 

Usually the photoelectric absorption of the 
detector walls causes the response of the de- 
tector to vanish at an energy sufficiently high 
that the photoelectric absorption of the medium 
is negligible. Then, in the region of interest, NV; 
is constant and must be equal to 7A, the number 
of quanta emitted by the y-ray source per cm* 

















Fic. 2. Fraction of incident , 
energy, o./o, transmitted to the gle - 
scattered quantum. 


per sec. Hence, Eq. (4) may be written as 
R=(1A/4)m > lee. (5) 
0 


The upper limit of the sum is determined by 
setting E,, equal to the energy at which the de- 
tector ceases to respond. 

Equation (5) is the desired relation between 
the intensity of the radiation, the source strength, 
and the properties of the medium. Of course it 
also involves the properties of the detector 
through the quantity «. If we were only inter- 
ested in the flux of y-radiation through a cylinder, 
e, should be set equal to unity. The various 
terms in the sum of Eq. (5) correspond to the 
mean energies of the successive groups. Hence, 
the part of the response that arises from quanta 
in a given energy interval is comprised by the 
terms in this sum which lie within this energy 
interval. Hence, Eq. (5) also contains the spectral 
distribution of the radiation. 


Ill. EXPERIMENT® 


A homogeneously distributed source of y- 
radiation may be realized by dissolving a salt 
of radio-isotope in water. We have used Co®, 
which emits two y-rays per disintegration of 
1.2-Mev mean energy. Thus the number of 
‘-rays emitted per cm’ per second is 2A, which 
should replace 7A in our previous equations. 

A Cu Geiger-Miiller counter of 3;-in. wall 
thickness, 1-in. diameter and 8.83-in. effective 


5 We are indebted to C. Fiddler for assistance in the 
experimental work. 
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*H. Bradt, et al. Helv. Phys. Acta 19, 77 (1946). 
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length was used for a detector. The anode was a 
3-mil tungsten wire, and the tube was filled with 
a five to one ratio of argon to ether to a pressure 
of 30 cm Hg. The efficiency was measured with 
several standard sources with the results shown 
in Table II. The last column of the table gives 
the results of Bradt e¢ al.* for a Cu counter, and 
our values differ by less than the experimental 
error. Bradt’s results for a Cu tube are shown in 
Fig. 3. 

Measurements were first made of the back- 
ground counting rate at different positions in a 
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Fic. 3. Efficiency of a Cu counter. 
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Fic. 4. Counting rate at points 
within the tank. 
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tank 6’ in diameter and 6’ high filled with water. 
These measurements were repeated with two 
concentrations of Co®, whose activity was meas- 
ured before being put in solution. One concentra- 
tion had a specific activity of 4.0 wuC (10-” 
curies) per cm*, the other 11.9 wuC per cm’. 

For the larger Co® concentration 27 is 
2x11.9X10-" X3.7 XK 10!°=0.88 y-ray per sec- 
ond per cm*. The results with background sub- 
tracted are shown in Fig. 4. The ordinates are 
precisely in the ratio of the specific activities. 
The flat portion of the curves at the center of 
the tank indicates that the effect at the walls 
does not extend inward more than 60 cm. Thus 
measurements made at the center are repre- 
sentative of an infinitely extended medium. 


The counter was always enclosed by an alu- 
minum shield (0.4 g/cm?) to protect it from the 
water. The effect of introducing additional 
shields around the counter are shown in Table 
III. These measurements were made to obtain 
some information about the spectral distribution 
of the radiation. 


IV. DISCUSSION 


The counting rate can readily be determined 
from Eq. (5). The numerical values for the fac- 
tors before the summation have been given in 
the previous section. The summation may be 
effected graphically by plotting ed against en- 
ergy, as shown in Fig. 5. The values of e,/, for 
energies of the scattered quanta given in Table | 
are represented by the ordinates of the figure and 


TABLE II. Efficiency of copper counter. 








Mean energy Measured 
Source of y-rays-Mev efficiency 


Co% 1.2 0.70% 0.68% 
RaC*, | 0.78 0.39% 0.40% 
Koiws 0.12 0.14% 0.14% 


Bradt, ef al. 











* The mean energy and y-ray spectrum is given by C. D. Ellis and 
G. H. Aston in Proc. Roy. Soc. A129, 180 (1930). 


TABLE III. Effect of shielding on submerged counter. 
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Fic. 5. Product of efficiency and path length. 








Shield 


Counts/sec. 


Experimental 
reduction in 
counting rate 


Calculated 
reduction 
in count- 

ing rate 





Lead—0.8 g/cm? 
Lead—1.6 g/cm? 
Al—0.8 g/cm? 
No shield 


6.52 +0.10 
6.17 40.15 
8.52 +0.14 
8.92 +0.14 


(2743)% 
(31 45)% 
4s +3% 


ae 
1% 
0 
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om/cm* —a! 


Fic 6. Transmission of shields. 


TRANSMISSION 


their sum, including the attenuation introduced 
by the 0.4-g/cm aluminum shield, is 0.229 cm. 
From Eq. (5) we find for the 11.9-yuC/cm? 
concentration of Cl® that the counting rate 
should be 9.04/sec., which is 1.3 percent higher 
than the observed value in Table II. 

The effect of introducing shields around the 
counter may be understood from the transmis- 
sion curves shown in Fig. 6. They are computed 
from the known mass absorption coefficients’ of 
the various metals used. The efficiency of a 
counter with a shield around it is now reduced 
at each energy by the transmission coefficient 
for this energy. It will be noted that the mass 


Fic. 7. Energy distribution 
' of quanta. 
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absorption coefficient includes scattering as well 
as photoelectric absorption. Our use of this 
coefficient should overestimate the effect of 
shielding because not all of the quanta scattered 
in the shield are deflected through a large enough 
angle to miss the counter. The error is small for 
Pb shields where photoelectric absorption is 
predominant. If the indicated calculation is 
made for 0.80-g/cm? and 1.60-g/cm? lead shields, 
exJ, is found to be 0.161 cm and 0.141 cm, 
giving 29.5 percent and 38 percent reduction in 
the counting rate. Similarly, a 0.80-g/cm* Al 
shield gives a 7 percent reduction. Comparison 
with experiment is shown in Table III. 


ENERGY — MEV 


"AL. Compton and S. K. Allison, X-Rays in Theory and Experiments (D. Van Nostrand Company, Inc., New York, 
1936), Appendix IX. 
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It is surprising that the assumption that all 
scattered quanta of one group have the same 
energy yields results so closely in agreement with 
experiments on both intensity and spectral dis- 
tribution of the radiation. The meaning of this 
assumption in terms of the energy distribution is 
illustrated in Fig. 7, in which the number of 
quanta with energy greater than E has been 
plotted. This number increases by N whenever 
E passes through one of the energies E;,. The 


same number has been computed from a sta. 
tistical study of 200 calculated y-ray tracks by 
Dr. Fano and Mr. Karr® at the National Bureay 
of Standards and is also shown in Fig. 7. The 
similarity of the two curves accounts for the 
close agreement between our experimental and 
calculated results. 


_ ® We are indebted to Dr. Fano and Mr. Karr for permis- 
sion to quote the results of their work on an Office of 
Naval Research contract. 
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When thin films of insulating material are bombarded by high velocity electron beams that 
can penetrate through the thickness of the film, steady currents can be obtained that are as 
much as 100 times that in the bombarding beam. These currents vary with the gradient across 
the film and are proportional to the fraction of the beam energy absorbed in the film. Typical 
data obtained with amorphous silica are presented, together with a description of the experi- 


mental procedures that were used. 


INTRODUCTION 


LTHOUGH considerable work has been 

done with the bombardment of insulators 
by electron beams, most of it has been related to 
emission of secondary electrons. Relatively few 
papers have dealt with the problem of the cur- 
rents induced by the bombarding beam, even 
though this has been known for some time,! and 
most of these dealt with semiconducting and 
photo-conductive materials.7* More recently 
some work has been done with crystals of silver 
chloride and diamond, as reported by Van 
Heerden.® In these cases pulses of current were 
observed to flow through the crystal under bom- 
bardment by pulses of ionizing particles like 
alpha-particles® or pulsed electron beams.’ The 


1A. Becker, Ann. d. Physik 13, 394 (1904). 

2R. Kronig, Phys. Rev. 24, 377 (1924). 

3R. Frerichs, Phys. Rev. 72, 594 (1947). 

4E. S. Rittner, Phys. Rev. 73, 1212 (1948). 

5P, J. Van Heerden, The Crystal Counter (N. V. Noord- 
Hollandsche Uitgevers Maatschappij, Amsterdam, 1945). 

6 A. J. Hearn, Phys. Rev. 23, 524 (1948). 

7K. G. McKay, Phys. Rev. 74, 1606 (1948). 


magnitudes of these currents are very sensitive 
to the structure of the crystal. 

An effect has been found, however, which is 
not dependent on the crystalline structure and 
has been found in all of the several insulating 
films tried to date. Among these are silica, mag- 
nesium fluoride, electrolytic aluminum oxide, and 
mica. It was found that electrons can flow con- 
tinuously through thin films of the insulator when 
bombarded by an electron beam of sufficient 
velocity to penetrate through the thickness of 
the film. These currents have been observed to 
be as' large as 100 times that of the bombarding 
beam and are proportional to the energy ab- 
sorbed from the bombarding beam. 


EXPERIMENTAL PROCEDURE 


The tests described below refer to thin films 
of amorphous silica on Nichrome base metal 
plates two inches square. The films were in the 
range of thickness from 2500A to 15,000A and 
were prepared by heating the plates in an atmos- 
phere of ethyl silicate vapor, which decomposes 

















































at high temperature to form silica. This process* 
was chosen for the tests because it provided films 
that were much better insulators than could be 
obtained by the evaporation of fused quartz from 
tungsten filaments. Other insulating films, such 
as aluminum oxide, magnesium fluoride, and 
barium borate were tried as examples of readily 
available materials and were found to show the 
effect of bombardment induced conduction, but 
no comparable data has as yet been taken. 

In order to perform the measurements, the 
targets were set up in an evacuated envelope 
which was equipped with two cathode-ray guns, 
so spaced as to permit the deflection of the beams 
by standard television deflection yokes, as shown 
in Fig. 1. The target was connected to a video 
amplifier which ultimately drove the grid of a 
standard kinescope whose deflection yoke was 
driven in synchronism with those of the test tube. 
The decoupling filter shown in the Fig. 1 was 
designed to permit the application of d.c. volt- 
ages to the target plates. The meter marked 
‘‘microampere No. 1’ reads only the current 
striking the target and meter marked “micro- 
ampere No. 2’ reads only the current that passed 
through the insulating film to the base metal. 
Some care was taken with close-fitting mica 
shields to prevent electrons from reaching the 
base metal by any path other than through 
the film. 

When one of the cathode-ray guns is turned 
on at. comparatively low voltage (600 to 1000 
volts), there is no appreciable penetration through 
the film, and the operation is as one would expect 
from the well-known phenomena characterizing 
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Fic. 1. Arrangement 
of apparatus. 





POWER 
SUPPLY | 











INDUCED CONDUCTIVITY 










the behavior of insulators under an electron bom- 
bardment. Because the secondary emission ratio 
is greater than unity, the surface is held at 
approximately the potential of the collector, 
which in this case is the wall coating. This poten- 
tial is independent of that applied to the base 
metal, which can now be adjusted to provide a 
predetermined potential drop across the film. 
Any charges that leak through the film will also 
be removed by the scanning beam. In addition, 
the beam generates a television-type signal as it 
scans over the surface by a mechanism similar to 
that in the iconoscope.* This signal, when viewed 
in the kinescope, produces a uniform picture 
when the surface is at equilibrium. However, any 
deviation from that potential, for any reason, 
shows up as a light or dark area. This provides a 
two-dimensional check on the surface potential. 

Under such conditions the data of Fig. 2 were 
obtained. The target metal potential was set 
with respect to the collector at the values shown 
on the figure, and the beam current was varied. 
Some small leakage currents were found which 
varied directly with the beam current and were 
found to be relatively independent of the beam 
voltage over the range of 500 to 800 volts. The 
crossing of two of the lines is assumed to be an 
artifact because of the difficulty of obtaining 
reproducible measurements with the small cur- 
rents involved. 

Figure 3 shows how the leakage current varied 
with target voltage, keeping the beam current 
and beam voltage fixed. For the range of data 
shown the current is an exponential function of 
the target voltage. The dashed portion of the 
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* Developed by H. B. Law of the RCA Laboratories Division. 
* Zworykin, Morton, and Flory, Proc. I.R.E. 25, 1071 (1937). 
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Fic. 2. Conduction current as a function of beam current. 


curve is extrapolated to indicate an expected ap- 
proach to zero current at zero target voltage. 

A possible explanation of these small currents 
is that there are flaws in the film through which 
base metal shows and that secondary emission 
can be obtained from it when it is negative. 
Because the percentage area involved is small, 
the observed currents would be small. When the 
metal is positive the bare areas can act as col- 
lectors of redistributed secondary electrons that 
originate in the insulator, and in this case the 
current can be appreciably larger than with the 
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negative voltage. The exponential character, 
however, is not explained. This effect was not 
further investigated because it was of less interest 
than the larger order effect described below. 

An interesting phenomenon was observed in 


attempting to take measurements with negative . 


target voltage appreciably greater than those 
indicated. As the gradient exceeded 2X 10® volts 
per centimeter, occasional sparking was observed 
in the kinescope as a burst of electrons emanating 
from a point and spraying over the region around 
it, causing this region of the surface to become 
highly negative until it was again charged up by 
the beam. 

Figure 4 shows the beginnings of the increased 
conduction resulting from the increasing pene- 
tration by the beam. The curves are similar to 
those of Fig. 2, except that the film is only 2500A 
thick. Increasing the beam voltage now shows 
an increased conduction current through the 
film. It is readily apparent, however, that as the 
conduction current approaches an appreciable 
fraction of the beam current the surface potential 
begins to drift towards the base metal potential. 
This is more obvious in the case where the film 
approaches a good conductor. The loss of surface 
potential sets a limit to measurements of this 
type with high velocity beams. 

For this reason a two-beam technique was de- 
vised that permitted extending the range of 







Fic, 3. Conduction current as a 
function of target voltage. 
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measurements in the following manner. The one 
beam was set at a fixed voltage low enough so 
that the conduction effect due to it was suitably 
small. The current in this beam was made large 
enough to be well in excess of any conduction 
currents that might be generated by the second 
beam whose voltage was varied over the desired 
range. The currents in this second beam were 
held to a small enough value so that its conduc- 
tion effects would not require going beyond the 
practical limits for the first gun. Typical values 
that illustrate this principle are: 


Volts Current Cond. current 
Beam 1 800 10 ua 0.1 ua 
Beam 2 10,000 0.02 ua 1.0 ua 


It is apparent that the low voltage beam current 
was well in excess of the total conduction current 
through the film, and so the surface potential was 
held at collector potential. For this reason the 
potential drop across the film was still known 
and. controlable. 

For purposes of describing the experimental 
data without reference to specific currents, the 
term ‘“‘conduction ratio’’ was applied to the ratio 
of the conduction currents to the beam current 
that excited it. For example, the conduction ratio 
of the beam 2 above would be 50. 

Figure 5 shows a typical set of data as the 
voltage of the second beam was varied. The solid 
line curves are for the positive voltages applied 
to the base metal, and the dashed lines are for 
negative voltages. It is apparent that the conduc- 
tion ratio rises very rapidly with increasing volt- 
age at the lower beam voltages, reaching a maxi- 
mum and then tapering off slowly. Increasing the 
potential drop across the film increased the con- 
duction ratio at any given voltage. The ratio was 
also larger for positive voltages, which is the 
direction of gradient such as to pass electrons 
from the bombarded surface through the film to 
the base metal. 

Figure 6 shows the effect with different thick- 
nesses of film. The curves are marked with the 
thickness in angstrom units, and for each film a 
positive gradient was set at the value of.10° volts 
per centimeter. The second beam voltage was 
varied as above. Although these curves are rather 
flat, some rough conclusions can be drawn. First 
it is to be noted that the voltage at the maximum 
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Fic. 4. Increased conduction due to the increasing 
penetrating of the beam. 


increases with film thickness. In particular, this 
voltage increases approximately with the square 
root of film thickness, as would be expected from 
the Thomson-Whiddington law. Secondly, the 
increasing conduction ratios at the maxima indi- 
cate an increased conduction effect with in- 
creased film thickness. Again as a rough approxi- 
mation, the magnitude of the increase is propor- 
tional to the voltage at the maximum. For ex- 
ample, the 2500A film can be said to have a 
maximum conduction ratio of 9 at a beam voltage 
of 6 kv. The 9000A curve shows a maximum at 
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Fic. 5. Typical data with the two-beam technique. 
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Fic. 6. Effects of varying the film thickness. 


12 kv, which is double the previous voltage, and 
the conduction ratio is approximately 19, which 
is slightly over double that of the thinner film. 
This appears to indicate that the conduction 
effect is proportional to the beam energy ab- 
sorbed in the film. 

The indication of the proportionality of the 
effect with absorbed beam energy can be sup- 
ported by a different consideration. We can 
calculate the energy losses in a thin film by a 
beam of electrons as the beam velocity exceeds 
that required for penetration. The Thomson- 
Whiddington law indicates that the range of elec- 
trons goes up with the square of the voltage. 
Experimental data of Terrill® indicate that the 
current in a beam falls off exponentially with 
depth of penetration. Both these laws were trans- 
posed to the form shown in Fig. 7, which assumes 
a film thickness of unity and an electron beam 
velocity just able to penetrate it. The latter is 
obtained from the Thomson-Whiddington law 
which defines the range or the maximum depth 
of penetration by extrapolating the initial loss 
of voltage on penetration into the material. The 
falling off of current and voltage are plotted as 
fractions of the initial value against the fraction 
of the film thickness penetrated. The dashed por- 
tions of the curves indicate the regions where 
experimental data have not been available to 
verify the laws involved. Based on these two 
curves, a third curve was obtained which is the 
product of the loss of current and loss of voltage 


*H. M. Terrill, Phys. Rev. 24, 616 (1924). 
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Fic. 7. Power losses in thin film. 


and is therefore the loss of power with penetra- 
tion into the film. This indicates the interesting 
fact that 80 percent of the power is lost in the 
first half of the range of penetration. 

It is a relatively simple matter to compute 
from this power curve what the energy loss is as 
a function of beam voltage for a given film thick- 
ness, as the voltage is increased to values above 
that required for penetration. The solid line of 
Fig. 8 is such a curve for one of the thicknesses 
used. In this case the range voltage is 6.3 kv, so 
that for all lower, values all of the beam energy 
is absorbed. This part of the curve is therefore a 
straight line with a 45° slope. The line starts to 
curve when the voltage begins to exceed that for 
which the range is the film thickness, but the 
total energy absorbed continues to rise with 
voltage because the energy loss occurs primarily 
in the first half of the range. The absorbed energy 
decreases at still higher voltages because the 
range increases with the square of the voltage so 
that the fraction of the beam energy absorbed 
begins to decrease faster than the increase in the 
initial energy. 

The experimental data for this film were 
plotted as dashed lines, using an arbitrary scale 
chosen only for purposes of comparing curve 
shapes. We find once more that the broad max- 
ima prevent an accurate matching, but the simi- 
larity is. very suggestive. , 

The locations of the maxima in the experi- 
mental and calculated curves are close enough 
to be within experimental error, whereby a fur- 
ther check is provided on the theory of penetra- 


























re 
ale 







tion. Also, the similarity of slopes after the 
maxima points to the proportionality of the effect 
with absorbed energy. This relationship would 
then appear to be substantiated by the measure- 
ments on a single film as well as by the compari- 
son of a range of thicknesses. The differences 
occur primarily in the low voltage region where 
the unknown factor of incomplete penetration 
would be expected to cause a reduction of the 
conduction effect. 


CONCLUSIONS 


The excitation of conduction current by a 
penetrating electron beam has been found in all 
insulating materials tested‘ This indicates that 
the effect is not critically dependent on the 
crystal structure of the material. It is, therefore, 
possible to obtain an elementary picture of the 
phenomenon based primarily on the fact that 
almost all of the energy of a high speed electron 
on penetrating into a solid body is given up to 
the bound electrons by collision processes. These 
bound electrons are thereby made free to migrate 
in the direction of an applied gradient. If it is 
assumed that the energy required to free a bound 
electron is of the order of 10 to 20 electron volts, 
then a 10,000-volt primary electron should excite 
from 500 to 1000 low velocity electrons. These 
electrons are subject to trapping by several 
mechanisms, including that of capture by the 
positive ions that were also generated. It is not 
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likely that the steady state current observed 
means that any electrons have gone through the 
entire thickness of the film. It is more reasonable 
to assume that the electrons freed near the front 
surface go part way into the interior and then 
become trapped, thus building up a space charge. 
If the beam penetrates beyond this point, the 
electrons freed in the interior leave positive ions 
that reduce the space charge. There is thus a pro- 
gressive travel of current as a series of jumps of 
electrons along the path of the penetrating beam. 
If penetration is complete, then a steady current 
can be observed. Otherwise, on incomplete pene- 
tration, the build-up space charge rapidly re- 
duces the current to those low values which 
represent that fraction of the excited electrons 
that can escape the traps and migrate through 
the unpenetrated region. This fraction. falls off 
rapidly with increasing length of unpenetrated 
path. The experimental data in the voltage range 
below that of the maximum conduction ratio 
(see Fig. 8) indicates a rapid falling off of the 
conduction effect with decreasing voltage where 
penetration is incomplete. This picture of the 
process also indicates why the effect falls off with 
increasing voltage after the maximum. The total 
number of electrons excited is proportional to 
the absorbed energy, and the current through the 
film should be proportional to the number of 
excited electrons. 

When the base metal is negative, it is possible 
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to assume a similar process, but dealing with the 
travel of holes instead of electrons. Because the 
mobility of holes is appreciably less than that of 
electrons, there should be observed a more rapid 
decrease of conduction current with decreasing 
penetration. This too is supported by the curve 
for negative gradient in Fig. 8. The recovery of 
full insulation after removal of the penetrating 
beam, with both types of conduction, is to be 
expected. No current should flow on the mere 
application of a gradient without a means of 
exciting the electrons in the interior. 

This simple theory leaves unexplained, how- 
ever, the observation in the data of Fig. 6, that 
the conduction ratio is proportional to the beam 
voltage at the maximum regardless of the film 
thickness. It is to be expected that, on doubling 
the beam voltage, the number of excited elec- 
trons is doubled, but the path length is increased 
four times. If the range of excited electrons is 
constant, the increased path length should result 
in a decrease of current in spite of the increased 
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number of excited electrons in the thicker film. 
The fact is that current increases, and in an 
amount that indicates no appreciable loss due to 
the increased film thickness. 


SUMMARY 


An apparently new type of conduction effect 
has been found which occurs on fairly complete 
penetration through an insulator film and seems 
to be present in an uncritical manner in each of 
several insulator materials tried.“The conduction 
currents can exceed the penetrating beam current 
by many times, and the insulation recovers com- 
pletely after the penetrating beam is removed. 
The effect is shown ‘to be proportional to the 
amount of beam energy absorbed. 
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The Recording of Electron Tracks in Photographic Emulsions* 


R. H. HErRz 
Kodak Research Laboratories, Kodak Lid., Wealdstone, Harrow, England. 


(Received October 14, 1948) 


Four different methods of obtaining electron tracks in nuclear-track plates are described. 


Electron tracks have been produced by x-rays, by natural radioactive decay, by exposures 
in an electron microscope, and by feeble, induced radioactivity. A first attempt at establishing 
the range-energy relationship of electrons has been made from length measurements of electron 
tracks produced by heterogeneous and monochromatic x-rays at various kilovoltages and 
by monoenergetic electrons in an electron microscope. Some considerations are given on the 
sensitivity of the nuclear-track plate used in these experiments. 


I. INTRODUCTION 


INCE the introduction of the Kodak Nuclear- 
Track Emulsion, Type NT2a,! which permits 

the recording of electron tracks, studies have 
been made of such tracks produced in various 
ways. Apart from the interest which these photo- 
graphs have simply as records of electrons, they 


* Communication No. 1204-H from the Kodak Research 
Laboratories. 
1R. W. Berriman, Nature 161, 432 (1948). 
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provide data for estimating the relation between 
the length of the track and the electron energy, 
and also the sensitivity of the plates to electrons. 
Accurate determination of these properties would 
require a source of monoenergetic electrons (the 
energy of which can be varied). Since suclr an ap- 
paratus was not available, measurements have 
been made from electron records produced by ex- 
posure to x-rays generated at different voltages. A 
few measurements were also made with mono- 
















RECORDING 


35 kv 


65 kv 130 kv 
(no filter) (0.2-mm Cu filter) (1.8-mm Cu filter) 


200 kv 200 kv 
(10-mm Cu filter) (10-mm Cu filter) 


200 kv 
(10-mm Cu filter) 
Mosaic 


Fics. 1-6. (Reading from top left to bottom right.) 
Tracks of electrons released by x-rays at various kilo- 
voltages. Magnification, 2200 X. 


energetic electrons produced in the electron 
microscope. Accurate measurements are being 
carried out by means of an electron spectrograph 
by M. A. S. Ross and B. Zajac of the University 
of Edinburgh. 


II. RECORDING OF ELECTRON TRACKS BY 
VARIOUS METHODS 


A. Electron Tracks Produced by X-Rays of 
Increasing Hardness 


If NT 2a Plates are exposed to x-rays, electrons 
are released from the silver bromide grains and 
leave tracks in the emulsion which are visible 
under the microscope. Heavily filtered hetero- 
geneous x-rays have been used, and for each 
quality of x-rays electron tracks of different 
lengths have been obtained, as described in 


Section III. As the kilovoltage is increased, the 


quantum energy of the x-radiation is increased 
and electrons of higher energy are produced, 
leaving tracks of increasing lengths in the emul- 
sion. Typical electron tracks obtained with vari- 
ous kilovoltages of x-rays are shown in the 
photomicrographs (Figs. 1-6). The exposure 
conditions for the tracks of electrons released at 
35, 65, 130, and 200 kilovolts are given in 
Table I. 

The plates were all processed for 20 minutes at 


formula: 


OF ELECTRON TRACKS 


Taste I. 





Exposure time 


Filtration 
(in seconds) 


kv (in mm Cu) mA 


35 Inherent filtration of 0.5 
_ X-ray tube 
50 0.05 0.5 


65 0.2 
69* Selective filter of CaWO, 
100 1.3 
130 1.8 
200 10.0 











* Monochromatic Kg-radiation of platinum. 
65°F in Kodinol Developer,** using the following 
Metric British 
Kodinol Developer 
(concentrated) 
Potassium bromide 


(10 percent solution) 
Water to make 


100 cc 8 fluid oz. 


2.4 fluid oz. 
80 fluid oz. 


30 cc 
1000 cc 


Figures 1-6 give further direct evidence for 
the assumption that the effect of x-rays on the 
photographic emulsion is due, at least to some 


Fic. 7. Photomicrographic mosaics of plane projections 
of three-dimensional radiothorium stars, at the origin of 
which electron tracks are seen. Second electron track 
visible in (a) may be the end of a track of an electron of 
—_ energy arising from the same origin. Magnification, 
2400 X 


** Kodinol Developer is not available in the United 
States. Similar results may be obtained using Kodak D-19 
Developer and development for 20 minutes at 68°F. 
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Fic. 8. Photomicrographs of alpha-particle tracks from 
uranium I; beta-tracks probably due to decay of uranium 
X:. Beta-ray energy (d) should (according to Table II) 
correspond roughly to 35 kv. Magnification, 2000 x. 


extent, to the release of electrons that travel 
beyond the grain that initially absorbs the x-ray 
quantum, and produce developability in neigh- 
boring grains. 


B. Electron Tracks in Radioactive Decay 


It was expected that one of the applications 
of the NT2a Plates might be the recording of 
tracks of beta-particles emitted in radioactive 
decay of the natural radioactive elements. The 
plates were bathed in different concentrations 
of aqueous radioactive solutions of thorium and 
uranium nitrate. Since a small amount ofa 
radioactive paint containing radium was avail- 
able, tests were also made by soaking the plates 
in a diluted solution of this material. The 
concentrations used were 5, 3, 1, 0.1, and 0.01 
percent by weight. Three plates were bathed for 
ten minutes in each of these solutions and then 
dried in light-tight cardboard boxes. One series 
was kept for 1 day, one for 1 week, and one for 
4 weeks before processing. Examination of these 
plates under the microscope revealed no electron 
tracks from solutions with substantially greater 
concentrations than 0.1 percent, which appeared 
to be the optimum, although the number of 
alpha-particle tracks per unit area was con- 
siderable and roughly proportional to the con- 
centrations. With 5 percent and 3 percent 
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solutions, a desensitization effect was observed, 
since the grain density of alpha-particle tracks 
became strikingly smaller than in the plates of 
smaller concentrations. The number of electron 
tracks found was greater for longer exposure 
times; it was very considerably smaller than 
that of alpha-particle tracks, and hundreds of 
tracks and star formations had to be scanned in 
order to find electron tracks arising from the 
origin of the stars or single alpha-particle tracks, 
A few of these were photomicrographed (Figs. 
7-9). 

The scarcity of electron tracks in the emulsion 


. is not surprising, when it is considered that only 


low energy electrons up to approximately 80 kv 
(Section III) can be recorded at present, and 
that tracks of high energy electrons will show 
only if the ends of their tracks happen to pass 
through the emulsion. 

A greater number of electron tracks arising 
from radioactive decay were, however, obtained 
when blotting paper was impregnated with 10 
percent radioactive solutions and placed about 
1 mm distant from the emulsion. Some of the 
electrons lose their energy in,the blotting paper 
and the ends of their tracks are then recorded in 


the emulsion. 


- 


C. Exposures in the Electron Microscope 


Some preliminary exposures were made to 
50-kv and 25-kv monoenergetic electrons in a 
Metropolitan-Vickers electron microscope. A 





Fic. 9. Alpha-track due to thorium C and beta-track 
may be due to parent element, thorium B, which has been 
ejected before the alpha-emission. A second track of a 
beta-particle is believed to arise from the same origin. 
This may be attributed to the beta-emission of thorium C”. 
Identity of thorium C alpha-track was found by measuring 
the length of the track. Magnification, 2000 x. 




















i i I Taal 


tO 


© 


ick 
en 
in. 
aL 


ing 








photomicrograph of such an exposure at 50 kv 
is shown in Fig. 10, and sections through heavily 
exposed emulsions (at 25 and 50 kv) are shown 
in Fig. 11. It is worth noting that the formation 
of electron tracks in photographic emulsions sets 
a limit to the resolving power in electron mi- 
crography in the same way that diffusion of 
light does in ordinary photomicrography. 


D. Recording of Electron Tracks by 
Induced Radioactivity 


Although electron tracks occurring in radio- 
active decay have been shown (Section IIB), 
tests have been carried out in order to check 
whether electrons from very feeble, induced 
radioactivity can be detected by photographic 
emulsions. An NT2a Plate covered by an alumi- 
num foil 50 microns thick was exposed for five 
days to fast neutrons arising from a beryllium 
target, which was bombarded by alpha-particles 
from a 5-millicurie polonium source. According 
to the three possible nuclear reactions (m,p), 
(n,a), (n,y) stated below, electrons are emitted 
by the decay of the three radioactive isotopes 
formed in this way: 


isAl??+ on'—12Mg?"+ H! 
12M g??—>3Al?7+- B- «1.8 Mev). = 10.2 min. , (1) 
13Al??+ 92!—,Na™-+ Het 
11Na*—>;2Mg™-+ B «1.4 Mev) 2 = 14.8 hr. ; (2) 
13Al?7+ 9!—;Al?8-+- ho 
j 13Al?8§— > ,Si?8+ B~ (3.3 Mev) 1 = 2.4 min. (3) 


A greater yield of these reactions can be 
obtained only by thermal neutrons. A slowing 
down of neutrons by a moderator was not 
attempted, because of the reduction of the 
neutron flux per unit area with increasing dis- 





Fic. 10, Electron micrograph: 50-kv electrons. 
Magnification, 1200 x 
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Fic. 11. Sections through NT2a Emulsion exposed to 
25- and 50-kv monoenergetic electrons in electron micro- 
scope. Heavy density on the left of the sections is caused 
by another exposed emulsion on which the sections of 
NT2a Emulsion were placed. Magnification, 900 x. 


tance from the source. Thus, only a feeble, 
induced radioactivity can be expected. A photo- 
micrograph of a few electron tracks obtained in 
this way is shown in Fig. 12. 


E. Auger Tracks 


While scanning the electron tracks produced 
by x-rays, we observed that some tracks showed 
clumping of grains at the beginning and at the 
end of the tracks. (See arrows in Fig. 4.) This 
phenomenon can probably be attributed to the 
Auger effect.2 Auger observed in Wilson cloud- 
‘chamber photographs a similar effect while using 
a heavy gas, such as argon, in the chamber. 
When he diluted this heavy gas by 95 percent of 
hydrogen, it could be seen that some of the 
tracks branched off at the beginning to form 
secondary tracks, which were due to the forma- 
tion of secondary electrons. This led him to 
conclude that the K, photon generated when an 
L electron jumps into a K-orbit frequently acts 
photoelectrically on another Z or M electron in 
the same atom, which is thus ejected. Since 
silver and bromine are relatively heavy atoms, 


2 P. Auger, J. de phys. et rad. 6, 205 (1925). 
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it may be concluded that the cause of heavy 
ionization at the beginning of some tracks may 
be similar to that interpreted by Auger. 


III. RELATIONSHIP BETWEEN ENERGY AND 
RANGE OF ELECTRON TRACKS 


The release of photoelectrons by absorption of 
x-rays in the photographic emulsion is based on 
the photoelectric effect and can be represented 
by hv=(mv?/2)+wx, where hv is the energy of 
the incident x-ray quantum, mv*/2 is the kinetic 
energy of the electron released, and wx is the 
energy required to remove an electron from the 
K level of the atom. The kinetic energy of the 
electron will then be hu—wg. Similar effects 
will occur at each of the other absorbing levels, 
since the primary radiation, hv, may be absorbed 
in any of the energy levels in the atom. Hence, 
for an incident radiation of frequency, v, groups 
of electrons will be released having energies, 
ho—wri, hvu—wz1, hu—wzpe, etc. With the increase 
of incident quantum energies, electron groups of 
higher energies will be released. If heterogeneous 
x-rays are used, a continuous electron spectrum 
comprising a wide range of electron energies 
can be expected. The greatest electron energy 
which will be produced by a_ heterogeneous 
x-ray beam will then be equal to the energy of 
the shortest x-ray wave-length present in the 
beam minus the work function equivalent to the 
highest electron level. 





Fic. 12. Electron tracks produced by induced radioactivity. 
Magnification, 2500 X. 
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In addition to the photoelectric absorption 
effect, the modified Compton effect will occur. 
This results in the emission of recoil electrons, 
the energies of which depend upon the angle of 
the scattered photon with respect to the direction 
of the primary beam. The energies of recoil 
electrons are considerably smaller than those of 
the photoelectrons for the same quantum energy 
incident and are independent of the material 
through which the photons pass. 


Experimental 


A series of strips of NT2a Plates, with an 
emulsion layer 30u thick, were exposed to heavily 
filtered x-rays generated at increasing kilovolt- 
ages. The exposure times were so adjusted that 
the number of electron tracks revealed in the 
microscope field was roughly constant for all 
qualities of radiations. The kilovoltages, the 
corresponding filtrations, the milliamperage, and 
the exposure times are listed in Table I. The 
focus-plate distance for all exposures was 100 
centimeters. At 69 kv the monochromatic K, 
radiation of platinum was used. This radiation, 
corresponding to a wave-length of \=0.178A, 
was obtained as a secondary characteristic radi- 
ation excited by the absorption of primary 
x-rays. The characteristic radiation was selec- 
tively filtered by a Kodak Ultra-Speed (calcium 
tungstate back) Intensifying Screen and was 
checked by means of an x-ray spectrograph. 

The plates were given standard development, 
as mentioned in Section II, and then scanned by 
means of a projection microscope using an oil- 
immersion objective and an eyepiece. The num- 
ber of developed grains of each track visible in 
the. projected field was counted and plotted 
against the frequency of tracks. The counting 
was done independently by two observers, who, 
in order to avoid any bias during counting, were 
not told the generating kilovoltage at which the 
plates were exposed. For each kilovoltage, 50 
tracks were counted and the grain number- 
frequency curve obtained is shown in Fig. 13. 
It can be seen from this graph that the maximum 
frequency shifts slightly towards a greater num- 
ber of grains with increasing kilovoltage up to 
65 kv and from 130-200 kv. No marked increase 
was found for the maximum number of grains 
with increasing kilovoltage, as might be expected. 
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The exposure with monochromatic radiation was 
made, as it was thought that this radiation might 
increase the maximum frequency towards a 
greater number of grains if compared with the 
65-kv heterogeneous radiation. This is, however, 
not indicated by the distribution for monochro- 
matic rays equivalent to 69 kv (Fig. 14). In this 
case, 200 tracks were counted. 

Since the method of counting tracks in the 
field was very tedious, it was thought that a 
more satisfactory way of relating the range of 
tracks and the energy would result from scanning 
many hundreds of tracks of which only the 
longest tracks are selected and counted. This 
was done, and in a few cases where the tracks 
were at almost glancing angle with respects to 
the plane of the plate, length measurements of 
the curved path of tracks were made. The results 
of these measurements are tabulated in Table II. 











TABLE II. 
Maximum Range in Schénland and Column 3 X1.4 
number microns Varder (Calc. (curved path 

kv of grains (curved path) in microns) in microns) 

35 13 8 6.1 8.5 

50 18 14 10.6 14.8 

65 16 — 16.7 23.4 
69* 18 — 18.6 26.0 

80 = —: 23.1 32.0 
100 18 —_ — _ 
130 28 35 _— — 
200 27 — — —_ 








* Monochromatic Kq-radiation of platinum. 


It will be seen from Table II that the maxi- 
mum, numbers of grains counted do not vary 
appreciably between 50-100 kv. No satisfactory 
explanation for this result can be given at 
present. It is possible, however, that the maxi- 
mum number of grains obtainable is at 50 kv 
and that the greater counts obtained at 130- 
and 200-kv x-rays are due to erroneous counting. 
This uncertainty in counting may well be visual- 
ized by reference to Figs. 3, 5, and 6, which show 
photomicrographs of long electron tracks taken 
at 130- and 200-kv x-rays. It is difficult to decide 
whether these represent single or multiple tracks. 
Another possible explanation for the constancy 
of the number of grains counted between 50-100 
kv might be the rising proportion of Compton 
recoil electrons which have, on the average, a 
considerably shorter range than the photoelec- 
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Fic. 13. Grain number-frequency curve. 


trons. However, the probability of the formation 
of recoil electrons, which is very high compared 
with that of the formation of photoelectrons 
from light atoms, such as are present in gelatin, 
decreases if heavy absorbing atoms, such as 
silver and bromine, are present. The effect 
mentioned is, therefore, difficult to understand 
if we consider the high silver bromide/gelatin 
ratio of the NT2a Plate. No marked influence 
can be expected from the ratio of the volumes of 
silver bromide to gelatin, which is approximately 
unity, since the ratio of the number of photo- 
and recoil electrons released d2pends basically 
upon the weight concerned. Some consideration 
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_ Fig. 14. Monochromatic radiation. Platinum Kg radiation 


(A=0.178A~69 kilovolts). 
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Fic. 15. Relationship between range in emulsion and energy 
(in E kv). 


might be given to the release of electrons from 
the glass support, but no plausible explanation 
could be derived from such an effect either. 
Length measurements were also carried out on 
sections of emulsions that had been subjected to 
heavy exposures to monoenergetic electrons in 
the electron microscope (Fig. 11). The plates 
were exposed with the electron beam perpen- 
dicular to the plane of the plate, and the widths 
of the exposed region of sections of the emulsions 
were measured. These widths can be regarded as 
the straight-line range of the electron path, since 
the majority of the tracks form zigzag lines. 
According to Williams,* the curved paths of 
electrons in metal should be, on the average, 
some 40 percent greater than the thickness of 
the metal foil. In Table III, the widths of the 
exposed region and of the curved path of tracks 
are given in microns. The values are the means 
of 15 measurements at 25 kv and at 50 kv in the 
electron microscope. The value at 50 kv is below 
that obtained with x-rays, which may be a result 


TABLE III. 











Width of Curved path 
exposed region of tracks 
kv (in microns) (in microns) 
25 3.2 4.5 
50 8.2 . 11.5 








( 3 3) J. Williams, Proc. Roy. Soc. (London) 130A, 310 
1931). 
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of the shrinkage effect of the emulsion in the 
plane perpendicular to the plate. 

After these length measurements were made, 
it appeared of interest to see how the results 
obtained agree with measurements taken by 
other workers. The thickness of various metals 
necessary to stop electrons of different velocities 
was determined by Schénland‘ and by Varder.! 
These workers found that the thickness is de- 
pendent only upon the mass per unit area. The 
range values of Schénland and Varder were 
converted into lengths in microns for the mass 
per unit area of NT2a Emulsion, and these values 
are quoted in column 3 of Table II. Column 4 
shows the values of column 3 multiplied by 1.4 
(curved path). 

From the values in column 3 (Table II) and 
from the considerations regarding the constancy 
of grain numbers between 65 and 100 kv, it may 
be concluded that the maximum energy of elec- 
trons which can be recorded with the NT2a 
Emulsion will be at about 80 kv. This figure and 
the data just given might serve as a guide until 
more accurate measurements have been made by 
means of an electron spectrograph. Ross and 
Zajac® have carried out some preliminary meas- 
urements with the electron spectrograph, and 
their data are rofighly in agreement with those 
tabulated. 

Figure 15 shows the relationship between range 















Energy (MEV) 


Fic. 16. Relationship between energy loss per centimeter 
of air and energy for alpha-particles, deuterons, protons, 
mesons, and electrons. 


4B. F. J. Schénland, Proc. Roy. Soc. (London) 104A, 
235 (1923); 108A, 187 (1925). 

5 R. W. Varder, Phil. Mag. 29, 726 (1915). 
6 M. A. S. Ross and B. Zajac, private communication. 
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in emulsion and energy (in E kv). The values 
obtained by x-rays, by the electron microscope, 
and by the electron spectrograph are indicated 
in the graph. The values taken with the electron 
spectrograph are preliminary data kindly sent 
by M. A. S. Ross and B. Zajac,’ of the University 
of Edinburgh. The curve is plotted up to 200 kv 
from the values of Varder and Schénland con- 
verted into lengths in microns for the mass per 
unit area of the NT2a Emulsion and multiplied 
by 1.4. 


IV. CONSIDERATIONS ON THE SENSITIVITY OF 
NT2a PLATES 


In a recent paper, Webb® has shown the 
relationship between the energy loss per centi- 
meter of air, (dE/dx) (Mev/cm), and energy for 
alpha-particles, deuterons, protons, mesons, and 
electrons (Fig. 16). Assuming that a safe limit 
for the recording of electron tracks with the 
NT2a Plate is 50 kv, this would correspond to an 
energy loss of 0.007 Mev per centimeter of air. 
The limiting energy values up to which the 
recording of other particles can be expected with 
this plate would be 


200 Mev for deuterons, 
100 Mev for protons, 
>400 Mev for alpha-particles, and 
10 Mev for mesons. 


The number of ion pairs produced in a silver 
bromide grain for a given loss of a particle per 
centimeter in air can be computed, according to 


™M. A. S. Ross and B. Zajac, Nature 162, 923 (1948). 
8 J. H. Webb, Phys. Rev. 74, 511 (1948). 
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Webb, by 


Ion pairs/AgBr grain 
=n Xs X (Ev.sir/Ev.agsr) Xd, 


where ~=number of ion pairs per micron of air, 
s=stopping power of emulsion for electrons (at 
50 kv=3.7 cm air/1.410-* cm AgBr=2600), 
Ev.air=number of electron volts required per 
ion pair in air=35 v, Ev.agsr=number of elec- 
ton volts required per ion pair in AgBr=7.6 v, 
and d=diameter of grain in NT2a=0.3 micron. 

Since one ion pair in air corresponds to an 
energy dissipation of approximately 35 v, the 
energy loss of 0.007 Mev per centimeter of air 
(electrons at 50 kv) is equivalent to 0.7/35 =0.02 
ion pair per micron in air. Using the figures 
above, the number of ion pairs required to render 
a grain of NT2a Plate developable would be 72. 
Since the number of ionizations decreases only 
slowly with increasing energy of electrons, and 
reaches a minimum at about 500-1000 kv 
(according to Heitler®), it can be assumed that 
an increase of sensitivity above that of NT2a 
Emulsion of about three times would be required 
for the recording of tracks of any electron energy. 
Similar conclusions were drawn by Berriman." 
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A unified development of the subject of quantum electrodynamics is outlined, embodying 
the main features both of the Tomonaga-Schwinger and of the Feynman radiation 
theory. The theory is carried to a point further than that reached by these authors, in the dis- 
cussion of higher order radiative reactions and vacuum polarization phenomena. However, the 
theory of these higher order processes is a program rather than a definitive theory, since no 
general proof of the convergence of these effects is attempted. 

The chief results obtained are (a) a demonstration of the equivalence of the Feynman and 
Schwinger theories, and (b) a considerable simplification of the procedure involved in applying 
the Schwinger theory to particular problems, the simplification being the greater the more 


complicated the problem. 





I. INTRODUCTION 


S a result of the recent and independent dis- 
coveries of Tomonaga,! Schwinger,? and 
Feynman,’ the subject of quantum electrody- 
namics has made two very notable advances. On 
the one hand, both the foundations and the 
applications of the theory have been simplified 
by being presented in a completely relativistic 
way; on the other, the divergence difficulties 
have been at least partially overcome. In the 
reports so far published, emphasis has naturally 
been placed on the second of these advances; 
the magnitude of the first has been somewhat 
obscured by the fact that the new methods have 
been applied to problems which were beyond 
the range of the older theories, so that the sim- 
plicity of the methods was hidden by the com- 
plexity of the problems. Furthermore, the theory 
of Feynman differs so profoundly in its formula- 
tion from that of Tomonaga and Schwinger, and 
so little of it has been published, that its par- 
ticular advantages have not hitherto been avail- 
able to users of the other formulations. The 
advantages of the Feynman theory are simplicity 


1 Sin-itiro Tomonaga, Prog. Theoret. Phys. 1, 27 (1946); 
Koba, Tati, and Tomonaga, Prog. Theoret. Phys. 2, 101 
198 (1947); S. Kanesawa and S. Tomonaga, Prog. Theoret. 
tigae) 1, 101 (1948); S. Tomonaga, Phys. Rev. 74, 224 

2 Julian Schwinger, Phys. Rev. 73, 416 (1948); Phys. 
Rev. 74, 1439 (1948). Several papers, giving a complete 
exposition of the theory, are im course of publication. 

*R. P. Feynman, Rev. Mod. Phys. 20, 367 (1948); 
Phys. Rev. 74, 939, 1430 (1948); J. A. Wheeler and R. P. 
Feynman, Rev. Mod. Phys. 17, 157 (1945). These articles 
describe early stages in the development of Feynman’s 
theory, little of which is yet published. 


and ease of application, while those of Tomonaga- 
Schwinger are generality and theoretical com- 
pleteness. 

The present paper aims to show how the 
Schwinger theory can be applied to specific 
problems in such a way as to incorporate the 
ideas of Feynman. To make the paper reasonably 
self-contained it is necessary to outline the 
foundations of the theory, following the method 
of Tomonaga; but this paper is not intended as a 
substitute for the complete account of the theory 
shortly to be publfshed by Schwinger. Here the 
emphasis will be on the application of the theory, 
and the major theoretical problems of gauge- 
invariance and of the divergencies will not be 
considered in detail. The main results of the 
paper will be general formulas from which the 
radiative reactions on the motions of electrons 
can be calculated, treating the radiation inter- 
action as a small perturbation, to any desired 
order of approximation. These formulas will be 
expressed in Schwinger’s notation, but are in 
substance identical with results given previously 
by Feynman. The contribution of the present 
paper is thus intended to be twofold: first, to 
simplify the Schwinger theory for the benefit of 
those using it for calculations, and second, to 
demonstrate the equivalence of the various 
theories within their common domain of ap- 
plicability.* 

* After this paper was written, the author was shown a 
letter, published in Progress of Theoretical Physics 3, 205 
(1948) by Z. Koba and G. Takeda. The letter is dated 


May 22, 1948, and briefly describes a method of treatment 
of radiative problems, similar to the method of this paper. 
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II. OUTLINE OF THEORETICAL FOUNDATIONS 


Relativistic quantum mechanics is a special 
case of non-relativistic quantum mechanics, and 
it is convenient to use the usual non-relativistic 
terminology in order to make clear the relation 
between the mathematical theory and the re- 
sults of physical measurements. In quantum 
electrodynamics the dynamical variables are the 
electromagnetic potentials A,(r) and the spinor 
electron-positron field ¥.(r) ; each component of 
each field at each point r of space is a separate 
variable. Each dynamical variable is, in the 
Schrédinger representation of quantum me- 
chanics, a time-dependent operator operating 
on the state vector ® of the system. The nature 
of & (wave function or abstract vector) need not 
be specified ; its essential property is that, given 
the ® of a system at a particular time, the results 
of all measurements made on the system at that 
time are statistically determined. The variation 
of @ with time is given by the Schrédinger 
equation 


inl a/at}® = | f H(s)dr\@, (1) 





where H(r) is the operator representing the total 
energy-density of the system at the point r. The 
general solution of (1) is 


&(t) =exp| [—it/h] f H()dr} (2) 


with #9 any constant state vector. 

Now in a relativistic system, the most general 
kind of measurement is not the simultaneous 
measurement of field quantities at different 
points of space. It is also possible to measure 
independently field quantities at different points 
of space at different times, provided that the 
points of space-time at which the measurements 
are made lie outside each other’s light cones, so 
that the measurements do not interfere with 
each other. Thus the most comprehensive general 
type of measurement is a measurement of field 
quantities at each point r of space at a time ¢(r), 
Results of the application of the method to a calculation 
of the second-order radiative correction to the Klein- 
Nishina formula are stated. All the papers of Professor 
Tomonaga and his associates which have yet been pub- 
lished were completed before the end of 1946. The isolation 


of these Japanese workers has undoubtedly constituted a 
serious loss to theoretical physics. 


RADIATION THEORIES 
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the locus of the points (r, ¢(r)) in space-time 
forming a 3-dimensional surface o which is space- 
like (i.e., every pair of points on it is separated 
by a space-like interval). Such a measurement 
will be called ‘“‘an observation of the system on 
a.” It is easy to see what the result of the meas- 
urement will be. At each point r’ the field quan- 
tities will be measured for a state of the system 
with state vector ®(é(r’)) given by (2). But all 
observable quantities at r’ are operators which 
commute with the energy-density operator H(r) 
at every point r different from r’, and it is a 
general principle of quantum mechanics that if 
B is a unitary operator commuting with A, then 
for any state & the results of measurements of A 
are the same in the state @ as in the state Bd. 
Therefore, the results of measurement of the 
field quantities at r’ in the state #(¢(r’)) are the 
same as if the state of the system were 


8(c) =exp| ~[i/n] f Ha) H(e)dr | (3) 


which differs from (é(r’)) only by a unitary 
factor commuting with these field quantities. 
The important fact is that the state vector ®(c) 
depends only on ¢ and not on r’. The conclusion 
reached is that observations of a system on o 
give results which are completely determined 
by attributing to the system the state vector 
(oc) given by (3). 

Fhe Tomonaga-Schwinger form of the Schréd- 
inger equation is a differential form of (3). 
Suppose the surface « to be deformed slightly 
near the point r into the surface o’, the volume 
of space-time separating the two surfaces being 
V. Then the quotient 


[®(o’) —8(0) ]/V 


tends to a limit as: V-0, which we denote by 
0@/do(r) and call the functional derivative of & 
with respect to o at the point r. From (3) it 
follows that 

thcLd’/do(r) |= H(r)®, (4) 


and (3) is, in fact, the general solution of (4). 
The whole meaning of an equation such as (4) 
depends on the physical meaning which is at- 
tached to the statement ‘‘a system has a constant 
state vector o.’’ In the present context, this 
statement means “results of measurements of 
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field quantities at any given point of space are 
independent of time.’’ This statement is plainly 
non-relativistic, and so (4) is, in spite of ap- 
pearances, a non-relativistic equation. 

The simplest way to introduce a new state 
vector Y which shall be a relativistic invariant is 
to require that the statement ‘‘a system has a 
constant state vector Y”’ shall mean ‘‘a system 
consists of photons, electrons, and positrons, 
traveling freely through space without inter- 
action or external disturbance.” For this pur- 
pose, let 

A(t) = Hor) +i), (S) 


where Hp is the energy-density of the free electro- 
magnetic and electron fields, and H, is that of 
their interaction with each other and with any 
external disturbing forces that may be present. 
A system with constant WV is, then, one whose Hi, 
is identically zero; by (3) such a system corre- 
sponds to a ® of the form 


®(c) = T(c) £0, 
T(c) =exp] — [i/m f weyze)ar}. (6) 


It is therefore consistent to write generally 
®(c) =T(c)¥(o), (7) 


thus defining the new state vector W of any 
system in terms of the old &. The differential 
equation satisfied by WV is obtained from (4), (5), 
(6), and (7) in the form 


thcldv/do(r) ]=(T(c))“Ai(r)T(o)¥. (8) 


Now if g(r) is any time-independent field opera- 
tor, the operator 


q(xo) = (T(c))“*g(t)T(e) 


is just the corresponding time-dependent opera- 
tor as usually defined in quantum electrody- 
namics.‘ It is a function of the point xo of space- 
time whose coordinates are (r, cé(r)), but is the 
same for all surfaces o passing through this 
point, by virtue of the commutation of HA;(r) 
with H,(r’) for r’+r. Thus (8) may be written 


the dV /de(x0) ] = Ai(xo)¥, (9) 
‘See, for example, Gregor Wentzel, Einfiihrung in die 


Quantentheorie der Wellenfelder (Franz Deuticke, Wien, 
1943), pp. 18-26, 
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where H;(xo) is the time-dependent form of the 
energy-density of interaction of the two fields 
with each other and with external forces. The 
left side of (9) represents the degree of departure 
of the system from a system of freely traveling 
particles and is a relativistic invariant; H(xp) 
is also an invariant, and thus is avoided one of 
the most unsatisfactory features of the old 
theories, in which the invariant H; was added to 
the non-invariant Ho. Equation (9) is the starting 
point of the Tomonaga-Schwinger theory. 


III. INTRODUCTION OF PERTURBATION THEORY 


Equation (9) can be solved explicitly. For this 
purpose it is convenient to introduce a one- 
parameter family of space-like surfaces filling 
the whole of space-time, so that one and only 
one member o(x) of the family passes through 
any given point x. Let ao, o1, o2, -*+ be a se- 
quence of surfaces of the family, starting with 
oo and proceeding in small steps steadily into 
the past. By 


70 
f Hi(x)dx 
o1 


is denoted the integral of Hi(x) over the 4- 
dimensional volume between the surfaces o; and 
oo; similarly, by 


f H 1(x)dx, J H 1(x)dx 


are denoted integrals over the whole volume to 
the past of oo and to the future of ao, respectively. 
Consider the operator 


a (: fifa} J “Hi(s)ds ) 


| x (1-Lisic] J “Hy(adx) (10) 


the product continuing to infinity and the sur- 
faces oo, 61, -*+ being taken in the limit infinitely 
close together. U satisfies the differential equation 
the[_d U/de(x0) |= H1(xo) U, (11) 

and the general solution of (9) is 
V(c) = U(c) Vo, (12) 


with Wo any constant vector. 
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Expanding the product (10) in ascending 
powers of H; gives a series 


U=1+(—t/he) "Hi (es)dx1-+(—i/he)? 


—oO 


70 o(z1) 
Xx f dx 


Further, U is by (10) obviously unitary, and 


Ai, (%1)A1(x2)dx2+ HEE, (13) 


U-=U =1+(i/he) "Halses)dees+(é/he)? 


o0 o (21) 
x f aes Hii (x%2) Ai (x1)dx2+ eee, (14) 


It is not difficult to verify that U is a function 
of oo alone and is independent of the family of 
surfaces of which oo is one member. The use of a 
finite number of terms of the series (13) and (14), 
neglecting the higher terms, is the equivalent in 
the new theory of the use of perturbation theory 
in the older electrodynamics. 

The operator U(«), obtained from (10) by 
taking oo in the infinite future, is a transforma- 
tion operator transforming a state of the system 
in the infinite past (representing, say, converging 
streams of particles) into the same state in the 
infinite future (after the particles have interacted 
or been scattered into their final outgoing dis- 
tribution). This operator has matrix elements 
corresponding only to real transitions of the 
system, i.e., transitions which conserve energy 
and momentum. It is identical with the Heisen- 
berg S matrix.® 


IV. ELIMINATION OF THE RADIATION 
INTERACTION 


In most of the problem of electrodynamics, the 
energy-density H(xo) divides into two parts— 


Hy (x0) = Hi(xo) + H*(xo), (15) 
H*(x0) = —[1/c ]ju(%o) Ay (xo), (16) 


the first part being the energy of interaction of 
the two fields with each other, and the second 
part the energy produced by external forces. 
It is usually not permissible to treat H* as a 


* Werner Heisenberg, Zeits. f. Physik 120, 513 (1943), 
120, 673 (1943), and Zeits. f. Naturforschung 1, 608 (1946). 
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small perturbation as was done in the last section. 
Instead, H‘ alone is treated as a perturbation, 
the aim being to eliminate H‘ but to leave H® in 
its original place in the equation of motion of 
the system. 

Operators S(c) and S() are defined by re- 
placing H,; by H? in the definitions of U(c) and 
U(«). Thus S(c) satisfies the equation 


thc_dS/do(xo) ]= H*(xo)S. (17) 


Suppose now a new type of state vector Q(c) to 
be introduced by the substitution 


W(c) = S(c)Q(c). (18) 


By (9), (15), (17), and (18) the equation of mo- 
tion for Q(c) is 


thc[dQ/de(xo) ] = (S(c))-H*(x0)S(a)2. (19) 


The elimination of the radiation interaction is 
hereby achieved ; only the question, ‘“‘How is the 
new state vector Q(c) to be interpreted?,” 
remains, 

It is clear from (19) that a system with a con- 
stant @ is a system of electrons, positrons, and 
photons, moving under the influence of their 
mutual interactions, but in the absence of ex- 
ternal fields. In a system where two or more 
particles are actually present, their interactions 
alone will, in general, cause real transitions and 
scattering processes to occur. For such a system, 
it is rather “‘unphysical’’ to represent a state 
of motion including the effects of the inter- 
actions by a constant state vector; hence, for 
such a system the new representation has no 
simple interpretation. However, the most im- 
portant systems are those in which only one 
particle is actually present, and its interaction 
with the vacuum fields gives rise only to virtual 
processes. In this case the particle, including the 
effects of all its interactions with the vacuum, 
appears to move as a free particle in the absence 
of external fields, and it is eminently reasonable 
to represent such a state of motion by a constant 
state vector. Therefore, it may be said that the 
operator, 

H7(xo) = (S(e))*-H*(x0) S(a), (20) 


on the right of (19) represents the interaction of 
a physical particle with an external field, in- 
cluding radiative corrections. Equation (19) 
describes the extent to which the motion of a 
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single physical particle deviates, in the external 
field, from the motion represented by a constant 
state-vector, i.e., from the motion of an ob- 
served ‘‘free’’ particle. 

If the system whose state vector is constantly 
© undergoes no real transitions with the passage 
of time, then the state vector Q is called ‘‘steady.” 
More precisely, © is steady if, and only if, it 
satisfies the equation 


S(o)2=2. (21) 


As a general rule, one-particle states are steady 
and many-particle states unsteady. There are, 
however, two important qualifications to this 
rule. 

First, the interaction (20) itself will almost 
always cause transitions from steady to unsteady 
states. For example, if the initial state consists 
of one electron in the field of a proton, Hy will 
have matrix elements for transitions of the elec- 
tron to a new state with emission of a photon, 
and such transitions are important in practice. 
Therefore, although the interpretation of the 
theory is simpler for steady states, it is not pos- 
sible to exclude unsteady states from con- 
sideration. 

Second, if a one-particle state as hitherto de- 
fined is to be steady, the definition of S(c) must 
be modified. This is because S() includes the 
effects of the electromagnetic self-energy of the 
electron, and this self-energy gives an expecta- 
tion value to S() which is different from unity 
(and indeed infinite) in a one-electron state, so 
that Eq. (21) cannot be satisfied. The mistake 
that has been made occurred in trying to repre- 
sent the observed electron with its electromag- 
netic self-energy by a wave field with the same 
characteristic rest-mass as that of the “bare” 
eleetron. To correct the mistake, let 5m denote 
the electromagnetic mass of the electron, i.e., 
the difference in rest-mass between an observed 
and a “bare” electron. Instead of (5), the divi- 
sion of the energy-density H(r) should have 
taken the form 


H(t) = (Ho(r) + dmc*y* (1) By (r)) 
+ (Air) — bmc*p*(r) BY (r)). 
The first bracket on the right here represents the 


energy-density of the free electromagnetic and 
electron fields with the observed electron rest- 
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mass, and should have been used instead of 
H)(r) in the definition (6) of T(c). Consequently, 
the second bracket should have been used in- 


stead of H,(r) in Eq. (8). 


The definition of S(c) has therefore to be 
altered by replacing H*(xo) by® 


H" (x9) = Hi(x0) +H8(xo)=Hi(xo) | 
—dmcp(xo)¥(x0). (22) 


The value of 6m can be adjusted so as to cancel 
out the self-energy effects in S() (this is only a 
formal adjustment since the value is actually 
infinite), and then Eq. (21) will be valid for 
one-electron states. For the photon self-energy no 
such adjustment is needed since, as proved by 
Schwinger, the photon self-energy turns out to be 
identically zero. 

The foregoing discussion of the self-energy 
problem is intentionally only a sketch, but it 
will be found to be sufficient for practical applica- 
tions of the theory. A fuller discussion of the 
theoretical assumptions underlying this treat- 
ment of the problem will be given by Schwinger 
in his forthcoming papers. Moreover, it must be 
realized that the theory as a whole cannot be 
put into a finally satisfactory form so long as 
divergencies occur in it, however skilfully these 
divergencies are* circumvented; therefore, the 
present treatment should be regarded as justified 
by its success in applications rather than by its 
theoretical derivation. 

The important results of the present paper up 
to this point are Eq. (19) and the interpretation 
of the state vector ®. The state vector W of a 
system can be interpreted as a wave function 
giving the probability amplitude of finding any 
particular set of occupation numbers for the 
various possible states of free electrons, positrons, 
and photons. The state vector Q of a system with 
a given W on a given surface a is, crudely speak- 
ing, the WY which the system would have had in 
the infinite past if it had arrived at the given W on 
o under the influence of the interaction H7(xo) 
alone. 

The definition of 2 being unsymmetrical be- 
tween past and future, a new type of state 
vector 2’ can be defined by reversing the direc- 
tion of time in the definition of 2. Thus the 
of a system with a given WV on a given a is the ¥ 


* Here Schwinger’s notation y=y*8 is used. 








of 


yy 
1- 
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which the system would reach in the infinite 
future if it continued to move under the influence 
of H'(xo) alone. More simply, ©’ can be defined 
by the equation 


0’ (c) = S( )Q(c). 


Since S() is a unitary operator independent of 
g, the state vectors Q and 2’ are really only the 
same vector in two different representations or 
coordinate systems. Moreover, for any steady 
state the two are identical by (21). 


(23) 


V. FUNDAMENTAL FORMULAS OF THE 
SCHWINGER AND FEYNMAN 
THEORIES 


The Schwinger theory works directly from 
Eqs. (19) and (20), the aim being to calculate 
the matrix elements of the ‘effective external 
potential energy”. Hr between states specified 
by their state vectors 2. The states considered in 
practice always have Q of some very simple kind, 
for example, 2 representing systems in which 
one or two free-particle states have occupation 
number one and the remaining free-particle 
states have occupation number zero. By analogy 
with (13), S(co) is given by 


S(oo) =1+(—4/hc) "HY (,)dxe1-+(—4/ho)* 


70 o(x1) 
xf asf Hl! (x). H" (x2)dxe+ Coss (24) 


and (S(oo))-! by a corresponding expression 
analogous to (14). Substitution of these series 
into (20) gives at once 


ro) o (zo) o(z1) 
Hr(xo) => (i/he)" f on f ea, 


n=0 —« —o 


o(2n—1) 


x f di» XH" (xq), C-++, LAr), 
[H"(x1), H*(xe)]]--- J). 


The repeated commutators in this formula are 
characteristic of the Schwinger theory, and their 
evaluation gives rise to long and rather difficult 
analysis. Using the first three terms of the series, 
Schwinger was able to calculate the second-order 
radiative corrections to the equations of motion 
of an electron in an external field, and obtained 


(25) 





satisfactory agreement with experimental re- 
sults. In this paper the development of the 
Schwinger theory will be carried no further; 
in principle the radiative corrections to the 
equations of motion of electrons could be calcu- 
lated to any desired order of approximation from 
formula (25). 

In the Feynman theory the basic principle is 
to preserve symmetry between past and future. 
Therefore, the matrix elements of the operator 
Hr are evaluated in a ‘‘mixed representation ;” 
the matrix elements are calculated between an 
initial state specified by its state vector 2, and 
a final state specified by its state vector Q,’. 
The matrix element of Hr between two such 
states in the Schwinger representation is 


0.*H7Q; = 02'*.S( ae) )H7rM, (26) 


and therefore the operator which replaces Hy in 
the mixed representation is 


Hp (xo) = S( © )H7(x0) 

= S(0)(S(o))-"H*(x0)S(a). (27) 
Going back to the original product definition of 
S(c) analogous to (10), it is clear that S(«) 
X(S(c¢))— is simply the operator obtained from 
S(c) by interchanging past and future. Thus, 


R(e) = S(0)(S(c)) =1+(—4/he) 
x f H¥(x,)deey+(—4/he)? f dé 


XJ Al (x2)H" (x1)dx2+---. 


o(2;) 


(28) 


The physical meaning of a mixed representa- 
tion of this type is not at all recondite. In fact, 
a mixed representation is normally used to de- 
scribe such a process as bremsstrahlung of an 
electron in the field of a nucleus when the Born 
approximation is not valid; the process of 
bremsstrahlung is a radiative transition of the 
electron from a state described by a Coulomb 
wave function, with a plane ingoing and a spheri- 
cal outgoing wave, to a state described by a 
Coulomb wave function with a spherical ingoing 
and a plane outgoing wave. The initial and final 
states here belong to different orthogonal systems 
of wave functions, and so the transition matrix 
elements are calculated in a mixed representa- 
tion. In the Feynman theory the situation is 
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analogous; only the roles of the radiation inter- 
action and the external (or Coulomb) field are 
interchanged ; the radiation interaction is used 
instead of the Coulomb field to modify the state 
vectors (wave functions) of the initial and final 
states, and the external field instead of the 
radiation interaction causes transitions between 
these state vectors. 

In the Feynman theory there is an additional 
simplification. For if matrix elements are being 
calculated between two states, either of which 
is steady (and this includes all cases so far 
considered), the mixed representation reduces to 
an ordinary representation. This occurs, for 
example, in treating a one-particle problem such 
as the radiative correction to the equations of 
motion of an electron in an external field; the 
operator Hr(xo), although in general it is not 
even Hermitian, can in this case be considered 
as an effective external potential energy acting 
on the particle, in the ordinary sense of the 
words. 

This section will be concluded with the deriva- 
tion of the fundamental formula (31) of the 
Feynman theory, which is the analog of formula 
(25) of the Schwinger theory. If 


Fi(x1), +++, Fa(%n) 


are any operators defined, respectively, at the 
points x1, -++, X, of space-time, then 


P(Fi(x1), oe Fa(xn)) (29) 


will denote the product of these operators, taken 
in the order, reading from right to left, in which 
the surfaces o(x1), «++, o(%,) occur in time. In 
most applications of this notation F;,(x;) will 
commute with F;(x,;) so long as x; and x; are 
outside each other’s light cones; when this is the 
case, it is easy to see that (29) is a function of the 
points x1, --:, X, only and is independent of the 
surfaces o(x;). Consider now the integral 


t= fae . ff axsPartes, 
ine Pe H¥ (x1), +++, H¥(xp)). 


Since the integrand is a symmetrical function of 
the points x:, ---, Xn, the value of the integral 
is just m! times the integral obtained by re- 
stricting the integration to sets of points x1, ---, 
Xx for which o(x,) occurs after o(x;,1) for each 1. 
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The jrestrictedJintegral can then be further 
divided into (w+-1) parts, the j’th part being the 
integral over those sets of points with the prop- 
erty that o(x9) lies between o(x;-1) and o(x;) 
(with obvious modifications for j7=1 and j=” 
+1). Therefore, 

n+1 


o(x0) o(2n-1) 
I,=n!> dey f dXn 
—2 


@ 3] 


xX dx j-1° sais 


a (Xo) 


HI (20-1) H*(2¢0)H(ct,) «++ H(t). (30) 


dx, XH! (x) oe 


o(%) 


Now if the series (24) and (28) are substituted 
into (27), sums of integrals appear which are 
precisely of the form (30). Hence finally 


Hp(x0) =¥ (—i/he)*[1/n! Un 


n=0 


=> (—é/he)*[1/n!] J eee J va 


n=0 —0o 


XP(H*(x0), H7(x1), +++, H%@%a)). (31) 


By this formula the notation Hr(xo) is justified, 
for this operator now appears as a function of 
the point x» alone,and not of the surface o. The 
further development of the Feynman theory is 
mainly concerned with the calculation of matrix 
elements of (31) between various initial and final 
states. 

As a special case of (31) obtained by replacing 
H¢ by the unit matrix in (27), 


S(o0) =¥ (—i/heyrCa/nt] f dx: f dxXn 


—O 


XP(H" (x1), +++, H¥(%a)). -(32) 
VI. CALCULATION OF MATRIX ELEMENTS 


In this section the application of the foregoing 
theory to a general class of problems will be 
explained. The ultimate aim is to obtain a set 
of rules by which the matrix element of the 
operator (31) between two given states may be 
written down in a form suitable for numerical 
evaluation, immediately and automatically. The 
fact that such a set of rules exists is the basis of 
the Feynman radiation theory; the derivation 
in this section of the same rules from what is 











fundamentally the Tomonaga-Schwinger theory 
constitutes the proof of equivalence of the two 
theories. 

To avoid excessive complication, the type of 
matrix element considered will be restricted in 
two ways. First, it will be assumed that the ex- 
ternal potential energy is 


H*(x0) = —[1/c lju(x0)Ay*(%0), (33) 


that is to say, the interaction energy of the elec- 
tron-positron field with electromagnetic poten- 
tials A,*(xo) which are given numerical functions 
of space and time. Second, matrix elements will 
be considered only for transitions from a state A, 
in which just one electron and no positron or 
photon is present, to another state B of the 
same character. These restrictions are not essen- 
tial to the theory, and are introduced only for 
convenience, in order to illustrate clearly the 
principles involved. 

The electron-positron field operator may be 
written 


Valx) = D0 bual(x)au, (34) 


where the ¢u2(x) are spinor wave functions of 
free electrons and positrons, and the a, are 
annihilation operators of electrons and creation 
operators of positrons. Similarly, the adjoint 
operator 


Va(x) = Se bua(X)au, (35) 


where d, are annihilation operators of positrons 
and creation operators of electrons. The electro- 
magnetic field operator is 


A(x) =D (A ou(x)bv +A o4*(x) bp), (36) 


where b, and 6, are photon annihilation and 
creation operators, respectively. The charge- 
current 4-vector of the electron field is 


ju(x) = teed (x) yh (x) ; (37) 


strictly speaking, this expression ought to be 
antisymmetrized to the form’ 


Ju(x) = ptec { Pal) W(x) —¥p(x)Palx)} (Yu) ap, (38) 


but it will be seen later that this is not necessary 
in the present theory. 
Consider the product P occurring in the n’th 


™See Wolfgang Pauli, Rev. Mod. Phys. 13, 203 (1941), 
Eq. (96), p. 224. 
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integral of (31); let it be denoted by P,. From 
(16), (22), (33), and (37) it is seen that P, is a 
sum of products of (+1) operators We, (n+1) 
operators Y., and not more than x operators A,, 
multiplied by various numerical factors. By Qa 
may be denoted a typical product of factors a, 
Ye, and A,, not summed over the indices such 
as a and pz, so that P, is a sum of terms such as 
Q,. Then Q, will be of the form (indices omitted) 


Qn =W(xio)W(xio)P (xis) W (xis) - + -P (xin) W(xin) 
XA (xii) +A (stad (39) 


where 1%, 41, -:*, t, is some permutation of the 
integers 0,1, ---, 2, and j;, ---+, jm are some, but 
not necessarily all, of the integers 1, ---, # in 


some order. Since none of the operators ¥ and 
yY commute with each other, it is especially im- 
portant to preserve the order of these factors. 
Each factor of Q, is a sum of creation and 
annihilation operators by virtue of (34), (35), 
and (36), and so Q, itself is a sum of products of 
creation and annihilation operators. 

Now consider under what conditions a product 
of creation and annihilation operators can give a 
non-zero matrix element for the transition AB. 
Clearly, one of the annihilation operators must 
annihilate the electron in state A, one of the 
creation operators must create the electron in 
state B, and the remaining operators must be 
divisible into pairs, the members of each pair 
respectively creating and annihilating the same 
particle. Creation and annihilation operators re- 
ferring to different particles always commute or 
anticommute (the former if at least one is a 
photon operator, the latter if both are electron- 
positron operators). Therefore, if the two single 
operators and the various pairs of operators in 
the product all refer to different particles, the 
order of factors in the product can be altered so 
as to bring together the two single operators and 
the two members of each pair, without changing 
the value of the product except for a change of 
sign if the permutation made in the order of the 
electron and positron operators is odd. In the 
case when some of the single operators and pairs 
of operators refer to the same particle, it is not 
hard to verify that the same change in order of 
factors can be made, provided it is remembered 
that the division of the operators into pairs is 
no longer unique, and the change of order is to 
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be made for each possible division into pairs and 
the results added together. 

It follows from the above considerations that 
the matrix element of Q, for the transition A—B 
is a sum of contributions, each contribution 
arising from a specific way of dividing the factors 
of Q, into two single factors and pairs. A typical 
contribution of this kind will be denoted by M. 
The two factors of a pair must involve a creation 
and an annihilation operator for the same par- 
ticle, and so must be either one f and one y or 
two A; the two single factors must be one y and 
one y. The term JM is thus specified by fixing an 
integer k, and a permutation 79, 71, «++, 7, of the 
integers 0, 1, ---, m, and a division (sj,¢1), (Se,t2), 
+++, (Sa,ta) of the integers 71, ---, jm into pairs; 
clearly m=2h has to be an even number; the 
term M is obtained by choosing for single factors 
V(x.) and y(xrx), and for associated pairs of 
factors (¥(x,),W(xr,)) for i=0, 1, ---, R—1, 
k+1, ---, mand (A(xs;),A(xt;)) for i=1, ---, h. 
In evaluating the term M, the order of factors 
in Q, is first to be permuted so as to bring to- 
gether the two single factors and the two mem- 
bers of each pair, but without altering the order 
of factors within each pair; the résult of this 
process is easily seen to be 


Qn‘ =eP(U(x0),¥(%r0)) + + -P(U(%n), (Xn) 
P(A (x01), (x11) ++ P(A (xen) ,A (xta)), 


a factor e being inserted which takes the value 
+1 according to whether the permutation of y 
and yw factors between (39) and (40) is even or 
odd. Then in (40) each product of two associated 
factors (but not the two single factors) is to be 
independently replaced by the sum of its matrix 
elements for processes involving the successive 
creation and annihilation of the same particle. 

Given a bilineat operator such as A,(x)A,(y), 
the sum of its matrix elements for processes 
involving the successive creation and annihila- 
tion of the same particle is just what is usually 
called the ‘“‘vacuum expectation value” of the 
operator, and has been calculated by Schwinger. 
This quantity is, in fact (note that Heaviside 
units are being used) 


(Au(x)A »(y))0= $hc8y,{D™+4D} (x—y), 


where D® and D are Schwinger’s invariant D 
functions. The definitions of these functions will 


(40) 
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not be given here, because it turns out that the 
vacuum expectation value of P(A,(x),A,(y)) 
takes an even simpler form. Namely, 


(P(Ay(x),A »(y)))o= ahed.,Dr(x—y), (41) 


where Dr is the type of D function introduced by 
Feynman. Dr(x) is an even function of x, with 
the integral expansion 


Dp(x) = —[4/2e?] f exp[iax*]de, (42) 


where x? denotes the square of the invariant 
length of the 4-vector x. In a similar way it 
follows from Schwinger’s results that 


(P(Ya(x) Wa(y)))o= 30%.) Srea(x—y), 


where 
Srpa(X) = — (Yu(0/0Xy)+ ko)paAr(x), (44) 


ko is the reciprocal Compton wave-length of the 
electron, (x,y) is —1 or +1 according as o(x) 
is earlier or later than o(y) in time, and A, is a 
function with the integral expansion 


(43) 


Ar(x) =— Cia f exp[iax? —ixe?/4a]da. (45) 


Substituting from (41) and (44) into (40), the 
matrix element M takes the form (still omitting 
the indices of the factors y, y, and A of Qn) 


M=e It (30(xi,xr:) Sr (xs—xXr:)) 


XT] (sheD r(xsj;—x13))P(U (xe), Were). (46) 


The single factors Y(x,) and y(xr,) are conveni- 
ently left in the form of operators, since the 
matrix elements of these operators for effecting 
the transition A—>B depend on the wave func- 
tions of the electron in the states A and B. 
Moreover, the order of the factors (xx) and 
¥(xrx) is immaterial since they anticommute 
with each other; hence it is permissible to write 


P(W (xx), (ore) = (xu Xe) P(e) W(xre). 
Therefore (46) may be rewritten 


M=¢e' JJ (3Sr(x:—xr.)) [] (hcD r(x23—x1;)) 
ik 7 
XV (xu) (arn), 


é = elln (x4,0rs) 2 
‘ 


(47) 


with 
(48) 











Now the product in (48) is (—1)?, where p is the 
number of occasions in the expression (40) on 
which the y of a P bracket occurs to the left of 
the y. Referring back to the definition of ¢ after 
Eq. (40), it follows that ¢’ takes the value +1 or 
—1 according to whether the permutation of yp 
and wy factors between (39) and the expression 


V(x0)P(xr0) + « V(Xn)W(Xrn) (49) 


is even or odd. But (39) can be derived by an 
even permutation from the expression 


(xo) (x0) ++ -P(xn)W (xn), (50) 


and the permutation of factors between (49) 
and (50) is even or odd according to whether the 
permutation 7, :+*, 7, of the integers 0, ---, mis 
even or odd. Hence, finally, e’ in (47) is +1 or 
—1 according to whether the permutation fo, 

++, fn, is even or odd. It is important that ¢’ 
depends only on the type of matrix element M 
considered, and not on the points xo, +++, Xn; 
therefore, it can be taken outside the integrals 
in (31). 

One result of the foregoing analysis is to justify 
the use of (37), instead of the more correct (38), 
for the charge-current operator occurring in H* 
and H‘. For it has been shown that in each 
matrix element such as M the factors f and y in 
(38) can be freely permuted, so that (38) can be 
replaced by (37), except in the case when the two 
factors form an associated pair. In the excep- 
tional case, M contains as a factor the vacuum 
expectation value of the operator j,(x;) at some 
point x;; this expectation value is zero according 
to the correct formula (38), though it would be 
infinite according to (37); thus the matrix ele- 
ments in the exceptional case are always zero. 
The conclusion is that only those matrix ele- 
ments are to be calculated for which the integer 
r; differs from 7 for every 1k, and in these 
elements the use of formula (37) is correct. 

To write down the matrix elements of (31) for 
the transition A—B, it is only necessary to take 
all the products Q,, replace each by the sum of 
the corresponding matrix elements M given by 
(47), reassemble the terms into the form of the 
P, from which they were derived, and finally 


substitute back into the series (31). The problem - 


of calculating the matrix elements of (31) is 
thus in principle solved. However, in the follow- 
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ing section it will be shown how this solution-in- 
principle can be reduced to a much simpler and 
more practical procedure. - 


VII. GRAPHICAL REPRESENTATION OF 
MATRIX ELEMENTS 


Let an integer m and a product P, occurring 
in (31) be temporarily fixed. The points xo, x1, 
-++, X, may be represented by (m+1) points 
drawn on a piece of paper. A type of matrix 
element M as described in the last section will 
then be represented graphically as follows. For 
each associated pair of factors (W(x ;),W(xr:)) with 
1k, draw a line with a direction marked in it 
from the point x; to the point xr;. For the single 
factors ¥(xx), ¥(xr.), draw directed lines leading 
out from x; to the edge of the diagram, and in 
from the edge of the diagram to xr;. For each 
pair of factors (A(xs;),A(x::)), draw an un- 
directed line joining the points xs; and xz; The 
complete set of points and lines will be called 
the “graph” of M; clearly there is a one-to-one 
correspondence between types of matrix ele- 
ment and graphs, and the exclusion of matrix 
elements with r;=7 for 1k corresponds to the 
exclusion of graphs with lines joining a point to 
itself. The directed lines in a graph will be called 
“electron lines,’’ the undirected lines ‘‘photon 
lines.” 

Through each point of a graph pass two elec- 
tron lines, and therefore the electron lines to- 
gether form one open polygon containing the 
vertices x, and xr;, and possibly a number of 
closed polygons as well. The closed polygons will 
be called ‘closed loops,’’ and their number 
denoted by /. Now the permutation 70, ---, fn 
of the integers 0, ---, ” is clearly composed of 
(1+1) separate cyclic permutations. A cyclic 
permutation is even or odd according to whether 
the number of elements in it is odd or even. 
Hence the parity of the permutation 79, ---, fn 
is the parity of the number of even-number 
cycles contained in it. But the parity of the 
number of odd-number cycles in it is obviously 
the same as the parity of the total number (”+1) 
of elements. The total number of cycles being 
(1+1), the parity of the number of even-number 
cycles is (J—m). Since it was seen earlier that 
the e’ of Eq. (47) is determined just by the parity 
of the permutation ro, «+, fn, the above argu- 
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ment yields the simple formula 
e’ =(—1)>*, (51) 


This formula is one result of the present theory 
which can be much more easily obtained by 
intuitive considerations of the sort used by 
Feynman. 

In Feynman’s theory the graph corresponding 
to a particular matrix element is regarded, not 
merely as an aid to calculation, but as a picture 
of the physical process which gives rise to that 
matrix element. For example, an electron line 
joining x, to x2 represents the possible creation 
of an electron at x, and its annihilation at xo, 
together with the possible creation of a positron 
at x2 and its annihilation at x,. This interpreta- 
tion of a graph is obviously consistent with the 
methods, and in Feynman’s hands has been 
used as the basis for the derivation of most of 
the results, of the present paper. For reasons of 
space, these ideas of Feynman will not be dis- 
cussed in further detail here. 

To the product P, correspond a finite number 
of graphs, one of which may be denoted by G; 
all possible G can be enumerated without dif- 
ficulty for moderate values of . To each G 
corresponds a contribution C(G) to the matrix 
element of (31) which is being evaluated. 

It may happen that the graph G is discon- 
nected, so that it can be divided into subgraphs, 
each of which is connected, with no line joining 
a point of one subgraph to a point of another. 
In such a case it is clear from (47) that C(G) is 
the product of factors derived from each sub- 
graph separately. The subgraph G, containing 
the point xo is called the “essential part” of G, 
the remainder G2 the “‘inessential part.”” There 
are now two cases to be considered, according to 
whether the points x, and xr; lie in Ge or in G; 
(they must clearly both lie in the same sub- 
graph). In the first case, the factor C(G2) of 
C(G) can be seen by a comparison of (31) and 
(32) to be a contribution to the matrix element 
of the operator S() for the transition A—B. 
Now letting G vary over all possible graphs with 
the same G, and different Ge, the sum of the 
contributions of all such G is a constant C(G;) 
multiplied by the total matrix element of S() 
for the transition A—B. But for one-particle 
states the operator S() is by (21) equivalent 
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to the identity operator and gives, accordingly, 
a zero matrix element for the transition AB, 
Consequently, the disconnected G for which x, 
and xr, lie in Ge give zero contribution to the 
matrix element of (31), and can be omitted from 
further consideration. When x, and xr, lie in G,, 
again the C(G) may be summed over all G con- 
sisting of the given G, and all possible G2; but 
this time the connected graph G; itself is to be 
included in the sum. The sum of all the C(G) in 
this case turns out to be just C(G:) multiplied by 
the expectation value in the vacuum of the 
operator S(). But the vacuum state, being a 
steady state, satisfies (21), and so the expecta- 
tion value in question is equal to unity. There- 
fore the sum of the C(G) reduces to the single 
term C(G,), and again the disconnected graphs 
may be omitted from consideration. 

The elimination of disconnected graphs is, 
from a physical point of view, somewhat trivial, 
since these graphs arise merely from the fact 
that meaningful physical processes proceed si- 
multaneously with totally irrelevant fluctuations 
of fields in the vacuum. However, similar argu- 
ments will now be used to eliminate a much 
more important class of graphs, namely, those 
involving self-energy effects. A ‘‘self-energy part” 
of a graph G is défined as follows; it is a set of 
one or more vertices not including xo, together 
with the lines joining them, which is connected 
with the remainder of G (or with the edge of the 
diagram) only by two electron lines or by one or 
two photon lines. For definiteness it may be 
supposed that G has a self-energy part F, which 
is connected with its surroundings only by one 
electron line entering F at x:, and another 
leaving F at x2; the case of photon lines can be 
treated in an entirely analogous way. The points 
x, and x2 may or may not be identical. From G 
a “reduced graph” Go can be obtained by omit- 
ting F completely and joining the incoming line 
at x; with the outgoing line at x2 to form a single 
electron line in Go, the newly formed line being 
denoted by X. Given Gp and 4, there is conversely 
a well determined set [ of graphs G which are 
associated with Gp and d in this way; Go itself is 
considered also to belong to I. It will now be 
shown that the sum C(I) of the contributions 
C(G) to the matrix element of (31) from all the 
graphs G of I reduces to a single term C’(Go). 
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Suppose, for example, that the line A in Go 
leads from a point x3 to the edge of the diagram. 
Then C(Go) is an integral containing in the inte- 
grand the matrix element of 


Va(xs) (52) 


for creation of an electron into the state B. Let 
the momentum-energy 4-vector of the created 
electron be p; the matrix element of (52) is of 


the form 
Ya(x3) =@e expl —1(p-x3)/h] (S3) 


with a, independent of x3. Now consider the 
sum C(I). It follows from an analysis of (31) 
that C(I’) is obtained from C(Go) by replacing 
the operator (52) by 


> (—ifheyA/mt fay. fay 


XP(Wa(xs), H"(y1), +++, A (yn)). (54) 


(This is, of course, a consequence of the special 
character of the graphs of I.) It is required to 
calculate the matrix element of (54) for a transi- 
tion from the vacuum state O to the state B, i.e., 
for the emission of an electron into state B. This 
matrix element will be denoted by Z,; C(I) in- 
volves Z, in the same way that C(Go) involves 
(53). Now Z, can be evaluated as a sum of 
terms of the same general character as (47); 
it will be of the form 


Za=h f K,**(y;—x3) Va(ys)dyi, 


where the important fact is that K; is a function 
only of the coordinate differences between y; 
and x3. By (53), this implies that 

, * = Ras(P) Ya(xs), (55) 


with R independent of x3. From considerations 
of relativistic invariance, R must be of the form 


dpak1(p?) + (PuYu)eak2(p"), 


where p? is the square of the invariant length of 
the 4-vector ». But since the matrix element 
(53) is a solution of the Dirac equation, 


PP = — hx), (Pun) ba Y, =throVa, 
and so (55) reduces to 
Ze =R; Y.(xs), 


with R; an absolute constant. Therefore the sum 
C(I) is in this case just C’(Go), where C’(Go) is 
obtained from C(Go)by the replacement 


V(x) —Riy(xs) : (S6) 


In the case when the line \ leads into the graph 
Go from the edge of the diagram to the point xs, 
it is clear that C(I) will be similarly obtained 
from C(Go) by the replacement 


¥(x3) > Ri*p (xs). (S7) 


There remains the case in which X leads from 
one vertex x3 to another x, of Go. In this case 
C(Go) contains in its integrand the function 


$(x3,X4) Srpa(X3—X4), (58) 


which is the vacuum expectation value of the 
operator 


P(Va(xs) Wa(x4)) (59) 


according to (43). Now in analogy with (54), 
C(I) is obtained from C(Go) by replacing (59) by 


¥ (—i/heyCi/mt] f dyn f dyn 
XP(Pa(xs), Va(x4), H'(y,), oe Hi" (yn)), (60) 


and the vacuum expectation value of this opera- 
tor will be denoted by 


30 (%3,%4)S” rpa(X3—%X4). (61) 


By the methods of Section VI, (61) can be ex- 
panded as a series of terms of the same char-. 
acter as (47); this expansion will not be dis- 
cussed in detail here, but it is easy to see that it 
leads to an expression of the form (61), with 
Sr’(x) a certain universal function of the 4- 
vector x. It will not be possible to reduce (61) to 
a numerical multiple of (58), as Z. was in the 
previous case reduced to a multiple of Y.. In- 
stead, there may be expected to be a series ex- 
pansion of the form 


Srpa(x) = (Re+ai(_P — xo?) +a2(L_? — xo*)? 
++++)Srpa(x) + (b1+b2(L? — ko?) + «+ +) 

X (yul0/dx,]—Ko)pySrya(x), (62) 
where [_} is the Dalembertian operator and the 
a, 6 are numerical coefficients. In this case C(I) 
will be equal to the C’(Go) obtained from C(Go) 
by the replacement 


Sp(x3—X4) > Sp’ (x3—X4). (63) 
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Applying the same methods to a graph G with 
a self-energy part connected to its surroundings 
by two photon lines, the sum C(I) will be ob- 
tained as a single contribution C’(G») from the 
reduced graph Go, C’(Go) being formed from 
C(Go) by the replacement 


Dr(x3—x4)—>D p' (x3— 4). (64) 
The function Dr’ is defined by the condition that 
5hcby»D pr’ (x3—xX4) (65) 


is the vacuum expectation value of the operator 


E (—ifhe)C1/nt) f ay: . fo. 


n=0 

X P(A y(xs), A,(x4), H'(y1), se Hi (yn)), 
and may be expanded in a series 
Dp’ (x) = (Rete P+e2(LP)*+ ---)Dr(x). (67) 


Finally, it is not difficult to see that for graphs G 
with self-energy parts connected to their sur- 
roundings by a single photon line, the sum C(I) 
will be identically zero, and so such graphs may 
be omitted from consideration entirely. 

As a result of the foregoing arguments, the 
contributions C(G) of graphs with self-energy 
parts can always be replaced by modified con- 
tributions C’(Go) from a reduced graph Go. A 
given G may be reducible in more than one way 
to give various Go, but if the process of reduction 
is repeated a finite number of times a Gp will be 
obtained which is ‘‘totally reduced,” contains no 
self-energy part, and is uniquely determined by 
G. The contribution C’(Go) of a totally reduced 
graph to the matrix element of (31) is now to be 
calculated as a sum of integrals of expressions 
like (47), but with a replacement (56), (57), (63), 
or (64) made corresponding to every line in Go. 
This having been done, the matrix element of 
(31) is correctly calculated by taking into con- 
sideration each totally reduced graph once and 
once only. 

The elimination of graphs with self-energy 
parts is a most important simplification of the 
theory. For according to (22), H’ contains the 
subtracted part H%, which will give rise to many 
additional terms in the expansion of (31). But 
if any such term. is taken, say, containing the 
factor H%(x,) in the integrand, every graph cor- 
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responding to that term will contain the point x; 
joined to the rest of the graph only by two elec. 
tron lines, and this point by itself constitutes a 
self-energy part of the graph. Therefore, all 
terms involving H® are to be omitted from (31) 
in the calculation of matrix elements. The in- 
tuitive argument for omitting these terms is 
that they were only introduced in order to cance] 
out higher order self-energy terms arising from 
H', which are also to be omitted; the analysis 
of the foregoing paragraphs is a more precise 
form of this argument. In physical language, the 
argument can be stated still more simply; since 
5m is an unobservable quantity, it cannot appear 
in the final description of observable phenomena. 


VIII. VACUUM POLARIZATION AND CHARGE 
RENORMALIZATION 


The question now arises: What is the physical 
meaning of the new functions Dr’ and Sr’, and 
of the constant Ri? In general terms, the answer 
is clear. The physical processes represented by 
the self-energy parts of graphs have been pushed 
out of the calculations, but these processes do 
not consist entirely of unobservable interactions 


of single particles with their self-fields, and so 
cannot entirely be written off as ‘self-energy 
processes.’”’ In addition, these processes include 
the phenomenon of vacuum polarization, i.e., 
the modification of the field surrounding a 
charged particle by the charges which the par- 
ticle induces in the vacuum. Therefore, the ap- 
pearance of Dr’, Sr’, and R; in the calculations 
may be regarded as an explicit representation of 
the vacuum polarization phenomena which were 
implicitly contained in the processes now ignored. 

In the present theory there are two kinds of 
vacuum polarization, one induced by the ex- 
terna] field and the other by the quantized elec- 
tron and photon fields themselves; these will be 
called ‘‘external’’ and ‘‘internal,’’ respectively. 
It is only the internal polarization which is 
represented yet in explicit fashion by the sub- 
stitutions (56), (57), (63), (64); the external 
will be included later. 

To form a concrete picture of the function Dr’, 
it may be observed that the function Dr(y—2z) 
represents in classical electrodynamics the re- 
tarded potential of a point charge at y acting 
upon a point charge at z, together with the re- 
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tarded potential of the charge at z acting on the 
charge at y. Therefore, Dr may be spoken of 
loosely as ‘“‘the electromagnetic interaction be- 
tween two point charges.” In this semiclassical 
picture, Dr’ is then the electromagnetic inter- 
action between, two point charges, including the 
effects of the charge-distribution which each 
charge induces in the vacuum. 

The complete phenomenon of vacuum po- 
larization, as hitherto understood, is included in 
the above picture of the function Dr’. There is 
nothing left for Sr’ to represent. Thus, one of 
the important conclusions of the present theory 
is that there is a second phenomenon occurring 
in nature, included in the term vacuum polariza- 
tion as used in this paper, but additional to 
vacuum polarization in the usual sense of the 
word. The nature of the second phenomenon can 
best be explained by an example. 

The scattering of one electron by another 
may be represented as caused by a potential 
energy (the Mller interaction) acting between 
them. If one electron is at y and the other at 2, 
then, as explained above, the effect of vacuum 
polarization of the usual kind is to replace a 
factor Dry in this potential energy by Dr’. Now 
consider an analogous, but unorthodox, repre- 
sentation of the Compton effect, or the scattering 
of an electron by a photon. If the electron is at y 
and the photon at z, the scattering may be again 
represented by a potential energy, containing 
now the operator Sr(y—z) as a factor; the po- 
tential is an exchange potential, because after 
the interaction the electron must be considered 
to be at z and the photon at y, but this does not 
detract from its usefulness. By analogy with the 
4-vector charge-current density 7, which inter- 
acts with the potential Dr, a spinor Compton- 
effect density u_ may be defined by the equation 


Ua(x) =A u(x) (vu) asa(x) , 


and an adjoint spinor by 
te(x) = Pe(x) (Yu)saA u(x). 


These spinors are not directly observable quan- 
tities, but the Compton effect can be adequately 
described as an exchange potential, of magnitude 
proportional to Sr(y—z), acting between the 
Compton-effect density at any point y and the 
adjoint density at z. The second vacuum polariza- 


tion phenomenon is described by a change in 
the form of this potential from Sr to Sp’. There- 
fore, the phenomenon may be pictured in 
physical terms as the inducing, by a given 
element of Compton-effect density at a given 
point, of additional Compton-effect density in 
the vacuum around it. 

In both sorts of internal vacuum polarization, 
the functions Dr and Sr, in addition to being 
altered in shape, become multiplied by numerical 
(and actually divergent) factors R; and R2; also 
the matrix elements of (31) become multiplied 
by numerical factors such as R,R,*. However, it 
is believed (this has been verified only for second- 
order terms) that all m’th-order matrix elements 
of (31) will involve these factors only in the form 
of a multiplier 


(eR2R;')*; 


this statement includes the contributions from 
the higher terms of the series (62) and (67). 
Here e is defined as the constant occurring in 
the fundamental interaction (16) by virtue of 
(37). Now the only possible experimental de- 
termination of e is by means of measurements of 
the effects described by various matrix elements 
of (31), and so the directly measured quantity 
is not e but eR2R;'. Therefore, in practice the 
letter e is used to denote this measured quantity, 
and the multipliers R no longer appear explicitly 
in the matrix elements of (31); the change in 
the meaning of the letter e is called ‘‘charge 
renormalization,” and is essential if e is to be 
identified with the observed electronic charge. 
As a result of the renormalization, the divergent 
coefficients R:, Rs, and Rs; in (56), (57), (62), 
and (67) are to be replaced by unity, and the 
higher coefficients a, b, and ¢ by expressions in- 
volving only the renormalized charge e. 

The external vacuum polarization induced by 
the potential A,* is, physically speaking, only a 
special case of the first sort of internal polariza- 
tion; it can be treated in a precisely similar 
manner. Graphs describing external polarization 
effects are those with an “external polarization 
part,” namely, a part including the point x» 
and connected with the rest of the graph by 
only a single photon line. Such a graph is to be 
“reduced” by omitting the polarization part 
entirely and renaming with the label x» the 
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point at the further end of the single photon line. 
A discussion similar to those of Section VII leads 
to the conclusion that only reduced graphs need 
be considered in the calculation of the matrix 
element of (31), and that the effect of external 
polarization is explicitly represented if in the 
contributions from these graphs a replacement 


A ,*(x) A," (x) (68) 


is made. After a renormalization of the unit of 
potential, similar to the renormalization of 
charge, the modified potential A ,° takes the form 


A," (x) =(1+e,L P+ c2(L?)?+ «+ -)An*(x), . (69) 


where the coefficients are the same as in (67). 

It is necessary, in order to determine the 
functions Dr’, Sr’, and A,°, to go back to for- 
mulas (60) and (66). The determination of the 
vacuum expectation values of the operators (60) 
and (66) is a problem of the same kind as the 
original problem of the calculation of matrix 
elements of (31), and the various terms in the 
operators (60) and (66) must again be split up, 
represented by graphs, and analyzed in detail. 
However, since Dr’ and Sr’ are universal func- 
tions, this further analysis has only to be carried 
out once to be applicable to all problems. 

It is one of the major triumphs of the 
Schwinger theory that it enables an unambiguous 
interpretation to be given to the phenomenon of 
vacuum polarization (at least of the first kind), 
and to the vacuum expectation value of an 
operator such as (66). In making this interpreta- 
tion, profound theoretical problems arise, par- 
ticularly concerned with the gauge invariance of 
the theory, about which nothing will be said 
here. For Schwinger’s solution of these problems, 
the reader must refer to his forthcoming papers. 
Schwinger’s argument can be transferred without 
essential change into the framework of the 
present paper. 

Having overcome the difficulties of principle, 
Schwinger proceeded to evaluate the function 
Dy’ explicitly as far as terms of order a=(e?/ 
4rfic) (heaviside units). In particular, he found 
for the coefficient ¢c, in (67) and (69) the value 
(—a/15zx¢") to this order.® It is hoped to publish 

8 Schwinger’s results agree with those of the earlier, 
theoretically unsatisfactory treatment of vacuum polariza- 


tion. The best account of the earlier work is V. F. Weisskopf, 
Kgl. Danske Sels. Math.-Fys. Medd. 14, No. 6 (1936). 
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in a sequel to the present paper a similar evalua- 
tion of the function Sr’; the analysis involved is 
too complicated to be summarized here. 


IX. SUMMARY OF RESULTS 


In this section the results of the preceding 
pages will be summarized, so far as they relate 
to the performance of practical calculations. In 
effect, this summary will consist of a set of rules 
for the application of the Feynman radiation 
theory to a certain class of problems. 

Suppose an electron to be. moving in an ex- 
ternal field with interaction energy given by 
(33). Then the interaction energy to be used in 
calculating the motion of the electron, including 
radiative corrections of all orders, is 


Heo) = 5 (—4/he)"[1/n! Jn 


=E (ifn /nt) fdr fax. 


X P(H*(xo), H*(x,), es H(xn)), (70) 


with H‘ given by (16), and the P notation as 
defined in (29). 

To find the effective n’th-order radiative cor- 
rection to the potential acting on the electron, 
it is necessary to calculate the matrix elements of 
J, for transitions from one one-electron state 
to another. These matrix elements can be 
written down most conveniently in the form of 
an operator K,, bilinear in ~ and y, whose matrix 
elements for one-electron transitions are the 
same as those to be determined. In fact, the 
operator K, itself is already the matrix element 
to be determined if the ~ and y contained in it 
are regarded as one-electron wave functions. 

To write down Ky, the integrand P, in J, is 
first expressed in terms of its factors y, y, and A, 
all suffixes being indicated explicitly, and the 
expression (37) used for j,. All possible graphs G 
with (n+1) vertices are now drawn as described 
in Section VII, omitting disconnected graphs, 
graphs with self-energy parts, and graphs with 
external vacuum polarization parts as defined in 
Section VIII. It will be found that in each graph’ 
there are at each vertex two electron lines and 
one photon line, with the exception of xo at 
which there are two electron lines only; further, 
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such graphs can exist only for even n. K, is the 
sum of a contribution K(G) from each G, 

Given G, K(G) is obtained from J, by the 
following transformations. First, for each photon 
line joining x and y in G, replace two factors 
A,(x)A,(y) in P» (regardless of their positions) by 


$heb,.D r'(x—¥), (71) 


with Dr’ given by (67) with R;=1, the function 
Dr being defined by (42). Second, for each elec- 
tron line joining x to y in G, replace two factors 
Va(x)We(y) in P, (regardless of positions) by 

3S” rpa(x—y) (72) 
with Sr’ given by (62) with R.=1, the function 
Sr being defined by (44) and (45). Third, replace 
the remaining two factors P(P,(z),Ws(w)) in P, 
by ¥,(z)¥s(w) in this order. Fourth, replace 
A,*(x0) by Ay” (xo) given by 


Ayo (x) =A 4*(x) —[ae/1Sane? JPA ,*(x) (73) 


or, more generally, by (69). Fifth, multiply the 
whole by (—1)?’, where / is the number of closed 
loops in G as defined in Section VII. 

The above rules enable K,, to be written down 
very rapidly for small values of 7. It should be 
observed that if K, is being calculated, and if it 
is ‘not desired to include effects of higher order 
than the n’th, then Dr’, Sr’, and A,” in (71), 
(72), and (73) reduce to the simple functions 
Dry, Sr, and A,*. Also, the integrand in J, is a 
symmetrical function of x;, ---, x,; therefore, 
graphs which differ only by a relabeling of the 
vertices %1, -++, X, give identical contributions 
to K, and need not be considered separately. 

The extension of these rules to cover the 
calculation of matrix elements of (70) of a more 
general character than the one-electron transi- 
tions hitherto considered presents no essential 
difficulty. All that is necessary is to consider 
graphs with more than two “loose ends,” repre- 
senting processes in which more than one particle 
is involved. This extension is not treated in the 
present paper, chiefly because it would lead to 
unpleasantly cumbersome formulas. 


X. EXAMPLE—SECOND-ORDER RADIATIVE 
CORRECTIONS 


As an illustration of the rules of procedure of 
the previous section, these rules will be used for 
writing down the terms giving second-order 
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radiative corrections to the motion of an electron 
in an external field. Let the energy of the ex- 
ternal field be 


~[1/e]jn(sr0) A y*(20). (74) 


Then there will be one second-order correction 
term 


U=[a/15axo? J[1/c ]ju(%o) PA 4*(%0) 


arising from the substitution (73) in the zero- 
order term (74). This is the well-known vacuum 
polarization or Uehling term.°® 

The remaining second-order term arises from 
the second-order part J2 of (70). Written in ex- 
panded form, J: is 


i J de: f daeaP (Palco) (rr) asthe (2%0)A*(x0), 


V4 (x1) (Yu) vhs (x1)A u(%1), 
Ve(X2) (Yr) etWr(%2)A,(x2)). 


Next, all admissable graphs with the three 
vertices Xo, x1, X2 are to be drawn. It is easy to 
see that there are only two such graphs, that G 
shown in Fig. 1, and the identical graph with x; 
and x2 interchanged. The full lines are electron 
lines, the dotted line a photon line. The contribu- 
tion K(G) is obtained from J2 by substituting 
according to the rules of Section IX; in this case 
1=0, and the primes can be omitted from (71), 
(72), (73) since only second-order terms are re- 
quired. The integrand in K(G) can be re- 
assembled into the form of a matrix product, 
suppressing the suffixes a, ---, ¢. Then, multi- 
plying by a factor 2 to allow for the second graph, 
the complete second-order correction to (74) 
arising from J: becomes 


= —i[é/8hc] f -™ f “diesDrle1—xs)A (x0) 


XV (x1) YS r(%0—%1) ¥uSr(%2—%0) (x2). 


® Robert Serber, Phys. Rev. 48, 49 (1935); E. A. Uehling, 
Phys. Rev. 48, 55 (1935). 
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This is the term which gives rise to the main 
part of the Lamb-Retherford line shift,!° the 
anomalous magnetic moment of the electron," 
and the anomalous hyperfine splitting of the 
ground state of hydrogen.” 

The above expression L is formally simpler 
than the corresponding expression obtained by 
Schwinger, but the two are easily seen to be 
equivalent. In particular, the above expression 
does not lead to any great reduction in the labor 
involved in a numerical calculation of the Lamb 
shift. Its advantage lies rather in the ease with 
which it can be written down. 

In conclusion, the author would like to ex- 
press his thanks to the Commonwealth Fund of 
New York for financial support, and to Pro- 
fessors Schwinger and Feynman for the stimulat- 
ing lectures in which they presented their re- 
spective theories. 

Notes added in proof (To Section II). The argument of 


Section II is an over-simplification of the method of 
Tomonaga,! and is unsound. There is an error in the deriva- 


tion of (3); derivatives occurring in H(r) give rise to non- - 


commutativity between H(r) and field quantities at r’ 
when 7 is a point on @ infinitesimally distant from r’. The 


10W. E. Lamb and R. C. Retherford, Phys. Rev. 72, 
241 (1947). 

1 P, Kusch and H. M. Foley, Phys. Rev. 74, 250 (1948). 

27. E. Nafe and E. B. Nelson, Phys. Rev. 73, 718 
(1948); Aage Bohr, Phys. Rev. 73, 1109 (1948). 


argument should be amended as follows. ® is defined only 
for flat surfaces ¢(r)=¢, and for such surfaces (3) and (6) 
are correct. W is defined for general surfaces by (12) and 
(10), and is verified to satisfy (9). For a flat surface, $ and 
W are then shown to be related by (7). Finally, since H, 
does not involve the derivatives in H, the argument leading 
to (3) can be correctly applied to prove that for general ¢ 
the state-vector Y(c) will completely describe results of 
observations of the system on g. 

® ((To Section III). A covariant perturbation theory similar 
to that of Section III has previously been developed by 
E. C G. Stueckelberg, Ann. d. Phys. 21, 367 (1934); 
Nature, 153, 143 (1944). 

(To Section V). Schwinger’s “‘effective potential” is not 
Hr given by (25), but is Hr’ =QH7rQ-. Here Q is a “‘square- 
root” of S() obtained by expanding (S())# by the 
binomial theorem. The physical meaning of this is that 
Schwinger specifies states neither by Q nor by 0’, but by 
an intermediate state-vector 2’ =QQ=Q70’, whose defi- 
nition is symmetrical between past and future. Hr’ is also 
symmetrical between past and future. For one-particle 
states, Hr and Hr’ are identical. z 

Equation (32) can most simply be obtained directly from 
the product expansion of S(). 

(To Section VII). Equation (62) is incorrect. The function 
Sr’ is well-behaved, but its fourier transform has a loga- 
rithmic dependence on frequency, which makes an expansion 
precisely of the form (62) impossible. 

(To Section X). The term L still contains two divergent 
parts. One is an “infra-red catastrophe” removable by 
standard methods. The other is an “ultraviolet” diverg- 
ence, and has to be interpreted as an additional charge- 
renormalization, or, better, cancelled by part of the charge- 
renormalization calculated in Section VIII. 
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Attention is called to a theorem of Bloch, from which it is shown that even when inter- 
electronic interactions are taken into account, the state of lowest electronic free energy corre- 
sponds to a zero net current. This result contradicts the hypothesis that superconductivity 


is caused by spontaneous currents. 


ANY attempts!” have been made to explain 
superconductivity in terms of spontaneous 
currents, which arise because there is a special 
group of states of the electron gas as a whole, 
for which the free energy, F=E—TS, is lower 


1 W. Heisenberg, Zeits. f. Naturforschg 32, 65 (1948). 
2M. Born and K. C, Cheng, Nature 161, 1017 (1948). 


when a finite current flows than when no current 
flows at all. In some of the theories, it is suggested 
that the current-carrying states in question may 
have energies which are below that of the state 
of zero current, while in others, it is suggested 
that the current-carrying states may have so 
high a statistical weight that their free energy is 
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a minimum, even though the energy itself may 
not be a minimum. It is generally realized that 
the Bloch one-particle wave functions always 
make the state of lowest free energy one of zero 
current, but it is hoped that the inter-electronic 
interactions, not taken into account completely 
by these wave-functions, may change this result. 
Bloch has, however, proved*‘ a theorem from 
which one can deduce that even when these 
interactions are taken into account, the state of 
lowest free energy still corresponds to zero net 
current. Since this result does not appear to be 
widely known, and since it is not treated in 
much detail in the existing literature, a brief 
note on the subject is perhaps desirable here. 
Let the Hamiltonian be denoted by 


H= Yn [V (Xn) —V,2/2mM]+3> man V(Xmn)- 


V(Xn) represents the potential of the mth electron 
in the field of the ion lattice, while V(Xmn) 
represents the potential energy of inter-electronic 
interaction (coulomb). 

Let us observe that the total current, j, is 
related to the total electronic momentum, P, by 
j=eP/m. 

In the first part of the proof, we assume 
temporarily that the lowest state carries a cur- 
rent, in order to show that one is thereby led to 
a contradiction. Suppose that the exact wave- 
function is ¥(X1, Xe, ---X,---). Let us consider 
a slightly different wave function, 


¢=exp[(i6P/hX,) WW 


where 6P is very small. This corresponds to a 
state in which each electron has been given an 
additional momentum, 6P. If Po is the total 
electronic momentum in the state, y, then their 
total momentum in the state, ¢, is 


P=P,+ NéP, 


where WN is the total number of electrons. (Note 
that if y is totally anti-symmetric in space and 
spin coordinates of all the particles, then ¢ must 
possess the same antisymmetry, because the 
exponential factor is a totally symmetric function 
of the particle coordinates.) - 

a : meee to L. Brillouin, J. de phys. et rad. 4, 334 


*H. G. Smith and J. O. Wilhelm, Rev. Mod. Phys. 7, 
266 (1935). 


SUPERCONDUCTIVITY $03 

Let us now compute the mean electronic 
energy for the wave function, ¢. It is clear that 
the potential energy is exactly the same as when 
the wave function is y. If T>) represents the mean 
kinetic energy in the state, y, one obtains, 
however, 


= —#/rmZ f o*veodxdXy *-dXq°° -) 


' N(Po-6P) N(SP)? 
a me - 


— oe 





m 2m 
= To+mjo- 5j/e?+m(57)?/2Ne?. 


One can choose 6P opposite in sign to Po, so that 
P,-6P is negative. If 5P is small enough, the 
term involving (6P)? can be neglected. One 
concludes that for the state ¢, the kinetic energy 
and therefore the total energy, is less than for 
the state y. Although the function, ¢, is not 
necessarily a solution of Schrédinger’s equation, 
it is a well-known theorem that the energy of 
the lowest state must be lower than the mean 
energy calculated with any other wave function. 
We have thus proved that unless jo=0, the 
state, y, cannot be the lowest. 

One can conclude immediately from the above 
that if superconductivity is due to spontaneous 
currents, then it must disappear at absolute zero, 
where the system occupies the lowest state. It 
is possible to go farther, however, and to show 
that states of finite current cannot be thermo- 
dynamically the most stable even at non-zero 
temperatures. To do this, we show that for each 
solution of Schrodinger’s equation with a non- 
vanishing current, there exists ‘another solution 
with a lower current and with a lower energy. 

Let us denote by ,(Xi, Xe,---X,---), the 
complete set of orthonormal exact solutions of 
Schrédinger’s equations, possessing energies, E;. 
We then define an alternative set of functions, 


¢:=exp[ (16P/h) ->oX, Wi, 


which are also clearly orthonormal, but which 
are not, in general, exact solutions of Schré- 
dinger’s equation.. The Hamiltonian matrix can 
be expressed in terms of the functions, ¢;, as 
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follows 


Hy= { ((tHo)dXdXy **dXn°°*) 


i 


2m 
+(h/im)sP- f (W2Dn Vav)dX1- «dX, 


If j; represents the mean current in the state yx, 
the diagonal elements are 


Hy;= E,+ N(6P)?/2m-+j;- 5P/e 


while the off-diagonal elements are 


Hy=(b8P/i)- f (En Vai)AX Xa dXae 


If 6P is small, H;; is a small perturbation, and 
one can by standard perturbation procedures, 
obtain a solution for the wave-functions and 
energy levels. The off-diagonal elements of X 
contribute to the energy only in second order. 
Thus, one obtains for the energy of the state for 
which ¢; is the zeroth approximation 


W;=E,;+j;-6P/e+terms of order (6P)?. 


By choosing 6P opposite in sign to j; and very 
small, one obtains, for each y,, another state 
having an energy lower than that of y;. Thus, 
if we assume that there is a group of states 
carrying some current, j;, they cannot have a 
minimum free energy, because there is always 
another group of states with the same statistical 
weight, but with a lower energy, hence with a 
lower free energy. 

It has sometimes been suggested that super- 
conductivity is always associated with circulating 
currents, such as those in a superconducting ring. 
Since the total current, j;, vanishes here, it is 
clear that the above results do not apply. By 
noting that the current for this case is propor- 
tional to the total electronic angular momentum, 
however, one can give a similar treatment, and 
one obtains again the result that the state of 
lowest free energy corresponds to zero net cur- 
rent.* Even when the magnetic field caused by 

*In carrying out this treatment, one multiplies the 


wave function hy exp[(im/h)Z.¢:], where m is an integer. 
Since m must be at least unity, the smallest change of 


D. BOHM 


the electronic motion is taken into account, the 
same result is obtained. The proof of the theorem 
requires, however, that the coupling between 
electron spin and orbital magnetic fields be 
neglected. It would seem safe to conclude that 
the spontaneous current hypothesis cannot ex- 
plain superconductivity, unless one wishes to 
show that the energy stabilizing the state of 
finite current is due to coupling between electron 
spin and orbital magnetic fields. 

It would seem preferable to state that if 
superconductivity is caused by interactions be- 
tween electrons, it is probably due to a somewhat 
localized tendency for electrons of the same 
velocity to move together as a unit, which is held 
together in some way by the inter-electronic 
forces. In order to stop such a group of electrons, 
it would be necessary to scatter all of them at 
once. Such a process would be enormously less 
probable than one in which electrons are scat- 
tered individually by lattice vibrations, or other 
irregularities in the lattice. The formation of 
such localized groups of co-moving particles 
would liberate energy, thus making the super- 
conducting state the most stable one. Yet, it 
would still remain true that a superconducting 
state which was carrying a large current would 
have a higher energy than one which carried no 
current; the current carrying state would then 
be very long-lived because of the small proba- 
bility of scattering. It is possible to regard the 
theories of Heisenberg and Born from this view- 
point, provided that one interprets the inter- 
action energy as associated with a local ordering 
of velocities, rather than with the stabilization 
of spontaneous currents. The author is also 
planning to publish a theory shortly in which 
another example of this type of explanation is 
studied in detail, through the means of treating 
inter-electronic interactions in terms of plasma 
oscillations. 


angular momentum obtainable in this way is Nh. In order 
to obtain an arbitrarily small change of current, however, 
one can consider a superconducting ring of radius, r, made 
of a very thin wire. The total change of current density is 
then ph/mr, where p is the electron density. By going to 
very large r, one can obtain arbitrarily small ‘changes in 
current. Hence, for a large enough ring, one can certainly 
apply the same argument as with nion-circulating currents. 
Since the limiting current for a superconductor is known 
to be independent of the ring diameter, it is clear that one 
can, in this way, show that spontaneous currents are not 
the cause of superconductivity in such a ring. 
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A Precision Study of the Tungsten K Spectrum Using the 2-Meter Focusing Curved 
Crystal Spectrometer* 
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(Received August 16, 1948) 


Using the 2-meter focusing curved crystal gamma-ray spectrometer, careful measurements 


were made of the wave-lengths of the K series lines and K absorption edge of tungsten for the 
dual purpose of establishing a precision linkage between wave-length measurements in the 
gamma- and x-ray regions and of improving our knowledge of the tungsten wave-lengths. 
The high precision, resolution, and luminosity of the instrument made possible the complete 
resolution of the 8-doublet, the partial resolution of the y-doublet, and the detection and 
measurement of a é-line close to the absorption edge. Absolute determinations of the Bragg 
angles for Mo Ka; and W Kay reflected from the (310) planes of quartz by W. J. West in this 
laboratory, using a precision 2-crystal spectrometer, are described. These were undertaken 
(a) to standardize the tungsten K spectrum with higher accuracy in terms of the Siegbahn 
scale of x-ray wave-lengths and (b) to yield on this scale a precision determination of the 
grating constant of the quartz (310) planes. Adopting W. J. West’s value of 208.575+0.008 x.u. 
(Siegbahn scale) for the wave-length of the a line, the wave-lengths of the K series lines and 


K edge were found to be: 


Siegbahn notation a2 a Bs Ai pF! Ba! Abs. edge. 
Sommerfeld notation ae ay Be A 2 ‘1 é Abs. edge. 
Transition K-Li K-Lir K-—Mi K-Mi1 K—Ni K-Nu K-O1,11 K-«@ 
Wave-length x.u. (Siegbahn scale) 213.387 208.575 184.772 183.967 179.212 179.038 178.052 177.947 
+0.010 0.008 +0.020 +0.020 +0.020 0.020 +0.020 0.020 
Wave-length A 0.213818 0.208996 0.185145 0.184339 0.179574 0.179400 0.178412 0.178306 


constant 


+0.000010 +0.000008 -+0.000020 +0.000020 +0.000020 +0.000020 +0.000020 +0.000020 


West’s 2-crystal spectrometer study gives for the (310) planes of quartz at 18°C the grating 


d=1177.637 +0.020 x.u. (Siegbahn scale). 





INTRODUCTION 


HE 2-meter curved crystal focusing spec- 
trometer! used in the precision determina- 
tion? of the wave-length of the 0.41-Mev line of 
Au!®8 was designed so that it could be used for 
measurements in the x-ray as well as in the 
gamma-ray regions of the spectrum in order to 
make possible the direct comparison of gamma- 
ray wave-lengths with the better known x-ray 
wave-lengths. The calibration of the instrument 
has now been carried out using the K series lines 
of tungsten reflected from the (310) planes of the 
curved quartz lanina. 
The tungsten lines were chosen for this cali- 
bration work, in spite of the fact that the 2-meter 





. ° ne supported by contract with the Office of Naval 


** Now at Temple University, Philadelphia, Pennsy]l- 
vania. 
. W. M. DuMond, Rev. Sci. Inst. 18, 626 (1947). 
. W. M. DuMond, D. A. Lind, and B. 
Phys. Rev. 73, 1392 2 (1848). 


. Watson, 
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curved crystal instrument admits of studying 
wave-lengths as long as the silver K spectrum, 
(a) because it was deemed wise to utilize por- 
tions of the precision wave-length screw not too 
far removed from the y-ray region for whose 
study the instrument was primarily designed, 
and (b) because of the ready availability of a 
tungsten target tube suitable for this purpose. 

Since the K series lines of tungsten have them- 
selves not been studied as carefully or as ex- 
tensively as some of the softer x-ray lines, a 
separate study with the 2-crystal spectrometer 
by W. J. West was also simultaneously under- 
taken in this laboratory to relate the Ka, line 
of tungsten to the Ka, line of molybdenum with 
all possible precision. Since the (310) planes of 
quartz were also used in this 2-crystal spec- 
trometer study, a precision value of the grating 
constant, d, for (310) planes of quartz was thus 
also obtained. 

The high resolving power of the 2-meter 
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Fic. 1. Schematic illustration of the geometry used in 
two-crystal spectrometer precision Bragg angle deter- 
minations of WKa; and Mo Kaz reflected from the (310) 
planes of quartz by transmission of the x-ray beam 
through 1-mm thick quartz plates. X represents the focal 
spot of the x-ray tube, S the first slit or stop. The full 
lines show the general position for the parallel rocking 
curve. The dotted lines show the position for the anti- 
parallel rocking curve. The xenon-filled counter is at C 
and is supported on an arm pivoted about the axis of 
crystal 2. The instrument J can as a whole be rotated on a 
pivot coincident with the pivot of crystal 1. 


curved crystal spectrometer has made possible 
the complete resolution of the K£-doublet 


(Siegbahn notation: K®:, K®3) and the partial : 


resolution—reported previously by Hudson and 
Vogt and by E. Ingelstam® of the Ky-doublet 
(Siegbahn notation: KB2). The high precision 
afforded by the instrument has made possible 
a more precise determination than has heretofore 


been reported of the wave-lengths of the K series 
lines relative to that of the a; line, and of the 
various doublet separations. The high luminosity 
of the instrument has endowed the Ké-line, 
resulting from a K —O;;Oyzr transition, with suf- 
ficient intensity to make possible an accurate 
measurement of its wave-length. In addition, a 
precise measurement of the position of the 
tungsten K edge was made with a result that is 
appreciably different from that of previous 
measurements by Mack and Cork and by I. 
Manescu.* 


APPARATUS 


The spectrometer and the multicellular counter 
used for the detection of the diffracted beam have 
been described by DuMond.! In the present case 
the gamma-ray source holder which occupies a 
position on the focal circle was replaced by a 
narrow slit behind which, supported on the 
upper beam of the spectrometer, was situated a 
tungsten “‘shock proof’’ type x-ray tube operated 
at 140 kv and 5.0 ma. The measurements on the 
lines were made with 0.016 inch of lead in the 
beam in order to keep the peak counting rates 
from being excessively high.’ For the deter- 


TABLE I. 2-crystal spectrometer Bragg angle determinations of Mo Ka; and WKa; on quartz (310) planes. 








Mo Kaz line 
Worm 


Worm 


Deviation 
of beam 


by crystal Run 
No. 


No. 1 to 


Parallel 
position 
reading 


wheel 
correc- 
tion 


Parallel 
corrected 


Sate 
position 
reading 


wheel 
correc- 
tion 


Antiparallel 
position 
corrected 


0 
Bragg angle 





Left 
Left 
Left 
Left 
Right 
Right 


73°13'54”" 

73°13'S54"" 

73°13'554”" 
893°14/1”” 
928°1 2/393” 
927°58'434"” 


+43" 
+44" 
+44" 
—2" 
+1" 
+ 1” 


73°13'582” 

73°13'593”" 

73°13'593” 
893°13’59” 
928°12'402” 
927°58'443” 


108°12'314” 
108°12'322” 
108°12'322” 
928°12/352” 
893°14’8” 
893°0'84”” 


+33" 
+32" 
34” 
” 
~~ 
—3" 


108°12'343” 
108°12'36” 
108°12'353” 
928°12'363” 
893°14'6” 
893°0'63” 


Average value of @ for Mo Kai on (310) planes of quartz 17°29/18.2’’+-0.3”. 


34°58'363” 
34°58'363” 
34°58'35?” 
34°58'377” 
34°58'342” 
34°58'373" 


17°29'18}” 
17°29'184” 
17°29'174” 
17°29'18%” 
17°29'173” 
17°29'185” 





WKaz line 





Right 
Right 
Right 
Right 
Right 
Left 
Left 
Left 
Left 


1 
2 
3 
4 
5 
6 
7 
8 
9 


95°48'5.6”” 
95°45'35.0” 
95°25'4.6"" 
915°13'4.0” 
915°13'4.8” 
905°3'36.6” 
905°3'34.6” 
85°3'29.6” 
85°3'30.3”" 


” 
to 
+ sd 
+2” 
+2” 
~9,4" 
~9.4" 
~4.6" 
~4.6" 


95°48'10.6” 
95°45’40" 
95°25'9.6” 
915°13'6.0” 
915°13'6.8” 
905°3'27.2” 
905°3'25.2”” 
85°3'25.0” 
85°3'25.7” 


85°38'35.3”” 
85°36'5.5” 
85°15'36.6” 
905°3'37.8” 
905°3'38.4”” 
915°13'1.3” 
915°13'2.6” 
95°12'58.6” 
95°12'59.0” 


» = 3.5" 


—3.5" 
—4,1" 
—9.4" 
—9.4" 
+2” 

+2” 

+5.4” 
+5.4” 


85°38'31.8”" 
85°36'2” 
85°15'32.5” 
905°3'28.4” 
905°3'29.0” 
915°13'3.3” 
915°13'4.6” 
95°13'4” 
95°13'4.4” 


10°9’38 8” 
10°9’38.0” 
10°9’37.1” 
10°9’37.6” 
10°9’37.8”" 
10°9’36.1” 
10°9’39.4”” 
10°9’39.0” 
10°9’38.7” 


5°4'49.4” 
5°4'49.0" 
5°4'48.6” 
5°4'48.8” 
5°4'48.9”” 
5°4'48.1/" 
5°4’49.7” 
5°4'49.5"” 
5°4'49.3” 


Average value of @ for WKa; on (310) planes of quartz 5°4'49.0’+0.2”. 








*H. C. Hudson and H. G. Vogt, Proc. Nat. Acad. Sci. 19, 444 (1933); E. Ingelstam, (4) No. 5 Nova Acta Reg. Soc. 


Sci., Upsal. (1936). 
es (1936) 


. Mack and J. M. Cork, Phys. Rev. 30, 741 (1927); I. Manescu, Comptes Rendus 216, 732 (1943). 
5 This lead filter can be shown to produce a change in absorption with wave-length in going across the profile of a line 
(say 0.2 x.u.) which results in a difference of less than 1 percent in the observed intensity on the two extreme sides, and 
the shift in line position will hence be negligible from this cause. 
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mination of the K edge the lead absorber was 
replaced by tungsten foil 0.0034 inch thick. The 
multicellular counter consisted of four sections 
with partitions (cathodes) of 100-mesh monel 
metal gauze plated with a layer of silver about 
0.001 inch thick. 

In addition to the 2-meter curved crystal 
spectrometer, a precision 2-crystal spectrometer® 
with specially lapped and calibrated worm wheels 
was used by W. J. West to determine with high 
absolute precision the Bragg angles of reflection 
for both the tungsten and molybdenum Ka, 
lines. Two optically flat 1-mm thick plates of 
quartz (in all respects identical to, and cut from, 
the same crystal specimen as the lamina used in 
the 2-meter curved crystal spectrometer) were 
mounted on the 2-crystal spectrometer, one over 
each pivot, so that the (310) reflecting planes of 
the quartz (normal to the surfaces of the lamina) 
were accurately parallel to the axis of each pivot 
(as shown by photographic tests of reflections 
from both sides of these planes with films placed 
some 2 meters distant from the crystals). Great 
care was taken to mount the quartz plates 
without subjecting them to mechanical strain 





.* For a complete description of this instrument, together 
with the methods of correcting the worm wheels and 
calibrating their residual errors, see Jesse W. M. DuMond, 
Rev. Sci. Inst. 8, 112 (1937). 
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Fic. 2. Typical 2-crystal spectrometer rocking curve of molybdenum Ka; line (run No. 1) reflected from (310) planes 
of quartz in first-order, parallel, and antiparallel positions. The ordinate numbers on the parallel and antiparallel rocking 
curves give the number of counts in two minutes. The vertical heights of the rectangular dots on the antiparallel curve 
are indicative of the statistical uncertainty of counting (square root of total counts). On the parallel rocking curve the 
statistical uncertainty is not thus known. 


e 


which might bend them. The reflections were 
studied with the beam transmitted through the 
plates. A Geiger-Miiller counter filled with 10 cm 
of xenon and a small amount (about 0.3 cm) of 
petroleum ether was used and found very satis- 
factory for the intensity measurements. Crystal 
No. 1 was left stationary in the appropriate 
position to reflect the Ka, az lines, the geometry 
of lead stops and x-ray tube being such as to 
select these lines alone. Crystal No. 2 was 
rotated so that rocking curves both in the (1,1) 
and (1,—1) or “antiparallel” and “parallel” 
positions were observed, the antiparallel curves 
being the profiles of the Ka, line, and the angular 
displacement between the (1,1) and (1,—1) 
settings then gave the precision data from which 
the Bragg angle could be computed. The primary 
purpose of this 2-crystal spectrometer work was 
to establish with high precision the ratio of the 
wave-lengths of the tungsten Ka, line to that 
of the Mo Ka; line. This last has been determined 
with such care that it may well be regarded as the 
standard for the entire Siegbahn scale of wave- 


lengths, 


PRECISION STANDARDIZATION OF TUNGSTEN 
Ka, WITH THE 2-CRYSTAL SPECTROMETER 


Six complete and independent sets of measure- 
ments of the. Bragg angle for Mo Kay, and nine 
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Fic. 3. Typical 2-crystal spectrometer rocking curve of tungsten Ka, line (run No. 4) reflected from (310) planes of 


quartz in first-order, parallel, and antiparallel positions. The ordinate numbers on the parallel rocking curve give the 
number of counts in 2 minutes, those on the antiparallel curve the number in 5 minutes. The vertical heights of the 
rectangular dots on the antiparallel curve are indicative of the statistical uncertainty of counting (square root of total 


counts). On the parallel rocking curve the statistical uncertainty is not thus shown. 


similar measurements for WKa,, were made in 
such a way as to utilize.different parts of the 
calibrated precision worm wheels for the angle 
measurements. Each Bragg angle measurement 
consisted in the complete delineation of a parallel 


and an antiparallel position rocking curve. Figure 





1 shows schematically the geometry of the parallel 
and antiparallel settings. In some of the measure- 
ments the beam was deviated to the left by 
crystal No. 1, and in others to the right. The 
number and variety of the worm wheel settings 


TABLE II. Tungsten K spectrum measured with 2-meter curved crystal spectrometer. 


was also increased by turning crystal No. 2 
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Siegbahn notation 


Sommerfeld notation 


Transition 
Run 1 
Run 2 
Run 3 


Average x.u. nominal 


screw scale 


Average x.u. assuming 
West’s value a; 


Other determinations for comparison: 


E. Ingelstam* 


Hudson and Vogt* 
. H. Williams> 


uane and Stenstrém* 


Siegbahn4 


Stephenson and Cork* 


Rechou! : 





a2 a 
ae a 
K-Li K-L111 
213.451 208.639 
213.425 208.611 
208.619 
213.438 208.623 
213.387 208.575 
+0.010 +0.008* 
213.382 208.571 
213.38 208.57 
213.37 208.56 
213.48 208.67 
213.52 208.85 
213.45 208.62 
208.50 


213.41 


Bs 

Bs 
K-M11 
184.824 
184.811 


184.818 
184.772 
+0.020 


184.795 
184.73 
184.75 





Bi 

Bi 
K-M111 
184.020 
184.002 
184.006 


184.009 
183.967 
+0.020 


183.991 
183.93 
183.97 


+ 184.26 
184.36 
184.22 
184.16 


Bs! 





Bo! 


v2 ° 
K-Niyt K-Ni 


179.242 


179.242 
179.212 


. 0.020 


179.232 
179.13 


179.068 


179.068 
179.038 
+0.020 


179.049 
178.95 


179.06 
179.07 
179.40 
178.98 
179.00 





6 
K-011,111 
178.081 
178.081 


178.052 
+0.020 


178.073 
177.99 








* This value with its probable error is from the 2-crystal spectrometer work of W. J. West. 
® See reference 3. 
b See reference 7. 
© See reference 13. 
4M. Siegbahn, Physik. Zeits. 20, 533 (1919). 
¢ B. R. Stephenson and J. M. Cork, Phys. Rev. 27, 138 (1926). 


£ G. Rechou, Comptes Rendus 180, 1107 (19 


25). 


Note.—Line 4 in the above table gives wave-lengths in instrumental screw divisions averaged by columns. These values were not used, however, 


mined in 
+ ; oo scale factor. These differences were then combined b 
ine 5. 


in computing line 5. The values in line 5 (which we regard as our final best results) were computed in the following way. The wave-length value 
of a1 in line 4 in nominal screw divisiéns was compared with W. J. West’s absolute determination of this wave-length so as to yield the instrumental 
scale factor, 1.00023 screw divisions per x.u. Wave-length differences for each run between all lines and the WKai line of that run were then deter- 


nominal scale units. The mean values of these differences for the different runs in which they occurred were then converted to x.u. using 


y adding or subtracting them from West’s value of a: to give the other values in 


We believe that small mechanical hysteresis effects in the screw, carriage, and upper arm of the spectrometer, which probably account for the 


residual irreproducibility in the readings, exert, by-this procedure, a minimum effect on the results. 
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through 180° for some of the Bragg angle deter- 
minations so that in such cases the entry and 
exit sides of the quartz plate were interchanged. 
This 2-crystal instrument® is provided with four 
independent motions of rotation actuated by 
worm wheel drives which permit (a and b) 
precision settings of the 2-crystal tables to about 
1 second of arc, (c) angular setting of the instru- 
ment as a whole about an axis coincident with 
that of crystal No. 1 relative to the primary x-ray 
beam, and (d) angular setting of the arm sup- 
porting the ion chamber or counter about an 
axis coincident with crystal No. 2. This extreme 
flexibility greatly facilitates the determinations 
here described since, for any desired configura- 
tion, the correct angular position for all the 
elements of the instrument can be approximately 
calculated and set up on the four worm wheels 
as soon as the settings for one particular con- 
figuration have been accurately established. 

The very small grating content of the quartz 
(310) planes (only slightly more than one-third 
as great as that for the cleavage planes of calcite, 


Fic. 4. Tungsten Ka lines obtained by reflection from opposite sides of the (310) planes of quartz with the 2-meter 
focusing curved crystal spectrometer. The effective ‘‘window curve” of the spectrometer is narrow—of the order of 0.1 





for example) is of considerable value in increasing 
the precision of the work since the angles mea- 
sured are for this reason much larger relative to 
the precision of the worm wheels. Table I lists 
the results of the separate measurements of the 
Bragg angles. The corrections made for the 
residual errors of the worm wheels are shown. 
The final result of these measurements gives for 
the wave-length of the tungsten Ka; line in 
x-units (on the Siegbahn scale for which the Ka, 
line of molybdenum has the wave-length value 
707.831 x.u.) 


AWKa; = 208.575 +0.008 x.u. 


This result agrees satisfactorily with a deter- 
mination by Ingelstam,? who found Awka 
= 208.571 x.u., and it compares favorably also 
with measurements by J. H. Williams’—208.56 
X.U. 


THE GRATING CONSTANT FOR THE QUARTZ 
(310) PLANES 


It can be shown that no correction for re- 
fractive index is needed for the case of a beam 





x.u.—resulting in line widths only slightly greater than the natural line widths. The vertical heights of the small rec- 


tangles are indicative of the statistical uncertainty of counting 


uare root of the number of counts. The abscissa scale 


readings are in nominal x-units as read on the wave-length drum of the spectrometer. The “zero” of these readings is not 
exactly centered on the zero wave-length position, and the true wave-lengths are to be obtained by taking half the dif- 
ference between the right and left-hand positions. A multiplying factor differing slightly from unity must also be applied 


to these fi 


res to convert nominal drum x.u. to true x.u. The wave-length scale is broken between the a; and az lines 


which would otherwise be separated more than three times as far as here shown. 





‘J. H. Williams, Phys. Rev. 40, 791 (1932). 
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Fic. 5. Tungsten KA, y- and 6-lines obtained by reflection from opposite sides of the (310) planes of quartz with 


the 2-meter focusing curved crystal spectrometer. The general remarks in the caption of Fig. 4 apply here also. 


of x-rays transmitted through a plate with 
reflection from internal planes if these latter lie 
normal to the entry and exit faces. The ob- 
servations were made at a temperature of 22°C. 
They indicate for this temperature a grating 
constant for the (310) planes of quartz, 
doe? =1177.705 x.u. Reducing this to the usually 
accepted standard value of 18°C by applying the 
thermal expansion coefficient® of 14.510-* per 
degree C for expansion normal to the optic axis, 
we obtain for the (310) planes 


dg° = 1177.637+0.02 x.u. (Siegbahn scale). 


This result agrees well with a value of 1177.64 
x.u. calculated from measurements made by 
Bergquist” on the (100) or prism planes of 
quartz, and it is also in agreement with the value 
1177.6 given by E. Ingelstam." 

Figures 2 and 3 show two sets of the 2-crystal 
spectrometer rocking curves in (1,1) and (1,—1) 
positions typical, of those from which the data 
of Table I were obtained, Fig. 2 being taken 
from the runs with molybdenum radiation and 
Fig. 3 from the runs with tungsten radiation. The 
extreme narrowness of the parallel position 
rocking curves for these quartz planes (about 
2.8 seconds of arc full width at half-maximum 


8 See, for example, Jesse DuMond, Rev. Sci. Inst. 18, 
629 (1947), Fig. 4 and accompanying text. 
— by A. H. Jay, Proc. Roy. Soc. 142, 237 
100, Bergquist, Zeits. f. Physik 66, 496 (1930). 
(1939) Ingelstam, Arkiv. f. Mat., Astr. o. Fys. 27B, No. 4 





height in the case of tungsten) is remarkable." 
The breadths of the lines in the antiparallel case 
are so much greater than the parallel position 
rocking curves that they may be regarded as 
virtually perfect delinations of the spectral line 
profiles for WKa,; and Mo Kay. 


CALIBRATION OF THE 2-METER CURVED CRYSTAL 
SPECTROMETER AND RESULTING WAVE- 
LENGTH MEASUREMENTS OF THE 
TUNGSTEN K SPECTRUM 


Measurements on the diffracted x-ray beams 
were made on both sides of the (310) planes of 
the curved quartz crystal. 

The curved crystal gamma-ray spectrometer 
is so designed! that the wave-length of the dif- 
fracted radiation entering the detector may be 
determined directly from the reading of a drum 
and vernier attached to a precision screw which 
drives the source holder along the focal -circle. 
The geometry of the mechanism is such that the 
displacement of this screw is directly propor- 
tional to the sine of the Bragg angle of the dif- 
fracted radiation entering the detector and hence 
to its wave-length. Thus, the difference between 
the reading on the scale when the spectrometer 
is set to detect a given wave-length after reflec- 
tion from one side of the crystal planes and that 
for reflection from the opposite side of these 
planes gives twice the wave-length of the radia- 


1 Work is now in progress to determine reflection coef- 
ficients of these,310,planes, using the set-up here described. 
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tion. The dimensions of the spectrometer were so 
chosen that one turn of the screw is almost 
exactly equal to one x.u. By means of the vernier, 
readings of wave-length to 0.001 x.u. may easily 
be made. The screw of the spectrometer has been 
calibrated for deviations from linearity over the 
entire range from +300 x.u. to —300 x.u. by 
comparison with a National Bureau of Standards 
calibrated glass scale using a 100-power micro- 
scope and working to 0.001 x.u. The chief de- 
partures from linearity are (a) a quasi-periodic 
error (with one rotation of the screw as the 
fundamental period) whose profile changes slowly 
as one progresses along the screw and (b) an 
aperiodic error. It may be said, in general, that 
the deviation from linearity from both these 
errors nowhere exceeds 0.020 x.u. over the range 
+300 x.u. to —300 x.u. By using the calibration 
curve to make corrections, it is estimated that 
readings are probably correct to within 0.020 x.u. 

The precise calibration of the scale of the 
instrument was made by observing the displace- 
ment of the screw between the two settings for 
the WKa, line. An average of three such deter- 
minations yielded a wave-length in scale divisions 
of 208.623+-0.008. If the wave-length of the 
Wa; line is taken as 208.575 x.u. (W. J. West’s 
2-crystal spectrometer value), the scale factor for 
the spectrometer becomes 1.00023 divisions per 
x.u. Using this value, the wave-lengths of the 


other K series lines and that of the K edge may 


be determined. The results obtained in this way 
are shown in Table II. For comparison, the values 
obtained by other observers are indicated. The 
measurements of Hudson and Vogt were relative 
measurements based on the assumption of the 
a, and a, wave-length values obtained by Duane 
and Stenstrém." For the purpose of this com- 
parison they have been restated, assuming the 
validity of the results obtained by W. J. West 
for the W-Ka, wave-length. All values shown in 
the table are in x.u. (Siegbahn scale) based on the 
convention that the effective grating space in the 
first order for calcite at 18°C is 3029.04 x.u. 
Figures 4 and 5 show graphically the results of 
one complete run over the tungsten K spectrum 
on the two sides of the atomic reflecting planes. 
The vertical strokes at each observed point are 


17W. Duane and W. Stenstrém, Proc. Nat. Acad. Sci. 6, 
477 (1920). 
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indicative of the statistical uncertainty (the 
square root of the total number of counts ob- 
served). Large gaps are necessarily left in the 
wave-length scale between lines to permit 
reproducing the plot in reasonable compass. 


DOUBLET SEPARATIONS 


The 4.812+0.007-x.u. separation between the 
components of the a-doublet is in good agreement 
with that obtained by Ingelstam by Williams 
and by Duane and Stenstrém, and it is to be 
expected from the energy difference between the 
Li and Lin levels. 

The separation of 0.805+0.001 x.u. between 
the components of the 6-doublet agrees well with 
that obtained by Seemann," and it is also in 
good agreement with the measurements of 
Hudson and Vogt, and of Ingelstam. It differs 
from the 0.78 x.u. separation reported by Wil- 
liams, whose measurements may be in error 
because of a failure completely to resolve the 
doublet. The wave-length separation of this 
doublet computed from the more accuately 
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Fic. 6! Separation of W-—K edge and W—K é-line, 
using metallic tungsten foil absorber 0.0034 inch thick. 
Curve ] is the spectrum without any external absorber. 
The effect of the K absorption edge of the tungsten in the 
target itself can be clearly seen supe on the 3-line. 
Curve 2 is the spectrum with the absorbing foil in the 
beam normalized to coincide with curve 1 on the left-hand or 
soft side. Curve 3 plots the ratio of 2 to 1. The wave-length 
position assigned as the “‘edge”’ has been chosen as nearly 
as possible at the point of inflection of 3. Curve 4 is cor- 
rected to remove target absorption, using curve 3 for this 


purpose. 
4H. Seemann, Zeits. f. Physik 73, 87 (1931). 
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TABLE III. 














Siegbahn notation as a 
Sommerfeld notation as: a 
Transition K-Lu K-Li1 


Wave-length x.u. (Siegbahn scale) 213.387 208.575 
0.010 +0.008 


Wave-length A 0.213818 0.208996 


Bs Bi 
Bs Ai 12 vl 6 
K-Miu 


184.772 
0.020 


0.185145 


Ball Ba! Abs. edge. 
Abs. edge. 
K— J 


177.947 
0.020 


0.178306 


K-Miu 


183.967 
0.020 


0.184339 


K-Niu 


179.212 
0.020 


0.179574 


K—-Nu 


179.038 
0.020 


0.179400 


K—-O11, 11 


178.052 
0.020 


0.178412 


0.000010 =+0.000008 =+0.000020 =+0.000020 =+0.000020 =+0.000020 =+0.000020 =+0.000020 








measured L;— Mz; and Ly— My transitions is 
0.807 x.u. 

The partial resolution of the Ky-doublet is 
apparent in Fig. 5. E. Richard Cohen has ob- 
tained the two components shown in the figure 
which give a composite curve closely fitting the 
experimental curve except for a slight deviation 
at the wings. The best fit was obtained for com- 
ponents which differ in wave-length by 0.17 x.u. 
and which have an intensity ratio of 2 to 0.94. 
The small departure from the expected 2 to 1 
ratio may be due to slightly greater absorption 
of the longer wave-length component in the 
target, lead filter, and counter window. Our 
value for the doublet separation is in good agree- 
ment with the value of 0.18 x.u. reported by 
Hudson and Vogt and 0.183 x.u. reported by 
Ingelstam, and in excellent agreement with the 
value of 0.171 x.u. computed from the measured 
wave-lengths of the Z;—Ny and L;—WNnurr 
transitions. 


K EDGE 


The effect of passage through the K absorption 
edge of tungsten is apparent from the distorted 
profile of the Ké-line and the obviously lower 
background value on the short wave-length side. 
Since there was no tungsten in the x-ray beam 
after its emergence from the tube, the observed 
effect must be associated with the passage of the 
beam through a thin layer of the targef'In order 
to correct the line profile for the pyrpose of 
determining the wave-length value atiats center 
and to determine the position of the absorption 

in * 


ott 
oss! 


edge, a 0.0034-inch thick tungsten foil was placed 
in the beam, and readings of the intensity were 
made both with and without this additional 
tungsten. The ratio of the intensity measured 
with the tungsten foil in the beam to that without 
the foil was plotted against wave-length, and the 
point of steepest slope of the curve was taken as 
the position of the edge. Figure 6 illustrates how 
this was done. In this way the edge was found 
to be 0.105 x.u. from the center of the 6-line, 
giving the wave-length associated with the 
tungsten K absorption discontinuity as 177.947 
x.u. This value differs by 0.27 x.u. from the value 
of 178.22 obtained by Mack and Cork,‘ and by 
0.063 x.u. from the value 178.01 of Manescu.‘ 


CONCLUSIONS 


The curved crystal spectrometer employed in 
this work is easily capable of giving wave-length 
separations to within 0.01 x.u. Since the wave- 
length of the WKa;, line as measured by W. J. 
West is of comparable precision, we may tabulate 
(Table III) values of the tungsten K series lines 
good to 0.02 x.u. or better. The values are 
also given in angstrém units, following the recent 
recommendation of the X-Ray Analysis Group 
of the Institute of Physics (England) that 
\(A) = 1.00202A(kx.u.). This factor differs only 
slightly from that given by DuMond and Cohen” 
based chiefly on the work of J. A. Bearden for 
converting wave-lengths in x.u. to grating wave- 
lengths. 


1 J. W. M. DuMond and E. R. Cohen, Rev. Mod. Phys. 
20, 82 (1948). ~ 
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If a spin change of three units is involved in the Be”-—>B” transition—as seems to be indicated 
at present—theoretical predictions of the minimum half-life lead to an essentially unique beta- 
ray spectrum very different from the allowed shape. Measurement of this spectrum will provide 


a crucial test of existing theories of beta-decay. 





HE nucleus Be” decays to B"” with the 
emission of electrons having a maximum 
energy of 570+10 kev and with a half-life of 
2.7+0.4-10° years; no y-ray is observed.! On the 
other hand, C’ decays to B” with the emission 
of positrons having a maximum energy of 2.2 
Mev and with a half-life of 19.1 sec.; in this case 
a y-ray is observed.? Recently, the spin of B” 
was measured® and found to be 3. Finally, it is 
almost certain‘ that both Be and C possess 
spin 0. It would thus appear that the great differ- 
ence in half-life between Be! and C” can now 
be understood: the long half-life of Be! is due 
to a spin change of three units associated with a 
transition to the ground state’ of B®, whereas the 
short half-life of C! is made possible by the 
transition of C! to an excited level of B® (which 
may be assigned spin 0 or 1, depending on 
whether the Fermi or Gamow-Teller selection 
rules are presumed to hold). However, a correct 
theory of beta-decay must explain not only the 
half-life but also the energy spectrum of the 
beta-rays. A closer examination of the Be” situa- 
tion reveals that a reasonably accurate measure- 
ment of the beta-ray spectrum from Be! will 
provide a crucial test of all existing theories of 
beta-decay—provided that the spin of Be! is 
really 0. 
We have calculated the energy spectra corre- 
sponding to a spin change of 3 for the Be”’—B"” 


1D. J. Hughes and C. Eggler, Phys. Rev. 74, 1239 
(1948); also private communication from Dr. Hughes. 

?R. Sherr, H. R. Muether, and M. G. White, Phys. Rev. 
Ls Foggy (1948); also private communication from Dr. 

ite, 

> W. Gordy, H. Ring, and A. B. Burg, Phys. Rev. 74, 
1191 (1948). 

‘ All measured spins of even-even nuclei have been found 
to be 0, including the homologous radioactive nucleus C¥; 
we assume spin 0 for Be!® and C’® for the purposes of our 
discussion. 

5M. Goldhaber, Phys. Rev. 74, 1194 (1948). 


transition on the basis of the five possible inter- 
actions. Since current nuclear theory does not 
account for the measured spin of B"”, we shall 
also disregard its parity predictions. Calculations 
have therefore been performed on both supposi- 
tions, assuming that the parities of the ground 
states of Be!’ and B” are the same and that they 
are different. A beta-transition with a spin change 
of 3 and no parity change requires at least a 
second forbidden tensor or axial vector transition 
or a third forbidden pseudoscalar transition. 
Parity change requires at least a third forbidden 
scalar, axial vector, tensor, or vector transition. 
Using a notation similar to that of a previous 
paper,® we write: 

no parity change, 


Cor =Ds2|Qs(Bo, r)|?; Coa =D2|Qa(o, 1) |?; 
Csp=D,' | Qs(Bysr, r) | *, 


Parity change, 


Css=Dy'|Qs(Br,r)|?; Cra =Ds|Qs(o Xr, 1) |?; 
Csr =D,|Q3(Bo Xr, 7) |?-+D2| Qs(Ba, r) |? 
—D;[Qs(Bo Xr, r)Qs*(Ba, r)+cc }; 
Csy =D," | Q3(r, r)|?-+Dz2|Q3(a, r) |? 
+4D3[Q3(a, 7)Q3*(r, 7) —cc]. 


Figure 1 gives the results, taking Wo=2.118 (in 
units of mc?) as the upper limit of the spectrum. 
We have not plotted D,’ and D,” since they do 
not differ from D, and D,, respectively, by more 
than 17 percent over the entire range. The first 
five transitions yield unique energy spectra, 
whereas the last two yield arbitrary linear com- 
binations of three different types of spectra, 
since the values of the matrix elements are 
unknown. 


*R. E. Marshak, Phys. Rev. 70, 980 (1946); see also 
E, Greuling, Phys. Rev. 61, 568 (1942). 
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TABLE I. Values of Ly. 


TABLE II. Maximum values of the distinct |Qs3|?. 





DL," Lz L; Ly 
0.074 0.052 0.058 0.042 


Li LY’ 
0.070 0.046 





Thus far, we have not eliminated any of the 
interactions by comparing the minimum theo- 
retical half-life with the observed half-life. If we 
write 7;=70/|Qs3|?Z;:, where 


Wo 
Li= | DW(W—-1)(M—W)dW, 


1 


we shall obtain the minimum value of 7, by 
choosing the maximum value of | Q3|?. The values 
of the six L,’s are listed in Table I. It is seen 
that the variation in L is less than a factor 2, so 
that the differences in half-lives will arise chiefly 
from the variation of |Q3|* (see Table II below). 
The maximum value of |Q3|? is arrived at by 
setting the square of the matrix element equal 
to the isotopic number of Be" (i.e., 2) and by 
inserting the proper statistical weight of the 
ground state of B" (i.e., 7). Table II lists the 
maximum value’ of the distinct |Q3|*. In Table 
II, p is the radius of Be” (in units of %/mc), 
namely, 8.6-10-*, while a? is the square of the 
matrix element of the Dirac a-operator taken 
between the ground states of Be!® and B". We 
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Fic. 1. Values of D; as a function of energy. The upper limit 
of the spectrum W, is taken as 2.118 in units of mc?. 


7E. Greuling, see reference 6; see also R. E. Marshak, 
Phys. Rev. 61, 431 (1942). 
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have not distinguished between matrix elements 
involving the Dirac 8-operator since we may set 
8=1 in the non-relativistic approximation for 
the nucleons. Moreover, we have not included 
values for the cross-terms in C37 and C34 since 
we may use the geometric means of the other 
two terms in each interaction. 

The value of 7» depends on the radioactive 
nucleus chosen as the norm. In principle, 7) 
should be taken from the decay of the neutron. 
However, since the measured half-life of the 
neutron is quite unreliable at the present time, 
the comparison nucleus most suitable for our 
purposes is He®. The maximum energy of the 
electron associated with the He®—Li® transition 
is 3.7+0.2 Mev, and the half-life is 0.82+-0.06 
sec.; there is no evidence for a y-ray.® If the 
decay of He® is to the ground state of Li®, the 
Gamow-Teller selection rules apply, and 79 be- 
comes 5.8-10* sec.” If the decay of He® is to a 
very low excited level (less than 100 kev®) of Li® 
possessing spin 0, so that the Fermi selection 
rules apply, 79 is three times smaller, narnely, 
1.9-10* sec., for the scalar and vector interac- 
tions, and 1.9-10* for the pseudoscalar inter- 
action (setting a?=1/10). Table III lists the 
minimum half-lives for the five transitions which 


8 A very preliminary value for the half-life of the neutron 
is about 30 minutes (A. H. Snell and L. C. Miller, Phys. 
Rev. 74, 1217 (1948)). If this value is adopted, 7» becomes 
2.4-10? sec. for the scalar, axial vector, tensor, and vector 
interactions, and 1.5- 10‘ times smaller for the pseudoscalar 
interaction (see J. Tiomno and J. A. Wheeler, forthcoming 
publication). The value of ro obtained for the S, A, T, and 
V interactions is essentially identical with that obtained 
from the He® decay. The value obtained for the P inter- 
action is very different and is a consequence of the ex- 
tremely small (and known) value of the Dirac a-operator 
found in the neutron decay as contrasted with the large 
value od lack of specific information) used for the He® 
decay (see footnote 11 below). 

*W. J. Knox, Phys, Rev. 74, 1192 (1948). 

10 This value is obtained by choosing the maximum value 
for the square of the matrix element, i.e., 2. It is conceiv- 
able that the ground state wave functions of He® and Li® 
are much more orthogonal to each other than those for 
Be!’ and B!*, making ro several orders of magnitude 
smaller, but very unlikely. Other beta-ray evidence, espe- 
cially the mirror nuclei, leads to approximately the same 
value for ro. Of course, an accurate determination of the 
half-life of the neutron will fix ro. 

















TaBLE III. Minimum half-lives for the five transitions 
associated with the single matrix elements. 











2T 2A © 3A 3P 3S 
3.5-10 yr. 3.5-105 yr. 1.0-10! yr. 4.1-10% yr. 4.1-10°% yr. 








are associated with single matrix elements, the 
appropriate 7» being used in each case. It is seen 
from Table III that the minimum half-lives for 
3A, 3P, and 3S are much too long to be reconciled 
with the observed half-life; these three transi- 
tions must therefore be discarded." The mini- 
mum half-lives associated with 27 and 2A are 
consistent with the observed half-life. If we now 
examine the two remaining transitions, 37 and 
3V, which involve two distinct matrix elements 
apiece, we find that the first matrix element of 
3T yields a minimum half-life identical with that 
listed for 3A, whereas the first matrix element 


ul There is one loophole in this argument: 7f the half-life 
of the neutron is 30 minutes and 7f a* for the Be!®»B!° 
transition is as much as 1/10, the minimum half-life for 
the 3P transition would turn out to be 2.8-10® yr., con- 
sistent with the observed half-life. Other beta-ray evidence 
does not lend support to the pseudoscalar interaction 
(E. P. Wigner, private communication). However, even 
accepting this possibility, the predicted spectrum would 
be very different from the allowed spectrum (see curve D, 
in Fig. 1), and the measurement of the beta-spectrum 
from Beis would still provide a crucial test of beta-theory. 
It is interesting to note that above W=1.6, D, and D, 
have roughly the same shape. 
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of 3V yields a minimum half-life identical with 
that listed for 3S. The second matrix element of 
3T yields a minimum half-life of 3.5-10® yr. 
(choosing the rather large value of 1/10 for a). 
The second matrix element of 3V leads to a 
minimum half-life three times shorter. Both of 
these latter half-lives are consistent with the 
observed half-life if we are willing to stretch the 
numbers somewhat (for Wo, p, etc.). It is clear 
that the cross-terms in both 3T and 3V yield 
minimum half-lives which are much too long. 

We may therefore conclude that the observed 
half-life of Be!® requires the rejection of all matrix 
elements" except the four (Q3(8c,7r), Q3(c,7), 
Q;3(Ba, r), Q3(a, r)) which are associated with the 
energy spectrum given by Dz». Of these four, 
three (27, 2A, 3T) are Gamow-Teller-type inter- 
actions, and one (3V) is a F es inter- 
action. The D2 spectrum is so different from the 
allowed spectrum that a careful measurement of 
the beta-spectrum from Be" should be decisive 
for present-day theories of beta-decay. If the 
spectrum turns out to be allowed, as seems to be 
indicated by a preliminary measurement, it will 
follow that present theories of beta-decay will 
have to undergo serious modification. 

The author is indebted to Messrs. Albert 
Simon and Clayton Black for assistance with 
the numerical calculations. 
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ECENT investigations have thrown much 
light on the disintegration of Be”, long an 
outstanding problem of nuclear structure and 
beta-theory. The accompanying paper of Mar- 
shak reviews the recent evidence and points out 
that, while the large spin change involved in the 
disintegration explains the long half-life, it also 
predicts a surprisingly unique spectrum shape. 
Because of the resulting importance of the ex- 
perimental Be” spectrum to beta-theory, it is 
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desirable to report some results already obtained 

on the spectrum using an absorption method. 
Measurements! made since the activity was 

first isolated by McMillan and Ruben? in 1940 


1 J. Levinger and E. Meiners, Phys. Rev. 71, 586 (1947); 
D. J. Hughes, C. Eggler, and C. M. Huddleston, Phys. 
Rev. 71, 269 (1947); A. K. Pierce and F. W. Brown, III, 
Phys. Rev. 70, 779 (1946); E. M. McMillan, Phys. Rev. 
72, 591 (1947). 

?E. M. McMillan and S. Ruben, Phys. Rev. 70, 123 
(1946). 

























HUGHES, EGGLER, 


516 
have fixed the disintegration constants of Be” 
quite well, even though it has been impossible 
to prepare sources of high specific activity. A 
consideration of all the experimental data leads 
to the following results: 


T; = (2.7+0.4) X108 years, 
beta-energy = 570+10 kev, 
no gamma. 


The half-life is based on the values of Mc- 
Millan and of Hughes, Eggler, and Huddleston 
which were obtained by independent methods 
and which agreed closely. The beta-end-point 
energy is the result of recent work of our own 
designed to eliminate errors in the absorption 
method as usually applied. If the maximum 
range is estimated by locating the intersection of 
the beta-portion of the absorption curve with 
the ‘‘tail’”’ of the curve (caused by counter back- 
ground, bremsstrahlung, or hard radiation), it is 
clear that, because the beta-curve approaches 
the tail asymptotically, the apparent end point 
will be less than the true maximum beta-range 
by an amount depending on the strength of the 


sample used. In fact, it is quite certain that this 
method will always result in a serious under- 
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estimate, for a simple analysis (similar to that 
given later—see Eq. (1)) shows that the beta- 
curve will approach zero as the fourth power of 
the residual range and hence will be impos- 
sible to measure near the maximum range. The 
Feather method, designed to circumvent the 
difficulty just described, is unsafe to apply to 
weak samples because the end point obtained 
will depend on the shape of the absorption curve 
which in turn will depend on the spectrum shape. 
In addition, the method gives end points relative 
to RaE, which was estimated visually and hence 
certainly underestimated. In order to obtain the 
Be” end point with the weak samples available, 
the absorption curve was extrapolated to the end 
point by comparison with an accurately deter- 
mined W'* absorption curve near the end point. 
The end-point energy of W!* has been carefully 
measured by Saxon, and it was possible to obtain 
samples of extremely high specific activity for its 
absorption curve. The shape of the W!*5 curve 
near its end point corresponds closely to the 
fourth power of the residual range, and a plot of 
the fourth root of the counting rate against ab- 
sorber thickness proved to be a simple linear 
extrapolation to the end point. In order to elimi- 

















Fic. 1. Comparison of 
spectrum shapes given by 
the absorption method 
with spectrometer results. 
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nate any error in the usual beta-range-energy 
curves (which correspond to Feather ranges 
generally) a small part of the curve was estab- 
lished carefully using the range-energy results 
for W'*5 and similar data obtained for RaE. 
Although ‘some of the early measurements had 
indicated the presence of a gamma in the dis- 
integration of Be, more detailed work showed 
that the gamma was caused by impurities. In 
order to investigate the matter as carefully as 
possible, we have recently made measurements 
with various counter fillings, lead radiators, etc., 
to show the presence of gammas of different 
energies. The results show that there is much less 
than one gamma per disintegration for any 
gamma-energy above about 5 kev. 

As it was clear that Be” of high specific ac- 
tivity would not be available for some time, 
investigations were begun* to ascertain whether 
significant information on the spectrum shape 
could be obtained with weak samples. The 
method chosen was a comparison of the shape of 
the Be! spectrum with the spectra of various 
“standards” possessing well-known spectrum 
shapes. The comparison was made both by means 
of the shape of the beta-absorption curve and 
of the beta-momentum distribution in a cloud 
chamber. In effect, the use of well-known com- 
parison spectra serves to eliminate the many cor- 
rections that would be necessary if one were to 
attempt the absolute determination of the spec- 
trum from the absorption curve or from the 
cloud-chamber momentum distribution. At the 
present time it is desired to consider only the 
possibility of the spectrum shapes calculated by 
Marshak, and for this purpose only the absorp- 
tion method will be used. 

If the law of absorption of initially mono- 
energetic electrons in a given counter geometry 
were known, then it would be a simple matter to 
calculate the beta-spectrum from an accurate 
absorption curve. As an example of monoener- 
getic electron absorption, the curve for In"® con- 
version electrons (300 kev) was first measured 
in the standard counter geometry (foil about }”’ 
from a mica end-window counter) and was found 
to be approximately linear. If it is assumed that 









































*Some of the early results were reported at the 1948 
Washington meeting of the Physical iety, Phys. Rev. 
74, 1239 (1948). 
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Fic. 2. The experimental Be! spectrum and the 
calculated allowed and forbidden spectra. 


monoenergetic electrons are absorbed in a strictly 
linear manner, then the beta-spectrum (dN /dE) 
follows from the absorption curve directly: 


(dN/dE) = R(d?I/dR?)(dR/dE). (1) 


Here J is the counting rate at absorber thickness 
R, and E£ is the electron energy corresponding to 
the range R. For values of R near the end point, 
it follows from Eq. (1) and from the beta- 
distribution that J will vary as the fourth power 
of the residual range. A spectrum obtained from 
an absorption curve by use of Eq. (1) would be 
expected to show some distortion because of the 
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known departure of actual electron absorption 
from linearity. 

Careful absorption curves were run for a'series 
of spectra, and the spectrum shapes were calcu- 
lated from Eq. (1). The resulting shapes all 
differed from the known true shapes in the same 
manner, that is, in each case the most probable 
energy (‘‘maximum”’ of the curve) was about 
100 kev higher than for the true shape, although 
the end-point energy was correct. This shift was 
in the direction to be expected from the linear 
assumption, for the In™® curves had shown a 
slower than linear initial absorption which results 
in a depletion of the low energies when Eq. (1) 
is used. It was decided from these results that 
a simple method, and one of sufficient accuracy 
for obtaining an approximate beta-spectrum, 
would be to obtain a spectrum by use of Eq. (1) 
then shift the points by 100 kev (the value ap- 
propriate for an end point of 600 kev; the “‘shift”’ 
increases slowly with end-point energy). This 
method was tried for the standard spectra, using 
Eq. (1) and making the correction for non- 
linearity by the simple shift, with the results 
shown in Fig. 1. The solid curves of Fig. 1 are 
the known‘ spectrum shapes, and the points are 
the results of the present analysis. The rather 
large scatter of the points is caused by the sta- 
tistical error of the original data, but, within 
this error, the results of the method seem to 
compare quite well with the actual spectra. 

As the absorption method in the simple form 
described gave consistent results, it was then ap- 
plied to Be’. Because of the weakness of the 


4The curves are from the following sources: W, D. 
Saxon, private communication; Cu“, C. S gs and Oe 
M. Langer, Phys. Rev. 73, 601 (1948); Au, D . Saxon, 
Phys. Rev. 73, 811 (1948); RaE, Flammersfeld (F ) and 
Neary (N) from data quoted by ‘Konopinski, Rev. Mod. 
Phys. 15, 229 (1943). 
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samples available it was difficult to obtain sta- 
tistical accuracy, but an accurate absorption 
curve was finally obtained for which many of the 
points required several days counting apiece. 
Application of the standard method to the ab- 
sorption curve then gave the spectrum shown in 
Fig. 2. On Fig. 2 there also appears the allowed 
spectrum for Be! and the D2 spectrum calculated 
by Marshak (see his paper for details). It seems 
quite definite that the experimental spectrum 
given by this method is in disagreement with the 
D, shape, and, in fact, in agreement with the 
allowed spectrum within experimental error. It 
is very difficult, of course, to fix the error of the 
present method quantitatively, and it is only 
because the Dz shape is so unusual that a definite 
conclusion can be reached. As discussed by Mar- 
shak, there is a possibility that the D, shape 
could be consistent with the Be” half-life. How- 
ever, the D, does not differ from the allowed 
shape by a large enough amount so that it 
can be conclusively ruled out by the present 
measurements. 

At the suggestion of Marshak the absorption 
curve to be expected from the Dz shape was calcu- 
lated by reversing the method. The calculated 
absorption curve for Dz is given in Fig. 3 as well 
as the initial portion of the experimental Be” 
absorption curve. The curves show again that 
the difference between D, and the allowed shape 
is much greater than the experimental errors of 
the absorption curve. We are continuing the 
cloud-chamber measurement of the spectrum 
which is in substantial agreement with the ab- 
sorption work and at the same time are preparing 
material which will be of sufficient activity to be 
used in a spectrograph. We wish to express our 
thanks to D. Sherman and E. Hupke who have 
helped in: some of the exceedingly tedious phases 
of this work. 
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Absorption of Penetrating Shower Primaries* 


JoHN TINLOT AND B. GREGORY 


Department of Physics and Laboratory for Nuclear Science and 
Engineering, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


December 21, 1948 


N experiment was conducted on the top of Mt. Evans, 
Colorado (altitude 14,200 feet) to determine the ab- 
sorption in lead and iron of the ionizing radiation producing 
penetrating showers. Six trays of Geiger-Mueller counters 
one inch in diameter and ten inches in active length were 
arranged as shown in Fig. 1. A fast addition circuit (resolv- 
ing time 1.4 usec.) was used to detect multiple coincidences 
of the counters in tray B; the counters in each of the trays 
A, C, and D were connected in parallel, as were the eight 
counters in trays EZ. The horizontally shaded portion of 
the figure represents the position of absorbing material 
placed above tray A, whose thickness was varied from zero 
to about 14 inches in each case. No absorber was placed 
between trays A and B, which were separated by an air 
space of four inches; four inches of lead separated trays B 
and E from trays C and D, and there were at least four 
inches of lead shielding on all sides of the counter array. 
Trays C and D were separated from each other by two 
inches of lead. 

The event recorded was a coincidence ABCD with the 
condition that not more than one counter be discharged in 
tray B, and no counter discharged in trays E. This event 
will be referred to by the symbol y. The graph of Fig. 2 
shows the rate (in counts per hour) of this event as a func- 
tion of iron and lead absorber thickness in g cm~*. It is seen 


Fic. 1. Penetrating shower detector showing position of absorber. 
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Fic. 2. Rate of occurrence of event y vs. absorber thickness (see text). 


that in both cases the rates vary exponentially with ab- 

sorber thickness within the experimental errors. The mean 
, free paths corresponding to the straight lines drawn in 

Fig. 2 are 310 g cm= for lead, and 200 g cm™ for iron. 

The event + is interpreted as representing a penetrating 
shower produced by an ionizing particle interacting in the 
layer of lead between tray B and trays C and D. It will be 
noted that, as a result of the geometrical arrangement 
described, the event 7 does not include penetrating showers 
produced above tray A, since it is impossible for such a 
shower to discharge both trays C and D without discharg- 
ing two counters in tray B or one in tray B and one in 
trays E. The same holds true for any air showers sufficiently 
penetrating to affect trays C and D. It is unlikely that any 
purely electronic showers generated below tray B can be 
detected, since trays C and D are separated by two inches 
of lead; for the same reason, detection of a meson and 
knock-on electron is very improbable. Accidental coinci- 
dences are of negligible importance, since the resolving 
time for detection of a coincidence ABCD is very small 
(about 2 ysec.). 

In interpreting the experimental results one must con- 
sider (1) that the cross section for nuclear interactions may 
be a function of the energy of the interacting particle (ex- 
perimental evidence to this effect has been obtained re- 
cently!) and (2) that the incident particle may interact more 
than once before losing all of its energy and that its 
secondaries may produce more nuclear interactions. 

If the latter effect occurs frequently, the absorption mean 
free path will be different from the collision mean free path? 
In the present experiment a particle which interacts in the 
absorber above tray A is likely to discharge a counter in 
trays E or more than one counter in tray B. When this 
happens, the event is rejected even if the particle interacts 
again in the absorber below tray B. Thus one may expect 
that the quantity measured in the present experiment ap- 
proaches the collision mean free path. Evidently, however, 
the above argument breaks down in the case of very large 
absorber thicknesses. 

It should be mentioned that a correction was applied for 
the effect of atmospheric pressure variation, resulting in 
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a variable flux of the penetrating shower primaries. The 
maximum correction necessary was found to be about five 
percent, assuming the mean free path of the primaries in 
air to be 120 g cm™.® 

We received valuable suggestions and encouragement 
from Doctor B. Rossi. Operation on Mt. Evans was made 
possible by the cooperation of the Inter-University High 
Altitude Laboratory. 

* Assisted by the joint program 4 io ONR and the AEC. 

1W. Walker, private communica 


2 B. Rossi, Rev. Mod. Phys. 20, 537, (1948), Section 20. 
8 J. Tinlot, Phys. Rev. 73, 1476 (1948). 





Correlation of Penetrating Showers with 
Air Showers* 


JouN TINLOT AND B. GREGORY 
Department of Physics and Laboratory for Nuclear Science and 
Engineering, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 
December 21, 1948 


N order to investigate the relationship between locally’ 
produced penetrating showers and air showers, an ex- 
periment was performed on Mt. Evans, Colorado, in con- 
junction with the one described in the previous letter. Two 
trays of counters, labeled F and G (‘‘extension trays”) were 
placed at distances of 1.0 m and 2.5 m, respectively, from 
the axis of the penetrating shower detector. Tray F con- 
tained eight counters connected to form four pairs and had 
a total effective area of 520 cm?. An addition circuit per- 
mitted the detection of multiple coincidences between pairs 
of counters. Such coincidences will be referred to by the 
symbol Fy, where a=1, 2, 3, or 4, signifying the simul- 
taneous discharge of one or more, two or more, three or 
more, or all four pairs. Tray G contained four counters 
connected in parallel and having a total effective area of 
260 cm?. 

The following events were recorded: yFi, yF2, Fs, vFa, 
and 7G, where the symbol 7 refers to the event described 
in the previous letter. The total number of counts for each 
of these events, and for the event y, were recorded with 
different thicknesses of iron and lead absorber placed above 
the penetrating shower detector; these are reproduced in 
Table I. 

The most striking fact evident from the data of Table I 
is the great rarity of events y accompanied by discharges 


TABLE I. Rate of occurrence of air showers coincident with 
penetrating showers as defined by the event + (see text). 
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of the extension trays. Of a total of 2084 counts obtained 
with the two absorbers, there were only 17 cases of yF,, 
and 3 cases of yF:. The rate of yF: was three times and the 
rate of yF: twenty times the expected accidental rate, so 
that these can be considered as real events. The event 7G, 
on the other hand, can be explained as entirely the result 
of accidental coincidences. 

As described previously, the event y can be attributed 
to a penetrating shower produced by a single ionizing par- 
ticle interacting in the layer of lead between tray B and 
trays C and D in the detector system. Any group of pene- 
trating particles from the air capable of discharging C and 
D is rejected. 

The few events of the type yf, that were detected may 
be explained by assuming that very rarely a particle 
capable of producing penetrating showers is accompanied 
by an air shower of small density (since in no case were 
more than two counters discharged in tray E). These 
showers could be produced, for instance, by a knock-on 
process in the air. It is also possible, however, that events 
F, are caused by secondary particles originating in the 
nuclear interactions and projected through the tray F. 

In any case, the important result is that dense air 
showers do not contain single particles capable of produc- 
ing penetrating showers. They may, however, contain 
groups of penetrating particles, some of which may interact 
to produce nuclear events. This type of air shower would 
be rejected by the penetrating shower detector, and there- 
fore nothing can be said about this possibility on the basis 
of this experiment. 

The facilities for operation on Mt. Evans were 
made available by the Inter-University High Altitude 
Laboratory. . 


* Assisted by the joint program of the ONR and the AEC. 





Excited-State Bands of Atmospheric CO, 


OrrEN C. MOHLER, ROBERT R. MCMATH, AND LEO GOLDBERG 
McMath-Hulbert Observatory of the University of Michigan, 
Ann Arbor, Michigan 
December 15, 1948 


N a recent note, McMath and Mohler! have reported 
the presence of two new band structures in the telluric 
spectrum at approximately 2.04u and 2.084. The bands 
were found on high resolution tracings obtained with the 
McGregér spectrometer and Cashman PbS cell of the 
McMath-Hulbert Observatory. The band at 2.04 has 
already been identified? as the positive branch of the 
00,0 — 1291 band? of the isotope molecule C#0O,"*. Following 
suggestions by Professor D. M. Dennison of the University 
of Michigan and Dr. W. S. Benedict of the National Bureau 
of Standards, we have made a further study of the 2.08 
band, which indicates with considerable certainty that it is 
the negative branch of the CO: band resulting from the 
transition 01,0—05,1. 

The first few lines at the high frequency end of the 2.084 
band are nearly uniformly spaced, the separations being 
about one-half those of the band lines originating from the 
ground state 0090 of COs. In the direction of lower frequen- 





LETTERS TO 


cies, the band lines draw together in pairs, forming a 
series of doublets, in which the splitting decreases rapidly 
until the components of the doublets merge to form single 
lines. The 2.08 band occurs in a relatively clear region of 
the spectrum on the long wave-length side of the strong 
00.0 —0491 band of CO:. Close inspection reveals the pres- 
ence of a second doublet band at the high frequency side 
of the 2.084 band. The second band, whose components 
are partially blended with those of the 0090 —0491 band, is 
a mirror image of the 2.08% band; that is to say, the 
doublet splitting decreases with increasing frequency. The 
two new bands are quite evidently positive and negative 
branches of a single band. 

The appearance of the 2.08 band is precisely that which 
would be expected from a I—I-transition in the CO, 
molecule.‘ If the statistical weight factors of symmetric 
and antisymmetric levels in CO2 were equal, the rotational 
structure of a II—Il-band would appear as a series of 
doublets in which the splitting increased with increasing J. 

- The splitting is a consequence of the so-called “‘l-type 
doubling.”’® Because of the zero nuclear spins of the oxygen 
atoms, however, transitions are permitted only between 
symmetric levels. The resulting band is made up of two 
series of lines, one series involving transitions from lower 
levels of even J and the other from those of odd J. Be- 
cause of the /-type doubling, the two series converge at 
different rates and, consequently, the lines coalesce at 
large values of J. 

In addition to the foregoing qualitative argument, addi- 
tional experimental and theoretical evidence has been 
secured to strengthen the identification of the 2.08% band 
as a II—Il-transition in COs. First, a laboratory tracing of 
the COz spectrum in the 2u region clearly shows the pres- 
ence of the new band. Second, band centers have been 
calculated for the triad of transitions from lower state 01,0 
to the three upper states 05:1, 1311, and 21,1, following the 
theory developed by Adel and Dennison.* The center calcu- 
lated for the 01,0—05,1 band is 4805.6 cm, which is in 
excellent agreement with the observed center, 4807.60 
cm}, of the 2.084 band. The calculated centers of the 
01,0—13,1 and 01,0—21:1 bands, 4970.5 cm ard 5131.6 
cm™!, respectively, fall within and are overlapped by 
the corresponding ground-state bands 0000-1291 and 
0090— 2091. Numerous individual lines of both bands ap- 
pear to be present on the tracings, however, and they 
exhibit the expected doublet pattern. 

Wave-lengths have been measured for 18 lines in the 
positive branch and for 29 lines in the negative branch of 
the 01,0—05,1 band. A weak, unresolved Q branch appears 
also to be present, although blended with a line of water 
vapor. Analyses have been carried out for the two separate 
series of odd and even J. It is interesting that the /-type 
doubling is large enough to cause the two series to coalesce 
at about J=25 in the positive branch and at J=31 in the 
negative branch. The following rotational constants have 
been calculated: Boio(odd) =0.38969, Boo(even) =0.39029, 
Bosi(odd) =0.38705, Bosi(even) = 0.38847. The constants g 
of the /-type doubling are therefore go10o=0.00060 and 
Gos: = 0.00142. 
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The identification of the Il —I-bands is of significance in 
that it represents the first evidence for absorptive transi- 
tions from an excited molecular state in the earth’s 
atmosphere. 


1 McMath and Mohler, P.A.S.P. 60, 119 (1948). 

2 Goldberg, Mohler, and McMath, Phys. Rev. 74, 1881 (1948). 

* This band is one of the triad of bands resulting from transitions 
between & ground level and Fog = resonating oeels 2001, 1201, and 04o1. 
Professor D. M. Dennison has kindly pointed out to us that the exist- 
tence of the. resonance in ion makes it actually improper to desig- 
nate a level by any one of these symbols. It will be convenient for the 

t discussion, however, to so designate the levels in question, 
the level of highest aT 2001 and that of the lowest energy 
he same convention will used in describing the upper stage 

bands of this type. 

4G. Seaton | Infrared and Raman Spectra (D. van Nostrand and 
Com y, Inc., New York, 1945), p. 389. 

Herzberg, Rev. Mod. Phys. 14, 219 (194. 
* See Davi Dennison, Rev. Mod. Phys. iz. 175 (1940). 
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Passage of Finite Amplitude Pressure Waves 
through Temperature Discontinuities 


Bruno W. AUGENSTEIN 
Department of Aeronautics, Purdue University, Lafayette, Indiana 
December 15, 1948 


—" purposes of the present note are twofold: 


(a) To derive the transmission properties of isentropic 
pressure waves of large amplitude through tempera- 
ture discontinuities. 

(b) To linearize the results for very small amplitude 
waves, and thereby show that the usual equations of 
acoustic theory result. 


Let us assume two masses of perfect gas, separated by 
an infinite plane temperature discontinuity normal to the 
x axis. If we assume the gas to be the same on both 
sides of the interface, and the ratio of the specific heats, 
y=Cp/Cy, to be the same, then we can characterize the 
temperature difference by the difference in the speed of 
sound on the two sides of the interface. Initially, a common 
pressure Pe is present on both sides of the interface; a 
pressure wave moving to the right then impinges normally 
on the interface. We wish to determine the amplification 
of this pressure wave after the transmission and reflection 
of the incident wave have taken place. 

We consider that the state changes though the wave 
fronts are isentropic, though, of course, the two gas masses 
have initially different entropies; these different entropies 
do not change with the transmission and reflection of the 
pressure waves. (See paragraph 7.) The problem then re- 
solves into the solution of two partial differential equations 
on each side of the interface: 


C(y—1)/2]o[du/dx]+[da/dt]+u[da/dx]=0, (1) 
(du/dt}+-u[du/dx}+[2/(y—1)]a[da/dx]=0. (2) 


a is the speed of sound; is the particle velocity. Velocities 
are positive to the right. These are the equations of con- 
tinuity and momentum for one-dimensional constant area 
wave motion. Because of the assumption of isentropic state 
changes, the energy equation need not be used explicitly. 
The appropriate boundary conditions at the interface are 
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TABLE I, 





Reflected 
wave 
(P2/P1) 
Rarefaction 
Compression 


Compression 
Rarefaction 


ransmitted wave 
1 1*/Po =P:/Po) 


ao* >ao: Weaker compression 
ao* <ao: Stronger compression 


ao* >ae: Weaker rarefaction 
ao* <ao: Stronger rarefaction 


Incident wave 
(P:/Pe) 


Compression: P:/Pe>1 


Rarefaction: P1/Po<1 








continuity of pressure, and equal particle velocities on both 
sides of the interface for all time. 

We consider the gas masses originally at rest, with 
pressure Po, and speeds of sound do in the gas to the left 
of the interface, ao* to the right of the interface. Call the 
pressure ratio of the incident wave moving to the right 
P;/Po, the particle velocity after it u:, and the speed of 
sound after it a:; the relationships are 


P;/Po= (a;/ao)?¥/(y-D 
=[1+((y—1)/2)(us/a) PO, (3) 


Call the pressure ratio after the reflected wave P:/Po, the 
speed of sound after it a2, and finally the pressure ratio of 
the transmitted wave P;*/Po=P:2/Po, and the speed of 
sound after the transmitted wave a,*. 

The solution of Eqs. (1) and (2) subject to the boundary 
conditions mentioned then leads to the following relation 
between P;/Po, the incident pressure ratio, and P,*/Po 
=P;/Po, the pressure ratio of the waves resulting from 
the impingement of the original pressure wave on the 
interface: 


P_ 2(P1/ Po)(7-D/27 4. (ag* /ac)—1 uae 
Po (ao*/ao) +1 . 
The use of Eq. (4) gives us Table I. The velocity with 


which the interface moves after the wave has impinged is 
given by 


= 70 2a0 2(ao*/ao) P; (r-D inl 

eey—1 erieyeit {(z; ‘ —a}. (5) 
This is at the same time the net particle velocity behind 
the transmitted and reflected wave fronts after impinge- 


ment of the incident wave has taken place. 
For the case of acoustic waves, we set 


P1/Po=1+(AP:/Po), 





P2/Po=1+(AP2/Po), 


where (AP1/Po), (AP:/Po) are both small compared to 1.0; 
then (4) becomes 


14APs 


-{20 +(y—1/27)(AP1/Po)]+(ao*/ao) — wo 
(ao*/ao) +1 





— i * 
(ao*/ao) +1 Po’ 


-1) 


=1+ 


2 Pi 


(ao*/ao) +1\Po (6) 
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while (5) becomes, for AP:/Po<1, using (3): 


ur __2(a0*/ao)_ 1 
Go (ao*/ao)+1 ao 


Equations (6) and (7) are the usual equations of acoustic 
theory.! 

These results have been extended, using graphical 
methods, to the following cases: 


(a) y different on the two sides of the interface. 

(b) Shock waves (non-isentropic state changes through 
the pressure waves) incident on the interface, both 
with constant y and varying +. 


(7) 


It is of interest to note that the use of (4) gives results 
differing by only a few percent from the values obtained 
by use of exact shock wave theory, for values of Pi/Po up 
to 4; the range of validity of (5) is somewhat less. 

1 Rayleigh, Theory of Sound, Article 270, Chapter XIII. Note that 
(6) gives reasonably correct results when compared with (4), even when 


e are far outside the range of Pi/Pe upon which the derivation of 
6) from (4) hinges. 





The Magnetic Moment of T1?% * 


W. G. Proctor 
Department of Physics, Stanford University, Stanford, California 
December 20, 1948 


HE ratios of the frequencies of the nuclear magnetic 
resonances of the two thallium isotopes to that of 
the proton and to each other have been measured with a 
nuclear induction apparatus made into a recording spec- 
trometer which is similar in principle to one developed by 
Pound.! However, pexspendicular transmitter and receiver 
coils are used instead of a radiofrequency bridge. This has 
the advantage of allowing determination of relative signs 
of nuclear moments since the phase of the radiofrequency 
voltage induced in the receiver coil by the nuclei depends 
upon the sign of their magnetic moment.? The steady 
magnetic field is modulated with a small sweep, so that 
the component of the signal from the receiver at the sweep 
frequency is approximately proportional to the derivative 
of the resonance mode being observed; when the receiver 
output is detected by a lock-in amplifier, this derivative is 
plotted by a recording d.c. milliammeter. The transmitter 
and receiver tuning condensers are ganged, and their 
common frequency is changed at a slow rate by a clock 
drive. The record from the milliammeter is divided into 
25-ke intervals by the markers which occur as the trans- 
mitter is tuned through the harmonics of a 25-kc multi- 
vibrator. A single sample consisting of 3 cc of an aqueous 
solution of 2.6-molar thallium acetate with 0.03-molar 
manganese sulfate in a §” test tube was used in the 
experiment. 

All together, eight determinations of the resonant fre- 
quency ratios were made. Each determination was com- 
puted from the record which was made by observing the 
resonances of T]?°, T1?°5, and H! in turn until each had 
been observed four times, a process which required about 
three hours and permitted the magnetic field drifts to be 
calculated. The first four determinations were made with 
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a current regulated magnet with 8-in. pole faces operating 
near 1500 gauss and the others with a battery operated 
magnet with 10-in. pole faces operating near 1900 gauss. 
The ratios of the resonance frequencies in the same field 
were found to be 


v(T1?%) /y(H!) =0.5714+0.0001, 
v(T1?%) /y(H!) =0.5770+0.0001, 
v( TI?) /y(T1?95) = 0.9903 +0.0002. 


This result for Tl?°5 agrees within experimental errors with 
that given by Poss in a previous letter.? He did not make 
precise measurements on the TI? resonance because of a 
low signal-to-noise ratio but stated that for the same fre- 
quency its resonance could be found at a field one percent 
lower than that required for Tl?%5. In the present experi- 
ment the signal-to-noise ratio for the Tl? resonance was 
about ten, and thus allowed a considerably more accurate 
location of the resonance frequency. 

The magnetic moments of the nuclei of both thallium 
isotopes were found to be positive, and their integrated 
resonance amplitudes were each consistent with a spin of 
}, as given by spectroscopic data.‘ If the magnetic moment 
of the proton is taken to be (2.7928+0.0008)uy* and a 
correction for electronic diamagnetism is made,® which for 
this computation has been assigned an error of 15 per- 
cent, then 


p(T) = (1.614+0.003) uy, 
p(T) = (1.629 +0.003) un. 


The ratio u(TI?%) /u(TI2*) =0.9903+0.0002 is, of course, 
much more accurately known.’ 


* Assisted by the Joint ts ag ¥ the ONR and the AEC. 

1R, V. Pound, Phys. Rev. 72, 527 (1947). 

¢ Note Eq. (40b) in the paper by “4 a Phys. Rev. 70, 460 (1946). 

*H. L. Poss, Phys. .% 72, 637 (1947 

4H. Schiiler and J. E Keyston, Zeit f. ped bs 1 (1931); H 
Schiiler and T. Schmidt, Zeits. f. Physik 104, 468 (1937). 

‘This value differs from the value (2.7896+0.0008) given by S. 
Millman and P. Kusch, Phys. Rev. 60, 91 (1941), by the correction for 
the magnetic moment of the electron [1+(a/2x)] suggested by J. 
Schwi . Phys. Rev. 73, 416 (1941) 

sw. . Lamb, Jr., Phys. Rev. 60, ‘a7 (1941). 

’ Upon. — letion of this work, our attention was drawn to more 
recent results by Poss, reported in the Quarterly Progress Report of 
the Research Laboratory of Electronics, Massachusetts lustlinte of 
Phesrcn pn July 15, 1948, p. 7, The results given above are in sub- 

jal agreement t with those of Poss. 





H? and the Mass of the Neutrino 


W. A. Bowers AND NATHAN ROSEN 
University of North Carolina, Chapel Hill, North Carolina 
December 20, 1948 


AST year Konopinski! pointed out that, on the basis 
of data available at that time concerning the half-life? 
and maximum beta-ray energy® of tritium, the value 
of | M|*ft for H® was roughly 1/10 as large as for He’, if 
zero neutrino rest mass was assumed. To remove this dis- 
Crepancy with beta-decay theory, which predicts the same 
order of magnitude of | M|?*ft for allowed transitions in all 
nuclei, Konopinski found it necessary to take the neutrino 
rest mass to be a few percent of that of the electron. 
We should like to point out that more recent work on 
the half-life of tritium‘ and on its beta-spectrum® gives 
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results which appear to remove the above-mentioned dis- 
crepancy with a zero neutrino mass. If one takes the upper 
limit of the tritium spectrum to be 17 kev, one finds® for a 
zero neutrino mass, taking into account the Coulomb 
field, f=2.2X10-*. With a half-life‘ ¢=12 years and 
with | M|?=3, this gives | M|2ft=2500 sec., which is of the 
same order of magnitude as the value 5760 sec. given by 
Konopinski! for He®. 

This result is in agreement with the conclusions of several 
workers®? concerning the neutrino mass based on the 
shapes of beta-energy distribution curves near their upper 


- Konopinski, Phys. Rev. 72, 518 (1947). 
. Watts and D. Williams, Phys. Rev. 70, 640 (1946). 
. O'Neal and M. Goldhaber, Phys. Rev. 58, 574 (1940). 
Novick, Phys. Rev. 72, 972 (1947). 
urran, J. Angus, and A. L. Cockcroft, wae 162, 302 (1948). 
- Konopinsk Rev. Mod. Phys. 15, 209 (19 
. Cook, L. M. Langer, and H. C. Price, Jr., Phys. Rev. 73, 1395 
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y-Radiation from Au'™ 


Kal SIEGBAHN AND ARNE HEDGRAN 
Nobel Institute for Physics, Stockholm, Sweden 
December 14, 1948 


EVERAL papers! have lately been published in this 
journal regarding the y-radiation following the f-dis- 
integration of Au!**, We have made a careful study of the 
y-radiation in order to be able to find any y-radiation 
besides the well-known y-ray at 411 kev. The investigation 
was performed with our new double focusing spectrometer 
(p =50 cm) (in course of publication). The resolving power 
of the spectrometer was set to 0.8 percent and the lead 
converter used was only 3.7» thick in order to make full 
use of the resolving power of the instrument itself. The 
results are shown in Fig. 1. The Compton distribution, the 
K, L, and M photo-lines of the 411-kev y-ray, is clearly 
seen. Levy and Greuling* have reported y-rays of 157 and 
207 kev with an intensity of <15 percent of the 411-kev 
ray. We have paid special attention to the region 800- 
1250 Hp, where the K photo-lines of these rays should be 
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Fic. 1. Secondary electron spectrum, Au’, 
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found but, as is seen in Fig. 1, we are unable to detect 
them. We believe that we can put an upper limit for the 
intensity of these rays to be 2 percent of the 411-kev ray. 

Furthermore, a y-ray of only 1 or 2 percent abundance 
could not explain the coincidence effect found in some 
earlier cases. On the other hand, it might be questioned if 
this effect is real (see E. T. Jurney'). The rather extensive 
—7-coincidence measurements we have performed in this 
laboratory also give a small -—~-coincidence effect but, if 
one compares this effect with the spurious ~—v+y-effect ob- 
tained from Fe®*® with two uncorrelated y-rays, the whole 
effect just disappears. The magnitude of this extra coinci- 
dence effect, clearly demonstrated in Fe®®, may very well 
depend on the actual experimental arrangement but has 
to be taken into account. In our arrangement which other- 
wise is designed to prevent coincidences due to scattering, 
the spurious effect with Fe®® decreases when lead foil is 
wrapped around our y-tubes and disappears almost com- 
pletely when the lead thickness is 1 mm. 

We have also measured the primary 6-spectrum in order 
to determine the internal conversion coefficients of the K, 
L, and M lines of the 411-kev radiation. The sample ob- 
tained from Harwell was evaporated in a thin layer to 
eliminate absorption effects. We obtained ax = 3.0 percent; 
a_=1.0 percent; ay~0.3 percent. 

To get a precise determination of the y-line energy we 
put Cu“ and Au?® in the same converter and measured the 
L photo-line from Au'®* against the K photo-line of the 
510.8-kev radiation from Cu™. These two lines then formed 
a rather close “‘doublet” which makes a comparison of the 
two energies reliable. In this way we obtained a value for 
the Au! line to be 411.0+1 kev, in close agreement with 
Dumond’s* crystal value. We believe that this kind of 
measurement in the B-spectrometer can be made still more 
accurate in the near future. 

1 For references see E. T. Jurney, Phys. Rev. 74, 1049 (1948). 


2 P. Levy and E. Greuling, Phys. Rev. 73, 83 (1948). 
*J. Dumond, D. Lind, and B. Watson, Phys. Rev. 73, 1392 (1948). 





V-2 Cloud-Chamber Observation of a Multiply 
Charged Primary Cosmic Ray* 


S. E. Gottan,** C. Y. JoHNnson, E. H. Krause, M. L. Kuper,*** 
G. J. PERLow, AND C. A. SCHROEDER 
U.S. Naval Research Laboratory, Washington, D. C. 
December 13, 1948 


SIX-INCH cloud chamber was flown in a V-2 to a 
height of 159 km (99 miles) on January 22, 1948. The 
chamber was six inches in diameter and contained argon 
and alcohol-water vapor at two atmospheres pressure. Two 
lead plates, each 1 cm thick, crossed the chamber which was 
illuminated for a depth of one inch. Stereo photographs 
were taken at 25-second intervals. 

Since the V-2 was in free fall after its fuel burned out, 
droplets formed in the chamber remained stationary until 
the gas was recompressed. This reduced several sources of 
track distortion, but eliminated the cleaning out by falling 
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droplets of uncharged condensation.nuclei. As a result, a 
progressive fogging took place rendering the later photo- 
graphs unusable. 

Figure 1 is half a stereo photograph taken 175 seconds 
after launching. The height was 145 km and the outside 
atmospheric pressure ~10-° mm Hg. Besides the back- 
ground fog, one may observe a large number of fast par- 
ticles, for example, at 6 and c, many of which have a 
common origin. However, the most prominent particle 
(marked a) is not associated with any observable shower. 
It traverses both lead plates and ionizes heavily. Its scatter- 
ing is less than the perceptible limit which we take con- 
servatively as 1°. We may test the possibility that it is a 
proton by noting whether the momentum required for 
penetration of the lead is consistent with the heavy ioniza- 
tion and small scattering. Its path in plate II is 1.6 cm. 
Considering only this plate, it must have a ratio of incident 
momentum to characteristic momentum of p/yc>0.48! 
corresponding to an energy E>102 Mev. The incident 
ionization relative to the minimum which a proton can 
have? is then J/Imin<3.3. Inspection of the photograph 
does not permit an assumption of I/Imin.<~3. Then we 
must have p/yuc<0.53. For the latter value, the expected 
scattering may be computed. The differential mean square 
scattering for a particle of mass uw and charge number 2 in 
traversing a thickness dx of material may be put in the form 
d() my = (2?/u?)f(p/uc)dx.2% By graphical integration one 
obtains A@=5.0° as the expected r.m.s. projected angle of 
scattering in 1.6 cm Pb. Since the distribution in angle is 
Gaussian,’ the probability P of observing scattering of less 
than 1° may be calculated from a table of the error integral. 
One gets P(<1°)=0.16. It is therefore possible, but not 
likely, that the particle is a proton. 


Fic. 1. Cloud-chamber photograph at height of 145 km. 
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A more reasonable conjecture is that the track is due to 
an alpha-particle or one of still higher z. For the alpha 
(p/pe) >0.48, and (I/Imin.) <3.3 again, but Jmin. for the 
alpha is 4 times that for the proton. Thus, any value of 
incident (p/uc) sufficient to penetrate is acceptable on our 
criterion. The loss in relative momentum —A(p/yc) in 
traversing the plate depends on 2*/yz and is therefore the 
same for protons and alphas of the same initial speed. 
However, the scattering d(@),, is proportional to 2*/y? and 
is therefore reduced by a factor of 4 for an alpha. The 
r.m.s. expected scattering is thus reduced by a factor of 2 
and P(<1°) is roughly doubled. It then becomes difficult 
to assign a definite energy range to the alpha on the basis 
of scattering. For particles of larger z, the scattering will be 
still smaller for the same speed on emerging from the plate. 
One may not, therefore, discriminate between z=2 and 
z>2 on this basis. 

We conclude that the track is due either to an alpha- 
particle of energy greater than 400 Mev, or to a more highly 
charged nucleus of energy greater than a correspondingly 
higher minimum. It does not appear likely that energetic 
complex particles should be produced in a nuclear process 
within the rocket material. It, therefore, seems probable 
that we are observing primary cosmic rays of greater 
charge and mass than the proton. 


* Presented at the American Physical Society Meeting April 1948. 
** Now at Brookhaven National Laboratory. 

*** Now at National Bureau of Standards. 

1J. A. Wheeler and R. Ladenburg, Phys. Rev. 60, 754 (1941). 

2 B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 (1941). 

3 E. J. Williams, Phys. Rev. 58, 292 (1940). 





Ferromagnetic Resonance in Iron Oxides 


G. E. Croucn, Jr. 
Plastics Laboratory, Princeton University, Princeton, New Jersey 
December 20, 1948 


URVES of the magnetic permeability (u’—jy’’) of 
ferrous oxide powder versus frequency are shown in 
Fig. 1. These curves are drawn from composite data, 
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Fic. 1. Relative permeability versus frequency for FesO«. 
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extrapolated to 100 percent concentration with Lichten- 
ecker’s relation, which Birks' has given and which we have 
obtained at 1.2 cm. It is interesting to note that the permea- 
bility yu’ becomes appreciably less than unity at certain 
frequencies and that there is a broad region of natural 
ferromagnetic resonance. This resonance has been inter- 
preted as being caused by the interaction of a magnetic 
field at microwave frequencies with the Larmor spin pre- 
cession about the internal anisotropic magnetic field. The 
resonance frequency is given by 


¥n = (gute/h) Hn. 


Me is the magnetic moment of the electron and H, is the 
internal magnetic field intensity. Further examination of 
the curves with regard to the Kronig-Kramers suscepti- 
bility relations* 


V(r) —W'( 2) =2/n f° [o'W"(")do'/(o"—r*)], 
0") =(—2v/x) f~ LW’) —v'())/(o*—#*) or, 


indicates that, by comparing various calculated curves 
with the observed curves, one can more nearly approximate 
conditions with a Lorentz absorption curve than with a 
Gaussian absorption curve. Neither interpretation agrees 
with the observations at frequencies above 10,000 mc/sec., 
however. The frequency dependence of y’’(v) is given by 


the shape function? g(») 


¥") =xyornglr), 
JP e@)av=1, T1=4Le(>) Tuan 


where yo is the static ferromagnetic susceptibility. There 
remains, however, a considerable discrepancy between the 
expected yz’ curve and the measured y’ curve, the latter 
being more reliable than the measured u’’ curve. Reasonable 
observed values of »v, and H, are: 


¥n21700 mc/sec., 
H,= 600 gauss. 


(This value of H, is not in all cases consistent with a g 
value of 2.) 

A possible explanation of this broad resonance seems to 
lie in the interaction of magnetic dipoles to affect the value 
of the internal magnetic field about which there is spin 
precession. Each atomic dipole, representing an iron atom 
and situated at definite points in the cubic Fe30, lattice, 
is considered to be in an effective magnetic field Herp. If 
the dipoles align either in the same or opposite direction 
to the internal field, 


Heett =H,+(api/r*), 


where y; is the magnetic moment of the iron atom and (a) 
is a parameter of the order of 1 or 2. In considering nearest 
neighbors only, one would thus be led to expect the width 
(Av) of the absorption band to be of the order of y;/r*. 
Consideration of dipoles farther removed would tend to . 
give a continuous absorption band. This simplification 
seems somewhat justified in view of the success of a similar 
interpretation of nuclear resonance absorption and because 
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a more rigorous analysis‘ for nuclear absorption yields 
results substantiating the simpler assumptions, even though 
not in agreement with a Lorentz absorption mechanism. On 
this basis calculated values are 


(Av) 5000 me/sec., 
(AH)=1400 gauss. 


ui has been taken as 2 Bohr magnetrons, r has been taken 
as 3A, and a has been taken as 1. These values are rather 
consistent with the observations in Fig. 1 so that appar- 
ently the broad resonance is accounted for. Factors enter- 
ing a more rigorous analysis would be difficult to examine 
because of experimental accuracy in measuring y’ and yp”. 

Magnetic permeability measurements of gamma-ferric 
oxide indicates a similar resonance. The magnetic field 
resulting from anisotropy is found to be smaller, a fact 
which is consistent with the crystalline structure of this 
material and the larger separation of iron atoms. 

The research reported here was sponsored by the Army 
Signal Corps and Naval Bureau of Ships, Bureau of 
Ordnance, Bureau of Aeronautics, and ONR under Signal 
Corps Contract No. W-36-039-sc-32011. 


1J. B. Birks, Nature 160, 535 (1947). 
2G. E. Pake and E. M. Purcell, Phys. Rev. 74, 1184 (1948). 
679 oto E. M. Purcell, and R. V. Pound, Phys. Rev. 73, 
48 
G. E. Pake, J. Chem. Phys. 16, 327 (1948). 





Cadmium Sulfide as a Crystal Counter* 


G. J. GOLDSMITH AND K, LARK-HOROVITZ 
Purdue University, Lafayette, Indiana 
December 20, 1948 


HEARN,! Hofstadter,? and others** have recently 
reported obtaining counts for a- and 8-particles and 
y-rays with diamonds at room temperature. More re- 
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Fic. 2. Top to bottom: Ra 7's, RaE £’s, Po a’s. Timing markers 1 
microsecond. Amplifier gain raised by factor of 2 for y-ray photo. 


cently,®? there have been reported similar results for a- 
and 8-counts with zinc sulfide and with cadmium sulfide. 
Cadmium sulfide has been investigated in this laboratory, 
with the following results. 

The crystals used in the investigations were made by the 
vapor phase condensation method of Frerichs* and supplied 
by him through the courtesy of the Bureau of Ships.** Of 
the crystals obtained, only one type was suitable for our 
purposes. These were irregularly shaped single crystals, 
as confirmed by Laue x-ray diffraction pattern, about two- 
millimeters thick and about a half-centimeter on a side. 
The crystals were cleaved and small portions about 1X2 
mm investigated for photo-conductive properties. Crystals 
which displayed a dark resistance of at least in excess of 
10° ohms and a light resistance of the order of 10° ohms or 
less were useful as counters. 

The electrodes were prepared by evaporating thin gold 
foils on two opposite faces. They were then mounted on a 
silver block 2-mm square and clamped with a thin phosphor 
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bronze spring. The entire assembly was placed in a light- 
tight copper box, which was in turn mounted directly on 
the preamplifier. The amplifier is a commercially available 
linear amplifier having a rise time of 0.2 microsecond and 
a gain of about 3500 at that rise time. 

Plots of pulse height versus counting rate have been 
taken for Po alpha-particles; RaE f’s; Ra, MsTh, and 
Co y's (Fig. 1). It was found that the pulse heights ob- 
served were a function of the applied voltage from 30 volts 
to about 200 volts—beyond that value the maximum pulse 
height remained constant but the crystal background in- 
creased considerably. In some crystals surface leakage or 
other conductive effects limited the voltage to around 300. 

At a potential of 70 volts the rise time of the pulse ap- 
pears to be slightly greater than that of the amplifier, but 
beyond that value, the recorded pulse rise is equal to or 
less than the limiting 0.2-microsecond rise time (Fig. 2). 

Measurements of maximum pulse heights gave 12 mv 
for alpha-particles, 6 mv for RaE #’s, and about 2.5 mv 
for Ra y’s. 

These experiments are being continued. 

* This work was supported in part by the ONR and the Signal Corps. 


1A. J. Ahearn, Phys. Rev. 73, 1113 (1948). 

2 —_ Phys. Rev.. 73, 631 (1948); Phys. Rev. 72, 
1120 

3 Wooldridge, Ahearn, and Burton, ~—. Rev. 71, 913 (1947). 

4W. Jentschke, Phys. Rev. 73, 77 (1948). 

+L. F. Curtiss and B. W. Brown, Phys. Rev. 72, 643 (1947). 

6 Report of Conference on Scintillation Counters and Crystal Counters, 
Rochester, New York (1948). 

7 European Scientific Notes 2, 299 (1948). 

§ Rudolf Frerichs, Phys. Rev. 72, 594 (1947). 

** We want to thank Professor R. J. Cashman (Northwestern Uni- 
wait) director, Navy Contract NO65 45068, for making the material 
av: le to us. 





Yields of the Platinum Group Radio-Isotopes 
in the High Energy Helium-Ion 
Bombardment of Uranium 


R. D. Wotre* anp N. E. BALLou* 
Radiation Laboratory, University of California, Berkeley, California 
December 6, 1948 


NVESTIGATIONS by O’Connor' in 1947 on the radio- 
active products of the bombardment of uranium with 
high energy deuterons and helium ions in the Berkeley 
184-inch cyclotron indicated the possibility of a continuous 
yield of products, the isotopes in the heavy region of mass 
numbers arising from spallation, and those in the middle 
region of mass numbers arising from fission. 

In order to supplement these results, additional experi- 
ments were performed at the suggestion of G. T. Seaborg. 
Determinations were made of the relative yields of the six 
platinum metals (ruthenium, rhodium, palladium, osmium, 
iridium, and platinum) when natural uranium is bom- 
barded with 380-Mev helium ions. The reason for interest 
in the yields of these elements is that the last three lie near 
the region of mass 180, where the plot of yield vs. mass 
number may change from a fission-yield curve to a spalla- 
tion-yield curve. In addition, the first three lie in a region 
from mass 103 to 112, which should indicate whether the 
center of the curve has a large dip (as does the slow-neutron 
fission-yield curve), or a single maximum indicating “sym- 
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metrical fission (as in the case of bismuth), or something 
intermediate (as in the case of thorium*‘). 

A new procedure for the radio-chemical analysis of the 
platinum metals was developed, to which the existing pro- 
cedures for ruthenium and palladium were adapted as 
required. Several short bombardments of thin-gauge ura- 
nium strips (2 cm X0.5 X0.1 cm) were made with 380-Mev 
helium ions, the target dissolved, the platinum metals 
isolated, and their chemical yields determined. Yields of 
activities produced were determined by counting with thin 
end-window Geiger-Miiller counters of the bell jar type, 
having a known counting efficiency. Direct comparison of 
samples was made possible by use of identical mountings 
and shelf geometry throughout. All samples were corrected 
to 100 percent chemical yieid, total sample, and zero ab- 
sorber. Yield for each isotope was determined relative to 
the yield of 12.8-day Ba® as a standard of comparison. The 
cross section for production of the Ba"® is estimated as 
3X 10-? barn. 

As was expected, yields of osmium, iridium, and platinum 
were much lower than those of ruthenium, rhodium, and 
palladium. The yield of the mass 105 chain was obtained 
by isolation of both 4.5-hr. Ru! and 36-hr. Rh!%, The 
other isotopes of ruthenium, one of palladium, two of 
osmium, one of iridium, and one of platinum were identified 
by decay characteristics and by absorption characteristics 
were possible. In every case observed values agreed with 
published data.5 

The results, plotted as relative yield vs. mass number, 
are shown in Fig. 1. The solid portion of the curve passes 
through the experimentally determined points; the dashed 
portion is drawn by analogy to other known fission-yield 
curves to connect the two experimentally determined sec- 
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Fic. 1, Relative yield of platinum elements 2s. mass number 
for 380-Mev helium,ions on uranium. 
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tions. The ruthenium and palladium points give no evi- 
dence for a dip in the middle of the fission-yield curve; on 
the contrary, it appears more likely that the curve has a 
single smooth maximum in the vicinity of mass 120, i.e., 
a maximum yield for the symmetrical splitting of the fis- 
sioning nucleus. This hypothesis has since been supported 
by the subsequent work of O’Connor and Seaborg®* during 
the summer of 1948. Furthermore, the osmium, iridium, 
and platinum points indicate that the fission-yield curve 
apparently becomes continuous with a spallation-yield 
curve at a minimum of about 0.1 percent the yield of Ba!° 
at around mass 180. These results likewise are confirmed 
by the work of O’Connor and Seaborg.® 

We should like to thank Dr. A. S. Newton for his advice 
during the experiments, and Mr. J. T. Vale and Dr. D..C. 
Sewell and the cyclotron crew for their cheerful cooperation 
in conducting the bombardments. This work was performed 
under the auspices of the Atomic Energy Commission. 

* Present address: Naval Radiological Defense Laboratory, San 
oy Naval Shipyard, San Francisco 24, California. 

R. O'Connor, The Chemical Identification of Isotopes Formed in 
ae echaaoon of Uranium with High-Energy Particles (Doctor of 
Philosophy Thesis, University of California, Berkeley, August 18, 1947). 

2R. H. Goeckermann and I. Perlman, Phys. Rev. 73, 1127 (1948). 


2A. S. Newton, Phys. Rev. 75, 17 (1949). 
ber A. a presented at meeting of A.A.A.S. in-Chicago (Decem- 
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5G. T. Seaborg and I. Perlman, ‘‘Table of the isotopes,’’ Rev. Mod. 


ae 20, 585 (1948). 
P. R. O'Connor and G. T. Seaborg, Phys. Rev. 74, 1189 (1948). 





Maximum Positron to Negatron Ratio 
in the Decay of Cl* 


FRANCIS JOHNSTON AND JOHN E. WILLARD 
Depariment of Chemistry, University of Wisconsin, 
Madison, Wisconsin 
December 15, 1948 


Y positron emission Cl** (ca. 10° yr. half-life!) may con- 

ceivably decay either to stable S** or, by negatron 
emission, to stable A**. With a Cl** sample of very low 
activity, Grahame and Walke? observed, in a series of 18 
pairs of cloud-chamber photographs, 16 tracks which they 
ascribed to negatrons and three which they ascribed to 
positrons. 

With very much more active samples of Cl*? we have 
found a maximum value of ca. 3X10~ for the fraction of 
the Cl** beta-disintegrations which produce positrons. This 
value is determined on the basis of the lead absorption 
curve (Fig. 1) of the penetrating radiations from a 2.25-g 
sample of NaCl with an activity of 2108 Cl** beta- 
disintegrations per minute. The curve was made with the 
sample in a glass cup 3.5 cm from the mica window of a 
Geiger-Mueller counter tube in an aluminum-lined lead 
housing and with the absorbers placed directly on top of 
the sample. Nearly all of the Cl** beta-particles were ab- 
sorbed by the sample. The curve, which starts with 175 mg 
of added absorber, can be resolved into two components, 
one with a half-thickness of 300 mg/cm? corresponding to 
a 0.10-Mev gamma-ray and the other with a half-thickness 
of 5.1 g/cm? corresponding to a 0.57-Mev gamma-ray.‘ 
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Fic. 1. Absorption curve of Cl, 


These may both be due to bremsstrahlung radiation pro- 
duced by the absorption of the Cl** beta-particles in the 
sample, or they may be due to gamma-rays emitted in a 
small fraction of the beta-disintegrations or in decay by 
K-capture. It is possible, however, that the apparent 0.57- 
Mev component is the result of absorption of 0.501-Mev 
positron annihilation radiation, under experimental condi- 
tions where scattering effects give a different slope than 
was obtained under the conditions used in making the 
standard‘ curves. We have assumed that this component 
may be due to annihilation radiation and have estimated 
its absolute emission rate from the sample with the aid of a 
reference sample of Co® mounted in the same way as the 
NaCl sample and counted with the same set of absorbers. 
The disintegration rate of the stock solution of Co® from 
which an aliquot was taken for the reference sample was 
determined by comparison with a Bureau of Standards 
standard Co® solution. The assumptions were made that 
the Co® emits two gamma-rays per disintegration (1.1 and 
1.3 Mev*) and that these have twice as high a counting 
efficiency® as two 0.5-Mev gamma-rays from positron 
annihilation. It was further assumed that any annihilation 
radiation produced originated within the NaCl sample, 
since essentially all positrons would be absorbed within the 
sample unless their energy greatly exceeded the maximum 
negatron energy. 

On the basis of the above measurements and assump- 
tions, the extrapolated counting rate of 25 c/m of. the 
apparent 0.57-Mev component of Fig. 1 was estimated to 
indicate ‘a total of 11.610‘ gamma-rays per minute 
emitted from the sample, or a total of 5.810‘ positrons 
per minute if this is annihilation radiation. The beta- 
disintegration rate of the sample was estimated to be 
1.9108 dis/min. by comparing the beta-counting rate of 
an aliquot of the sample with that of an aliquot of the Co® 
reference sample counted under identical conditions, both 
values being extrapolated to zero absorber. A similar com- 
parison with a Bureau of Standards RaE standard gave a 
value of 2.1 10® beta-dis/min. From these results it seems 
certain that the fraction of the total Cl** decay which oc- 
curs by positron emission is very low, probably no greater 
than 310-4, and it is possible that there is no decay by 
positron emission. 
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This work was supported in part by the University 
Research Committee with funds made available a the 
Wisconsin Alumni Research Foundation. 
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Magnetic Multipole Internal Conversion 


I. S. LowEN AND N. TRALLI 
Physics Department, Washington Square College, 
New York University, New York, New York 
December 9, 1948 


HE use of the ratio of the K to L shell internal con- 

version coefficients has been suggested for determin- 

ing the multipole nature of radiation emitted from the 

atomic nucleus.! Curves showing the values of this ratio as 

a function of energy for Z=35 have been given for electric 
multipoles! valid for the region of low energies. 

To facilitate the comparison with the experimental data, 
it is desirable to have curves for the magnetic multipole 
case valid in the same region of energy. This has been ac- 
complished by using for the K shell a rigorously correct 
expression specialized to the case of non-relativistic energies 
for the magnetic multipole internal conversion, due to 
Bessey,? based on the Dirac equation, and an analogously 
derived formula for the L shell internal conversion. Figure 
1 shows curves for the K to L ratio evaluated for Z = 35 in 
the magnetic multipole case taking into account screening 
as in Hebb and Nelson. For the sake of comparison, the 
curves of Hebb and Nelson for the electric case are in- 
cluded. The Hebb and Nelson curve for /=4 has been 
omitted, whereas for the experimental application, this 
must of course be used with the /=3 magnetic case. 

The K to L ratios for the magnetic multipole radiation 
have been previously calculated by the Born approxima- 
tion’? for use with the K to L electric multipole low energy 
curves. For comparison of the relative values of the mag- 
netic multipole ratios in the two approximations, we have 
shown in Fig. 2 curves for the Born approximation as well 
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Fic. 1, Curves nee Nx/Nzs L oe a function of Z2/E. Solid line—magnetic 
multipole, broken line—electric multipole. 
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Fic. 2. Curves for Nx/N xz for magnetic multipoles as a function 
of Ze. Solid line—Born approximation, broken line—Pauli ap- 
proximation. 


as those mentioned above for the rigorous low energy case. 
From these curves it appears that the Born approximation 
ratios for }=1, 2 differ from our low energy approximation 
by less than 10 percent in the neighborhood of 10° ev, and 
greater, gamma-ray energy. However, it should not be 
concluded that the K and LZ magnetic internal conversion 
coefficients, x and 6z, calculated in the two ways agree 
that well. For example, for /=1 and 2 10°-ev gamma-ray 
energy the difference in the Bx’s so determined is approxi- 
mately 15 percent and in the 8z’s approximately 12 percent. 
For ]=3 it is clear that the difference in the ratios for the 
two approximations is appreciably larger than for /=1, 2. 
Consequently, caution is required in assuming equivalence 
of the two approximations for the ratio in this energy range 
in the general case, at least for Z=35 and higher. 

Finally the L shell electric multipole conversion has been 
calculated in the region of low energies, starting from the 
Dirac equation, to ascertain whether additional contribu- 
tions from the spin might alter the value for this quantity 
as determined by Hebb and Nelson using Schroedinger 
theory. The answer is in the negative. 

In conclusion, we wish to express our gratitude to Dr. 
J. R. Bessey for sending us the correct expression for the 
low energy K conversion in the magnetic case‘ before publi- 
cation and to Professor G. E. Uhlenbeck for his kind 
interest in this work. 


: M. H. Hebb and E. Nelson, Phys. Rev. 58, 486 (1940). 
» Thesis, oe aed Michigan, 1942. Cf. also Drell, Bull. 


. Uhlenbeck, Physica LS — (1938); S. M. 

Morrison, Phys. Rev. > 122 (193 
G. Goertzel and I. S. Lowen, Phys. Rev. 67, 203 
Gee? and of V. Be ey . de Phys. U. S.S.R. 10, 137 (1946), using 
the elementary Pauli theory or the K shell, wi ile in agreement with 
each other, are incorrect owing to failure of = simple Pauli theory 
which does not take into account correctly contributions from the 
i in the — of the highly singular magnetic multipole potentials. 
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O” and S* in the Rotational Spectrum of OCS* 


W. Low anp C. H. TOwNES 
Columbia University, New York, New York 
December 10, 1948 


HE transitions J = 1—>2 of O!8C®S** and O'7C®S® have 
been detected. Abundance and mass of S** were de- 
termined. The spin of S** appears to be zero, and there is 
some indication that the spin of O! is 4. 
S** was discovered by Nier! who stated its abundance as 
1:6000, so that a very sensitive spectrograph was needed 
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TABLE I. Measured OCS lines. 
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TABLE II. Relative intensity measurements. 





Frequency interval 
between standard 

d ‘Frequency 
Standard (Megacycles) 


Molecule (Megacycles) 


Relative 
pay one 
rom 
chart 


Measured 
intensity 
ratio 


Relative 


Molecules abundance 





196.62 +0.04 23534.67 
532.63 +0.04 23198.66 
14+1 23661 


Owcus 
Oucuga 
O1sCugs 


OlNCuS3 
Oucuss 
Oucugu 








to detect its line in OCS near 1.3-cm wave-length. A Stark 
modulation system? was used with a modulation frequency 
of 50 kc and a 10-ft. wave-guide absorption cell cooled to 
—78°C to enhance intensities. The detected signal was fed 
through a phase detecting or “lock in” amplifier to an 
Esterline-Angus recording ammeter, giving a narrow band 
width for elimination of noise. A clock motor varied the 
signal oscillator uniformly in time so that the ammeter pen 
of the recorder produced a spectral plot. The marking pen 
was connected to a frequency measuring system similar to 
that used with oscilloscope presentation® so that frequency 
markers could be set on a line to a reproducibility of about 
0.02 mc. Relative abundances of isotopes were determined 
by comparison of heights of recorded lines with crystal 
current, gas pressure, and Stark voltage kept constant. 
Relative abundances were obtained from these relative 
heights after a small correction was made to allow for 
variation of absorption intensity with frequency. 

An OCS* line is shown in Fig. 1. Its absorption coeffi- 
cient is 7X 10-* cm™ at room temperature, and it may be 
seen that a line of intensity 5X 10-!° cm would be approxi- 
mately equal to noise deflection, so that the spectrograph 
can detect even rarer isotopes. A modulation frequency of 
200 kc decreases noise considerably, but did not appreciably 
increase sensitivity because of other types of variations.* 

The OCS and OCS** lines were examined closely 
with half-widths of about 1 mc and no hyperfine com- 
ponents found, indicating that the quadrupole coupling 
constants in both cases are less than 5 mc. Since egQ for 
OCS* is known to be 28.5 mc, this is a good indication 
that the spin of S** is zero. However, since egQ for O!” might 
be expected to be small, even with a spin of %, the small 


eae 8 G. Wy sgeeetted ry | sepeion. poy pep 9 is syeoent 
peak in center an components M =0 an =i valle 
on the right and left, respectively. wins " - 


OuCBSH 
ONCRSs 
ONCHRSIs 
OucCusis 


1.26 +0.05 1,25 +0.05 


2.84 +0.14 2.7140.14 





value of egQ does not justify a definite conclusion that the 
spin of O"" is 4. 

Measured frequency intervals and line frequencies calcu- 
lated from them are given in Table I. From these figures 
and published frequencies for other isotopes the ratio 
of mass differences (O!7—O1*/O!8—O!’) =1.00420 and 
(S36 —S*/S* —S%) = 1.001826 are obtained.® The first figure 
agrees well with the value (O!*—O!7/O!7—O!*) = 1.004098 
from Segré.* If the microwave data were used to evaluate 
the mass of O!’, the value obtained would differ only 
0.00005 mass unit from the accepted mass. The ratios ob- 
tained for the sulfurs, combined with other measurements 
of S® and S* masses,’ allow a determination of the mass 
difference S** —S* = 2.00055 +0.0003 and hence the hitherto 
unmeasured S** mass as 35.97834+0.0004 m.u. 

Relative abundances and intensities are given in Table 
II. The (O%C#S#/Ol7C2S®) ratio agrees very well with 
previous measurements, but the ratio (O!7C2S#/O'MC#S%) 
disagrees slightly more than the error +10 percent given 
by Nier’ for his ratio of 1:6000 for the abundance of S** to 
S®, The present measurement gives an abundance for S* 
of 0.0136-+0.0010 percent or 1:7000 relative to S*. 

TAO. Nign Phys. Rev, $3,282 (1936). 

2 R. H. Hughes and = B. Wilson, Phys. ag 71, 562 (1947). 
aan “a A. N. Holden, and F. R. Merritt, Phys. Rev. 74, 

4Cf. Columbia Radiation Lab., Progress Report, Sept. 30, 1948. 

5 For discussion of this type calculation see reference 3. 

* E. Segré Chart, The —— and Engineering of Nuclear Power (Ad- 


dison-Wesley Press, Inc., 1947). 
1 P, Davison, Phys. cn 1233 (1948). 





On the Geiger-Nuttall Relationship 


SuKUMAR BISWAS 
Institute of Nuclear Physics, University of Calcutta, Calcutta, I néie 
December 13, 1948 


HE Geiger-Nuttall relation, logs=a+bDE, which has 
played a fundamental part in the understanding of 
nuclear phenomena, is modified and refined in the present 
work. It is shown that instead of plotting the isotopes of 
each radioactive series as is usually done, the relationship 
will be valid and the curve will be a smooth one only when 
isotopes of same atomic number are plotted, as suggested 
by Berthellot.? 

The theoretical background of this assumption is as 
follows. Assuming the potential barrier near a nucleus to 
be the result of an inverse square field up to a distance ro 
and a rectangular hole for distance less than 7o, the trans- 
parency of the potential barrier for a-particles, as calcu- 
lated by A. K. Saha,’ is 7 =2e-**. With semiclassical argu- 
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TaBLe I. Polonium. 





(Mev). 


(sec.~1) 





9d 8.92 X10-8 


3.38 X10-° 
7.33 X10-* 


5.89 X10-8 


5.7 hr. 
~3 yr. 
? 


140d 

5 X1073 sec. 
3.0 X1077 sec. 
3.2 X10~6 sec. 
1.5 X10~4 sec. 
1.83 X107 sec. 


0.158 sec. 
? 
3.05 min. 








ments of Laue‘ the disintegration constant comes out as 
A=(v/ro)e**, (1) 
where v=velocity of the a-particle, re=radius of the 
nucleus, Z—2, 2K =[16mre*(Z—2)/hv][ue—sinue cosus ], 
ue = cos [mv*re/4e2(Z — 2) }t. 
From Eq. (1) 
log = logy —logre —0.4343[16me?(Z —2)/hv] 
X[ue—sinue cose]. (2) 
In these calculations, the effect of relative motion of (Z —2) 
nucleus is to be taken into account. So we are to use total 
decay energy E=E,[1+(ma/m,)], relative velocity of 
the a-particle v=vg[1+(m,/m,)], and reduced mass 
m=Mqm,/(ma+m,) in place of Eg, Va, and me, respectively. 
Transforming the above relation (2) in terms of energy 
in Mev, we have 


logd = 21.8428+-4 logEy +0.217(ma/mr) —logro 


(Z—2) 
— 1104 ALT + (ta/me) 
Xcos™![0.5896(Eviryt/(Z—2)4)] 
(Z — 2)irot 
[1 + (ma/ Mr) } 


—0.1131 








+0.6504 


rot 


(Z—2)i[1 +(ma/mr) } 


where Ey=decay energy in Mev, ro=radius in 10-%-cm 
unit. From this explicit relation between A, E, re, and Z, 
it is seen that log depends not only on E but also on (Z —2) 
and r9. So in general cases it cannot be represented in a two- 
dimensional curve. However, the curve logd against E is 
approximately valid if (Z—2) is kept constant, since the 
variation of re is small from one isotope to the other ones 
(roR-A'), The reason why Geiger-Nuttall could get a 
more or less smooth curve by plotting log against E, as 
pointed out by Gamow,} is due to the fact that variation of 
Z, E, and ro in a radioactive series is practically monotonic 
as we go down the series. Anomalies occur in original 
Geiger-Nuttall curves where this regularity breaks down. 
Thus the Geiger-Nuttall curves with constant Z will be 
more refined and less suceptible to anomalies. 


(3) 





= Ey, 
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These results can be compared with the available data 
of a-active nuclei. Since Po contains the largest number of 
a-active isotopes, the validity of the refined Geiger-Nuttall 
relation can be tested with it. In case of isotopes which 
decay both ways by a-disintegration and §-decay or 
K-capture, experiments give us only the composite life T, 
given by 

1/T=(1/Ta)+(1/Te). 


With another relation T73/T.=ratio particles disintegrat- 
ing by a-decay to 6-decay, the value of T, is calculated, 
from which \,q is to be plotted. The useful data for Po is 
given in Table I, taken from published data.” 

With these data the plotted curve for Po is seen to be a 
smooth one (Fig. 1c). Only three points fall slightly out- 
side the curve. Data for these require rechecking. 

In order to compare this curve with the theoretical rela- 
tion (3) we take the value of ro for the middle member 
Po*!6 (ro =8.63 X 10- cm). With this constant value of re 
in relation (3) we have 


89.71 


log = 38.0664 — Ey 


7 cos~1(0.1923Ey4) 


+4 logEy—0.3225Ey. (4) 
Plotting this we get the theoretical curve given in Fig. 1a. 
It is seen that the agreement with the experimental curve 
is satisfactory in the middle part but on both sides the 
theoretical curve diverges. However, instead of taking 10 
constant for all isotopes we can take the variation of ro 
from one isotope to another according to relation re= R- A}. 
Thus another theoretical curve is drawn from relation (3) 
(Fig. 1b). This curve (6) approaches the experimental 
curve (c) at the ends, but discrepancy still remains at the 
two ends, which shows that the theory of a-particle emis- 
sion fails to account for very short-lived products as well 
as very long-lived ones. 

Similarly, smooth, modified Geiger-Nuttall curves have 
been obtained for all elements from Bi to Pu. From a 
critical study of isotopes in this region, probable a- and 
B-activities as yet unknown have been predicted. The 
complete text will be published elsewhere. 












































Fic. 1. The modified Geiger-Nuttall curve for polonium. (a) Ee 1] 
retical curve with constant 7o. (b) ‘Thecestiont curve with re=R-A 


(c) Experimental curve. 
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A Model for Nuclear Capture of y-Mesons 


MARSHALL N. ROSENBLUTH* 
University of Chicago, Chicago, Illinois 
December 20, 1948 


T has been observed that negative u-mesons, when 
stopped in materials of high atomic number, do not 
emit the energetic light charged particle usually associated 
with u-meson decay.! This has been interpreted as meaning 
that the u-meson in these cases is captured from its K-orbit 
by the nucleus. 

It has further been established from photographic and 
cloud-chamber evidence that capture is not accompanied 
by formation of a “‘star,’’ which excludes the possibility 
that a large fraction of the rest energy of the meson is con- 
verted into excitation of the nucleus. Christy has suggested 
that this be explained by assuming that most of the energy 
is carried off by a light neutral particle which is emitted in 
the capture. 

It is the purpose of this letter to make an approximate 
quantitative study of the consequences of this model. We 
assume the nucleus to be a degenerate Fermi gas of free 
nucleons, with one of which the meson interacts, converting 
it from a proton to a neutron. The recoil energy of this 
nucleon is then quickly distributed throughout the nucleus 
by nucleon-nucleon collisions and should be regarded as 
an excitation energy of the nucleus. 

Conservation of energy and momentum plus the condi- 
tion that the neutron must go into a previously unoccupied 
state then determine a distribution of excitation energies 
which is to a first approximation independent of the details 
of the meso-nuclear interaction. 
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Fic. 1. Distribution of excitation energies. 
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We plot this distribution in Fig. 1 under the assumptions 
that (a) the number of neutrons and protons in the original 
nucleus is equal, (b) the u-meson has a mass 210 times that 
of the electron, (c) the outgoing light particle has zero mass, 
(d) the momentum of the incident y-meson is neglected, and 
(e) the nuclear radius is given by r9=1.5 X10718A? cm. 

The excited nucleus is the original nucleus with one 
proton converted to a neutron. From consideration of the 
binding energies of different types of particles in such a 
nucleus, and of the effect of the potential barrier, one is 
able to conclude that emission of anything but a neutron 
is highly improbable. 

Moreover, since the binding energy of a neutron in a 
medium weight nucleus is about 8 Mev, one sees that the 
most probable number of neutrons emitted in a capture 
process is one—and that the average number of neutrons 
given off is also roughly one. It turns out that this conclu- 
sion is valid even in the case of heavy nuclei since the lower- 
ing of the neutron binding energy is compensated by the 
change which the large neutron excess in such nuclei causes 
in the distribution of excitation energies. 

This model agrees with experimental evidence* ¢ insofar 
as it predicts neutron emission, although the observed 
number of neutrons per capture seems to be larger than 
predicted -here. 

A more detailed investigation of this model is being 
made. 


* National Research Council Fellow. 
1M. Conversi, E. Pancini, and O. Piccioni, Phys. Rev. 71, 209 (1947). 
453 (iodi) G. Lattes, G. P. S. Occhialini, and C. F. Powell, Nature 160, 
G. W. McClure and G. Groetzinger, Bull. Am. Phys. Soc. 23, 7, 20 


(1948), 
4R. D. Sard, Bull. Am. Phys. Soc. 23, 7, 13 (1948). 





Mass Spectrometer Determination of the 
Half-Life of Xe!* 


J. MacnamarA, C. B. CoLiins, AND H. G. THODE 
Department of Chemistry, McMaster University, 
Hamilton, Ontario, Canada 
December 13, 1948 


HE half-life of Xe was determined from mass spec- 
trometer abundance data in the course of our in- 
vestigations of the rare gas fission products produced in 
uranium metal irradiated with thermal neutrons. Its value 
was found to be 5.271+0.002 days. The mass spectrometer 
method of determining half-lives, first used by Thode and 
Graham,! completely eliminates difficulties from contami- 
nation with other radioactive isotopes and provides a most 
accurate means for determining half-life values in the range 
from several days to several years. 

A. Langsdorf, Jr.,2 bombarded thorium with neutrons and 
obtained a noble gas emitting soft radiations with an 
apparent period of 5.5 days. Since then various experi- 
menters*" have published values ranging from 4.30.4 
days* to 7 days® for the half-life of Xe. The most likely 
value given in the Plutonium Project Report (D. W. 
Engelkemeir and N. Sugarman) is 5.3 days. These values, 
obtained by radio-chemical methods, are accurate to only 
1 or 2 percent, whereas the mass spectrometer method 
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Tani I, Xe!% half-life from mass spectrometer abundance data. 





Xeus 
> half-life 

Ratio of Xe mass ion Time after first analysis (hr) calculated 
currents 100 0 45.83 92.91 (days) 
34.60-40.005 26.91+0.006 20.79-+0.015 5.288 
5.270 
5.430-0.02 5.276 

Average 5.271+ 
0.002 





133/(131+132) 


133/(181+-132+134+-136) 7.022+0.01 








which involves comparative abundance data is good to 0.1 
percent. 

A small disk of uranium metal was irradiated and the 
rare gases extracted, purified, and analyzed within 10 days 
after the irradiation period. By comparing the abundance 
of the Xe isotopes with that of a stable xenon isotope 
(Table I) over time intervals of approximately two days, 
it was possible to follow the decay rate of Xe. Employing 
the decay equation n =moe~*, where n is the concentration 
at time ¢, 9 is the concentration at zero time, and \ equals 
(0.6932/7};), where 7; is the half-life of the isotope in 
question, and substituting, for example, the 133/(131+-132) 
ratio obtained with the mass spectrometer at different 
time intervals for n/no, the half-life of Xe* can be found 
by solving for 7}. 

Previous authors‘-*!° have identified the mass chain 
of the 5-day §-emitter as 133 by the following reactions: 
(1) Cs(n, p)Xe™ 
(2) Ba'*(n, «)Xe% 

(3) Tel°(a, n) Xe 
(4) Xel®(d, p)Xel%, 
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FIG. 1. Stable isotopes of fission product xenon, also xenon", 
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The mass spectrometer identification of Xe", see Fig. 1, 
together with abundance data for calculating its half-life 
is, of course, further direct evidence for the mass assign- 
ment of the fission chain leading to five-day xenon. Previ- 
ous spectrograms by H. G. Thode and R. L. Graham! show 
no Xe! because the uranium rods were allowed to stand 
for a number of months after irradiation to permit the 
various fission product chains to-decay to the stable Xe™!, 
Xe!®, Xe!™4, Xe86 isotopes. 

The accurate half-life determinations possible from mass 
spectrometer abundance data for such isotopes as Xe! 
and Kr®, suggest that gases containing these isotopes be 
used in checking the efficiency of counters for absolute 
8-counting. Actually, the half-life values obtained for C™“ 
by different workers vary from 4700 to 6400 years 
largely because of difficulties in determining the efficiency 
of the counting equipment. There is a need, therefore, for 
gases convenient to handle for which the specific activity 
is accurately known. 

We wish to thank the National Research Council of 
Canada for financial assistance and to acknowledge the use 
of facilities of the Chalk River Laboratories, particularly 
those of the Chemistry Division. 


1H. G. Thode and R. L. Graham, Can. J. Research A25, 1-14 (1947). 
2A. Langsdorf, Jr., —. Rev. 56, 205 (1939). 
3R. W. Dodson and R. D. . Fowler, we. Sarg 57, 967 (1940). 
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5 Chien-Shiung Wu and E. Segré, Phys. Rev. 67, 142 (1945). 
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2 L,. D. Norris and M. G. Inghram, Phys. Rev. 73, 350 (1948). 
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Natural Abundance Measurements 
on Germanium* 


R. F. Hisss, J. W. ReEpMonp, H. R. Gwinn, 
AND W. D. HARMAN 
Assay Laboratory Department, Carbide and Carbon Chemicals 
Corporation, Oak Ridge, Tennessee 
December 10, 1948 


N conjunction with the electromagnetic separation of 
stable isotopes at the Y-12 Plant of Carbide and Carbon 
Chemicals Corporation, Oak Ridge, Tennessee, it became 
necessary for the Assay Laboratory Department to de- 
velop methods for the routine isotopic analyses of enriched 
germanium samples. Review of the literature failed to 
reveal recent measurements of the natural isotopic compo- 
sition of this element, and the results of Aston’s' work are 
shown in Table I. To check the reproducibility of the 
method and to provide more accurate data on the natural 
composition, these values were redetermined. 

For the routine method, the compounds used had to be 
reliably prepared from small quantities of material, yielding 
a reproducibly pure product. Germanium tetraiodide and 
germanium tetrafluoride met these requirements. The 
tetraiodide was distilled through a heated delivery tube, 
and germanium tetrafluoride was admitted into the instru- 
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TABLE I. Relative abundances of apm isotopes 
from measurements on GeF and Gel. 





Mass 70 72 73 74 


GeF,* 20.60 27.38 ~ 
Mean Dev. 0.06 +£0.08 


GelI* 20.65 27.43 
Mean Dev. +0.04 +0.02 


Aston® 21.2 27.3 





7. 
0. 
7. 
0. 
7. 





® See reference 1. 


ment through a capillary leak. Ionization in the Nier-type 
mass spectrometer was accomplished by slow electron 
bombardment of the vapors. The ions thus formed were 
accelerated by a potential of 2000 volts and separated with 
the conventional sector magnet. The resulting ion currents 
were measured with an FP54 electrometer tube, balancing 
the potential developed across the grid resistor with a 
potential from a precision potentiometer. The ion currents 
were also recorded by use of a Victoreen VX-41 electrom- 
eter tube, driving a standard Brown Electronik Recorder. 
The vacuum was approximately 5X10-? mm of Hg, and 
the resolution in all cases was perfect. 

In the case of the tetrafluoride, the measurements were 
made upon the GeF;* ion, and the Gel* ion was used for 
measurements when the tetraiodide was distilled into the 
instrument. The results obtained with these compounds 
are shown in Table I. 

The abundances, using GeF,, are the result of three 
samples in two instruments and the Gel, measurements 
of two samples in one instrument. It was found that varia- 
tions between instruments and between ion sources in the 
same instrument were larger than variations between 
samples. Investigation of the mass region, adjacent to the 
measured ions, revealed it exceptionally free from inter- 
fering ions of other materials. 

* This document is based on work performed for the AEC by Carbide 
and Carbon Chemicals Corporation, at Oak Ridge, Tennessee. 


1 Aston, Mass Spectra and Isotopes (Edward old and Company, 
London, 1944), p. 154. 





Erratum: Significance of the Radioactivity 
of Potassium in Geophysics. II 


[Phys. Rev. 74, 831 (1948)] 
T. GrAéF 
L. Meitner Laboratory of Nuclear Physics, IVA:s Férsodksstation, 
Stockholm, Sweden 
December 15, 1948° 


HE sentence at the end of the second paragraph on 
page 832 should read: 


“In addition, to account for the large amounts of atmos- 
pheric argon, it should then be assumed that all argon 
produced in a 40-kilometer deep crustal layer, since the 
origin of the earth, has escaped into the atmosphere.” 


Not “. . . that all argon was produced in a 40-kilometer 
deep crustal layer, since the origin of the earth has escaped 
into the atmosphere.” 
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Erratum: Line Shapes in Nuclear 
Paramagnetism 


[Phys. Rev. 74, 1184 (1948)] 
G. E. PAKE AND E. M. PuRCELL 
Lyman Laboratory of Physics, Harvard University, 
Cambridge, Massachusetts 


FACTOR 3 should be supplied to the right member of 

each of Eqs. (8), Eq. (10), Eq. (11), and the first of 

Eqs. (1) to make these formulae accurate for frequency » 

in the vicinity of the resonant frequency vo. The graphs in 

Figs. 2 and 3 will then read properly if ordinates are 
measured in units of 4xqwo7. 

It should be emphasized that the approximations 
v/(v'+v)=3 and v’/(v'+v)<24, which hold near resonance 
and lead to the special forms (3), (4), and (5) of the Kronig- 
Kramers relations, are evidently not valid at v=0. Thus 
the forms of x’(v) derived from these approximations do 
not reduce to xo at y=0 as stated in the paper, but should 
reduce to }xo instead. Supplying the above-mentioned 
factors 4 takes care of this point, which the authors 
regrettably overlooked. 





On the Numerical Calculation of the Internal 
Conversion in the K-Shell; the 
Electric Dipole Case 


B. A. GRIFFITH AND J. P. STANLEY 
University of Toronto, Toronto, Canada 
October 25, 1948 


HE accurate calculation of internal conversion coeffi- 
cients is a problem in which recent experimental 
advances have stimulated considerable interest. Some 
months ago at the instigation of members of the staff of the 
National Research Council of Canada at Chalk River, 
the writers undertook an extensive tabulation of such coeffi- 
cients in connection with a computational program at the 
University of Toronto. Recently, it has been learned that 
similar calculations are being done with the aid of the 
Harvard Mk II computer. Accordingly, further work here 
has been suspended pending publication of the Harvard 
calculations. However, the results which the writers have 


TABLE I. Values of the coefficient 27, for the two 
electrons of the K-shell. : 





89 84 
0.00007429 0.00006297 





0.001485 0.001198 
0.002797 0.002280 
0.005810 0.004805 
0.01440 0.01214 

0.01936 0.01642 


0.009736 
0.02248 
0.02949 


0.02593 0.02253 





Note. In the above Table, 2Jz denotes the fraction of photons with 
energy hv, emitted by the nucleus, which are absorbed by either of the 
two electrons in the K-shell with ejection of the absorbing electron from 
the atom. No allowance for screening effects has made. 

The parameters Z and @ denote, respectively, the atomic number 
and the ratio mc*/hy, where mc? is the smallest relative energy of a free 
electron. The value 1/137 has been taken for the fine structure constant. 
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already obtained for the conversion coefficient (2J;) corre- 
sponding to the K-shell in the electric dipole case may be 
of some interest and are tabulated below (Table I). 

These values for J; were calculated with the aid of a 
Fridén Calculating Machine (Model ST-10) and five sig- 
nificant digits were carried throughout the calculations, 
Results, however, are quoted to four significant digits 
only. The formula on which these calculations are based is 
essentially that given by Hulme.' Actually it has been 
found that Hulme’s formula for J; may be written in the 
following simplified form: 


pa IL +8+ (1/0) P= 1) 4M ePt | (1 +81) |? 
” 24(137)(2+8)F (3 +28) | (—z) —(1+8—20) |? 
X[2|P|?+1Q|?1, 





where 

|Q|2=8(2-+8)(1—0)2| (12-1) “A464 |, 

 I(s+2+8)0(—B—1+7b)T(s+2—1b) 

P(s+1—A)P(s+1 +1) P(1 +8—1) 
X(—2)~At8-®) p, 





P=P,+ 


and 
P,=0F(s+1+12b, th-—s—1, ib—8B, 27) 
eae cles 
X F(s-+2+8, B—s, 2+8—%b, 27), 
P,=vF(s+2+1b, ib—s, ib—B+1, 27) 
S| [BaF 
s+1—1 








+f EES 
X F(s+2+8, B-s, 1+f—1b, z-), 

v=7(6(2+8) +1)#(@—1) 
+i[—3(0(2+8) +1)§+ (68+1)4(1 -—8+0{2+8})], 


w= —(6(2+8)+1)#(@—1) 
+i[+3(0(2+8) +1)§+ (08-+1)1(1—8+-0{2+6})]. 


The notation is that of Hulme. 

With this simplified formula for J;, it was possible for 
one of the writers to complete the calculations for the forty 
values tabulated in approximately eight (8) weeks. A more 
detailed account of this work has been submitted to the 
National Research Council of Canada for publication at 
an early date. 


1H. R. Hulme, ‘The internal conversion of radium C,"”’ Proc. Roy. 
Soc. A138, 642 (1932). 





Relativistic Formulation of the Quantum 
Theory of Radiation 


S. T. Ma 
Dublin Institute for Advanced Studies, Dublin, Eire 
December 10, 1948 


N the usual formulation of the quantum theory of radia- 
tion it is customary to eliminate from the theory the 
time and longitudinal components of the electromagnetic 
Potential, and only the transverse components of the field 
are quantized.! It has recently been attempted by several 
authors to put the time and longitudinal components on 
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the same footing with the transverse components by deal- 
ing with four different kinds of photons. The advantage of 
the new idea is obvious, but it may be worth while to point 
out a special situation which arises in a generalized theory 
of this kind. 

Consider an arbitrary Fourier component of the electro- 
magnetic field in vacuum. Let ao and a;(i=1, 2, 3) be the 
Fourier transforms of the time, longitudinal and transverse 
components of the electromagnetic potential multiplied by 
suitable numerical factors. Let do and 4; be their Hermitian 
conjugate operators (not to be confused with the adjoint 
operators in a theory involving indefinite metric). These 
operators satisfy the commutation rules 


[ao,d.J=—1, [a,a:J=+1. (1) 


A straightforward generalization of the customary theory 
consists in introducing a representation in which the 
operators do%» and dja; are diagonal with non-negative 
integral eigenvalues mo, m;. The physical interpretation is 
that mo, m1, m2, m3 are, respectively, the numbers of tem- 
poral, longitudinal and transverse photons, do and do are 
the emission and absorption operators for the temporal 
photons, a; and a; are the corresponding operators for the 
longitudinal and transverse photons. We denote by 
¥(no, 1, M2, M3) the normalized eigenvectors. 

A Hilbert vector Y representing a state of the electro-. 
magnetic field is subject to the supplementary conditions 


(@o—a1)¥=0, (do—G:1)¥=0. (2) 


In accordance with the superposition principle we express 
W in the form 


v= 2 


Ne M1, He He 


From (1), (2), (3) it follows that 
(mo, m1, M2, 23)=0, (mox¥*m), 


|<(0, 0, N2, ms) | = |c(1, 1, ne, ns) | 
= |c(2, 2, m2, ms)|=---. (5) 


Equations (4) and (5) can also be derived from Dirac’s 
theory of expansors. From these results we can draw the 
following conclusions: For any given number of transverse 
photons, Y does not represent a pure state but the super- 
position of an infinite number of states with equal numbers 
of temporal and longitudinal photons. These two kinds of 
photons have energies of opposite signs, so they do not 
contribute to the total energy of the electromagnetic field. 
They are present even when the total energy vanishes. 
They have, therefore, quite different properties from those 
of the transverse photons. A further new feature is that 
the vector ¥ has an infinite length unless all the c’s are 
zero, and therefore cannot be normalized. 

The situation pointed out here should be cleared up in 
connection with the recent discussions of Schwinger’s 
formulation of quantum electrodynamics.? 

1P. A. M. Dirac, Principles of Quantum Mechanics (Oxford Univer- 
sity Press, London, 1947), Chap. XII; W. Heitler, Quantum Theory of 
Radiation (Oxford University Ren, London, ty Chap. II. A rela- 
tivistic formulation of the elimination has recently been developed by 
S. Hayakawa, Y. Miyamoto, and S. Tomonaga, by J. Schwinger, and 


by S, Ashauer: 
2G, Wentzei, a me at (1948); F. J. Belinfante, Bull. Am. 


Phys. Soc. 23, No. 7 


(3) 


C(no, 11, 2, 2s) (No, 11, M2, Ms). 


(4) 











